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Low-mass solitons from fractional charges in quantum
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chromodynamics
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Slansky, Goldman, and Shaw have proposed a model to account for the observation of fractionalW'e show that in this model, there are expected to be several low-mass solitons
(four being in the mass range -20 —
60 MeV) associated with the third homotopy group
30 MeV) Z2 monopole. Confirmation of these levels
&3( SU( 3 ) /SO( 3 ) ) = Z4, besides a low-mass ( —
and hence of the model has important implications for Cabrera's results on the magnetic monopole.
An efficient algorithm for the calculation of m3(G/H) for a general Lie group
and a subgroup JI
is developed. It is pointed out that solitons associated with the third homotopy group are predicted
scenarios.
by some grand-unified-theory
ly charged states.
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I.

which contradicts
standard model,

INTRODUCTION

of fractional electric
Reports of the observation
charges' have prompted the suggestion by Slansky, Goldman, and Shaw that the color group G =SU(3), may be
broken to the subgroup H =SO(3)XZ3. In analogy with
standard QCD, they assume that only singlets under the
gauged unbroken Lie group SO(3) appear as observable
states. They have then argued that this model does not
significantly disturb the standard low-energy phenomenology while at the same time it allows for fractionally
charged states formed, for example, from two quarks.
In a previous paper, it has been pointed out that there
is a non-Abelian (Z2) monopole of very low mass (=30
MeV) in the model of Slansky, Goldman, and Shaw; the
properties of this monopole have also been discussed.
Such a monopole sector exists in this model because the
second homotopy group ~2(G/H) is Z2.
In this paper, we point out that there is the possibility
of further low-mass excitations in this model due to the
fact that the third homotopy group m3(G/H) is Zz. . The
masses of the lightest of such solitons are expected to be
of the same order as the monopole mass while their topo(m =1,2, 3) are multiplilogical "charges" [exp(2iri/4)]
catively conserved. (The vacuum sector has m =0.)
Experimental search for these low-mass levels seems
important both because of the interest of the model and
because confirmation of the model will raise problems for
Cabrera's results on magnetic monopoles. Briefly, the
reason is as follows. Cabrera finds a magnetic charge of
value g which fulfills
eg

1

4m

2

where e is the value of the charge on the electron, while a
naive application of Dirac's quantization condition in the
presence of quarks gives, for the least value go of the magnetic charge,

(e/3)go
4m.

2

(1.2)

(1.1). However, it is known

that in the
its unbroken
gauge symmetry
U(3)=SU(3) XU(l)/Z3, (1.1) in fact gives the least magnetic charge even if there are free quarks; the associated
monopole is a source for a long-range color "magnetic
field" as well. But if the Slansky-Goldman-Shaw model is
confirmed so that U(3) is broken, (1.1) is not possible for a
stable monopole, and the least magnetic charge of a stable
monopole fulfills (1.2); hence, a possible contradiction
with Cabrera's results would have been established. We
may note here that it is obviously easier to detect a lowmass excitation than to measure the properties of magnetic monopoles.
[Incidentally, we may note here that
models where U(3) is broken to U(1) or those with fractionally charged color singlets
are also likely to have
problems with (1.1). Models of the latter sort we know of
have SU(3), XU(l) instead of U(3) as the unbroken
gauged symmetry group. ]
In Sec. II, we recall the properties of the order parameter for the symmetry breakdown SU(3), ~SO(3) XZ3 and
then describe the origin of the solitons. It is emphasized
that they are essentially the deformation of the n vacuums
(for n&0 mod 4) of the color group SU(3), to
nonzero energy when SU(3), breaks down to SO(3) XZ3.
In Sec. III, we study the symmetry properties of the order
parameter in the solitonic sectors. We find that of the
three solitonic sectors, only one admits spherical symmetry; the highest symmetry possible in the remaining sectors is axial. The Ansatze for the order parameter with the
appropriate symmetries are written down. In Sec. IV,
some properties of the solitons are inferred from the structure of the order parameter and other considerations; these
properties are conveniently summarized in Sec. V. The
masses of the lightest of these solitons are expected to be
quite low, perhaps as low as -20—
60 MeV. The solitons
mix with gluons and it is perhaps reasonable to regard
them as new sorts of glueballs. (Low-mass glueballs have
also been suggested by Chakrabarty. ) The light solitons
cannot decay with emission of known hadrons if their
masses are as low as expected. The decay of one of these
solitonic species into others of this species is certainly pos2830
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sible if masses and conservation laws permit; it may also
happen by tunneling effects which break topological conservation laws.
Section VI is devoted to an investigation of the possibility of solitons associated with the third homotopy group
m 3(G/H) during
the course of the breakdown of several of
the standard groups G in particle physics (known to us)
into standard subgroups H. A simple algorithm for the
calculation of m3(G/H) is developed. The analysis recovers all known cases of such solitons; some new examples
in grand-unified-theory
(GUT) scenarios are also pointed
out. This paper concludes with summarizing remarks in

g~&g

,

where D (s) is the octet representative of s. Note that
invariant under the right action of SO(3):

gogh, hESO(3)

.

