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f x( ) = x 1! x( )"# $%
2

u 1! u( )"# $%
2
du

0

1

&
;  F x( ) =

u 1! u( )"# $%
2
du

0

x

&

u 1! u( )"# $%
2
du

0

1

&

' f ' x( ) = 2x 1! x( ) 1! 2x( )
u 1! u( )"# $%

2
du

0

1

&

  

Thus, 

(A6) 

f ' xE
*( )

f xE
*( ) −

f xE
*( )

F xE
*( ) =

2x 1− x( ) 1− 2x( )
x 1− x( )⎡⎣ ⎤⎦

2 −
x 1− x( )⎡⎣ ⎤⎦

2

u 1− u( )⎡⎣ ⎤⎦
2
du

0

x

∫

=
2 1− 2x( )
x 1− x( ) −

30 1− x[ ]2
x 6x2 −15x +10⎡⎣ ⎤⎦

  

One may verify using (A5) and (A6) that (A2) holds for all x ∈ 0,1( ) , and for any t > 1
2 . 

 

B.  PROOFS AND DERIVATIONS OF LEMMAS, PROPOSITIONS, AND REMARKS 

 

Derivation of Lemma 1.  Beginning with the expression g j i* j x,t,θ( ),θ , x( ) = t  which 

implicitly defines i* j , and totally differentiating (here, for j = 0 ), 

 g
i*0
0 di*0 = −gx

0dx − gθ
0dθ + dt ⇔ g

i*0
0 di*0 = −gx

0dx − dθ + dt   

Using Cramer’s rule, it follows from Assumption 3 that 

 ix
*0 x,A0( ) = − gx

0

g
i*0
0 <

g
i*0
0

g
i*0
0 = 1   

Also using Cramer’s rule one obtains 
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 it
*0 x,A0r,t( ) = 1 gi*00 > 0  and iθ

*0 = − gθ
0

g
i*0
0 = − 1

g
i*0
0 < 0  

Corresponding results can be derived along the same lines for j = 1 . 

 

Proof of Lemma 2. The proof is an extension of the proof of Bloch and Manceau’s 

(1999) Lemma 1. Suppose that the market is not covered, that is, at equilibrium prices 

p0
*, p1

*( )  there exists a consumer x for whom 

 
V − p0

* − t x − i*0 x( )⎡⎣ ⎤⎦ − g0 i, x( )di
0

i*0 x( )

∫ < 0    and 

V − p1
* − t 1− x − i*1 x( )⎡⎣ ⎤⎦ − g1 i, x( )di

0

i*1 x( )

∫ < 0

 

One can show these prices do not constitute a Nash equilibrium, in that firm 0 can 

increase its profit by lowering its price p0  without altering the profit, hence strategy, of 

firm 1. Begin by noting that, under p0
*, p1

*( ) , because there is a consumer for whom 

neither good provides nonnegative utility somewhere between the firms, the profit of firm 

0 can be written 

 Π0 = p0
* x0( )F x0( ) ≡ V − t x0 − i

*0 x0( )⎡⎣ ⎤⎦ − g0 i, x0( )di
0

i*0 x0( )

∫
⎧
⎨
⎪

⎩⎪

⎫
⎬
⎪

⎭⎪
F x0( )   

where x0  is the position of the consumer who, at prices p0
*, p1

*( ) , is just indifferent 

between buying product 0 and buying nothing. By assumption, ∂Π0 ∂x0 > 0 . Now note 

that  
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∂p0 ∂x0 = −t + tix
*0 − g0 i*0, x0( )ix*0 − dg0

dx0
di

0

i*0 x0( )

∫

= −t − dg0

dx0
di

0

i*0 x0( )

∫ < −t + dg0

di
di

0

i*0 x0( )

∫
= −t + g i*0 x0( ), x0( )− g 0, x0( ) = −g 0, x0( ) < 0

 

which follows from Assumption 3. Since ∂Π0 ∂x0 = ∂Π0 ∂p0( ) ∂p0 ∂x0( ) , it follows 

that ∂Π0 ∂p0 < 0 . Therefore a small downward deviation in the price p0  from p0
*  

increases firm 0’s profits while not affecting firm 1’s profits. This contradicts the 

assertion that p0
*, p1

*( )  constitute an equilibrium. 

 

Proof of Proposition 2. Differentiating (8) with respect to θ  yields 

 

∂2D0

∂p0 ∂θ
= −

f xE
*( )

−2t + dg1

dxE
* di

0

i*1 xE
* ,A1( )
∫ − dg0

dxE
* di

0

i*0 xE
* ,A0( )
∫

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

2

⋅

dg1

dxE
* iθ

*1 + ix
*1 ∂xE

*

dθ
⎛
⎝⎜

⎞
⎠⎟
+ ∂2g1

∂xE
* ∂θ

+ d
2g1

dx2
∂xE

*

dθ
⎛
⎝⎜

⎞
⎠⎟
di

0

i*1 xE
* ,A1( )
∫ − dg

0

dxE
* iθ

*0 + ix
*0 ∂xE

*

dθ
⎛
⎝⎜

⎞
⎠⎟

− ∂2g0

∂xE
* ∂θ

+ d
2g0

dx2
∂xE

*

dθ
⎛
⎝⎜

⎞
⎠⎟
di

0

i*0 xE
* ,A0( )
∫

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

  

In the symmetric case, ∂xE
*

∂θ = 0 ; therefore ∂2 g0

∂xE
* ∂θ =

∂2 g1

∂xE
* ∂θ = 0 , and we can simplify the above 

to 



 34 

 ∂2D0

∂p0 ∂θ
=

f xE
*( ) dg0

dxE
* −

dg1

dxE
*

⎛
⎝⎜

⎞
⎠⎟
iθ0
*0

−2t + dg1

dxE
* di

0

i*1 xE
* ,A1( )
∫ − dg0

dxE
* di

0

i*0 xE
* ,A0( )
∫

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

2   

We signed iθ0
*0  negative in Lemma 1; this means that ∂2D0

∂p0 ∂θ
 takes the sign of dg

1

dxE
* −

dg0

dxE
*

, thus the effect of adjustment on price sensitivity of demand takes this sign. 

 

Proof of Proposition 3. Using p0
* = −F xE

*( ) f xE
*( ) ∂xE

*

∂ p0 , and noting that symmetry makes 

F xE
*( ) f xE

*( )  constant in θ : 

 

∂p0
*

∂θ
= F xE

*( ) f xE
*( ) ∂xE

*

∂ p0

2
⋅ ∂2 xE

*

∂ p0 ∂θ

= F xE
*( ) f xE

*( ) ∂xE
*

∂ p0

2
⋅

dg0

dxE
* −

dg1

dxE
*

⎛
⎝⎜

⎞
⎠⎟
iθ0
*0

−2t + dg1

dxE
* di

0

i*1 xE
* ,A1( )
∫ − dg0

dxE
* di

0

i*0 xE
* ,A0( )
∫

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

2

  

which takes the sign of dg
1

dxE
* −

dg0

dxE
*  . 

 

Proof of Proposition 4. Begin with the expression for p0  in Proposition 1, 

p0
* = −F xE

*( ) f xE
*( ) ∂xE

*

∂ p0 . Because ∂xE
*

∂t = 0  in the symmetric case, it follows that 

F xE
*( ) f xE

*( )  is invariant in t. So, using Lemma 1 and ∂xE
*

∂t = 0 , 
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(A7) 

∂p0
*

∂t
= −

F xE
*( )

f xE
*( )

−2 + ∂2 g1

∂xE
*2

∂xE
*

∂t di
0

i*1 xE
* ,A1( )
∫ − ∂2 g0

∂xE
*2

∂xE
*

∂t di
0

i*0 xE
* ,A0( )
∫

+ ∂g1

∂xE
* it

*1 + ix
*1 ∂xE

*

∂t( )− ∂g0

∂xE
* it

*0 + ix
*0 ∂xE

*

∂t( )

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=
F xE

*( )
f xE

*( ) 2 −
∂g1

∂xE
* it
*1 + ∂g0

∂xE
* it
*0( ) = F xE

*( )
f xE

*( ) 2 −
∂g1

∂xE
* 1 gi*1

1( ) + ∂g0

∂xE
* 1 gi*0

0( )⎡
⎣

⎤
⎦

  

Given Assumption 3, this may be signed positive. The no-adjustment case yields 

∂p0 ∂t = 2F x( ) f x( ) , consistent with Bloch and Manceau (1999). Clearly 

∂p0 ∂t > 2F x( ) f x( )  corresponds to ∂g0

∂xE
* > 0  and ∂g1

∂xE
* < 0 , while ∂p0 ∂t < 2F x( ) f x( )  

when ∂g0

∂xE
* < 0  and ∂g1

∂xE
* > 0 . 

 Finally, given that (A7) neatly decomposes into a direct effect of product 

differentiation without adjustment and an indirect effect through adjustment, the signing 

relationships given above indicate that t positively mediates the effects of adjustment on 

price. That is, the larger t, the more intense the effects of adjustment on price. 
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Figure	3	
Steepening	vs.	Fla2ening	Adjustment	Maps	
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