M is

(2.4)

or

M~c 1

as

~

x

~

+ao—

=r

(2.5)

(where c =1) on the fields M and N. It is consistent with
finiteness of energy for the effective Lagrangian of Sec.
IV. It implies that we investigate only the nonmonopole
sector. It also implies that

g~c

'EH

h'

as

r~oo,

(2 6)

where h' '(r = oo, 8, $)ESO(3) is a function on the twosphere S at infinity with polar coordinates 8 and P.
Since m.2(SO(3) ) is trivial, there exists a function h defined
for all x such that
h

In the model under consideration, the color group
G =SU(3), is supposed to be (spontaneously or dynamically) broken to the subgroup H =SO(3) XZ3. We know
from general theorems that the field N which describes
this pattern of symmetry breakdown has values in the
space G/H of left cosets. Our first task is to describe a
convenient parametrization
for G/H. Let M be a symmetric 3 X 3 SU(3) matrix. Then it may be shown that N
may be defined by the equation

as

r~ao

(2.7)
.

By letting

g~gc

(2.8)

h

we can thus impose the boundary

conditions

g~1
M~1

(2.9)
as

r~oo

on g and M as well.
Because of the boundary conditions (2.9), we can regard
the space A' = Ix J as compactified to the three-sphere S .
The fields g and M map this S into G and G/H. The topological sectors of this model are thus labeled by
The latter is known to be Z4..
773( G /H)

(2. 1)

A, pNti

(x) E SO(3),

h~h'

II. THE ORDER PARAMETER AND SOLITONS

matrices.

s &SU(3),

&~1

"

where A, are the Gell-Mann
shown that we can write

),

N~D(s)ND(s

~

~

=

(2.3)

%'e will impose the boundary condition

The possibility of solitons associated with a nontrivial
third homotopy group was discussed a long time ago by
Finkelstein and Misner. ' Subsequently and independently, it was pointed out by Skyrme" that such solitons exist
in the chiral model where G = SU(N) X SU(N) and
H =SU(N). The third homotopy group m. i(G/H) here is
Z, the additive group of integers, so that chiral solitons
are characterized by an additive quantum number T
which behaves like baryon number 8. This has even
prompted the remarkable suggestion that T has something
to do with 8 and that solitons with odd T are fermions. This scenario and its variants have been studied in
' Unlike the chiral model, the model
detail elsewhere.
for the color breakdown SU(3), ~SO(3) XZ3 is characterized by a finite ~3 group, namely, Z4,' we shall also see that
there are other qualitative differences between these and
chiral solitons.

MA, ~M

~

M ~sMs

Sec. VII.

'

2831

It may also be

~

M =gg

(2.2)

m3(G/H)=Z4.

where g is any 3X3 matrix. [This is a consequence of
Schur's theorem. Compare the discussion following (3.7)
in Ref. 3. See also Ref. 15; the automorphism r in that
paper is to be identified with complex conjugation in the
present context. ]
The color group SU(3), acts on g, M, and N according
to the rules
1

t(g 'dg)=—

8m

1

24m

J d x Tr[g
«Jk J d»r(g

2

«lk

'8;gB~(g
c)egg

We will now give the analog of the winding-number
mula to represent the elements of this Z4.
Recall that
m.

~kg)

for-

(2. 11)

and that the associated winding numbers are given by

'Bkg)+ —,'g 'd(gg

~ gg

3(G) =Z,

(2. 10)

..

'd/gg

'dkg]

(2. 12)
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t(g 'dg) is normalized such that

when g maps
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into a fixed SU(2) subgroup, it takes on the values 0, +1, +2, . . . . By

writing

'8 gg 'Bkg) = —,e; k Tr(g '8;g [g 'B,g, g 'Bkg]),

'B,gg

e; k Tr(g

and noting that [g '8;g, g 'Big] is an element of the Lie
algebra, the normalization of t when g maps S to SO(3) is
seen to be proportional to the ratio of the traces of those
SO(3) and SU(2) generators (with standard angular
momentum commutation relations). These generators in
terms of the A, matrices are

(2. 13)

When color is unbroken, there are instantons
change n to n+1. A better quantum approximation
vacuum state is therefore the 8 vacuum
i

8) = ge'"sin),

AQ

T

(2. 14)

and

2'2'2
Thus,

,'+

7z+ A,

p)
=4,
'+
'+
Tr —,(A, ,
, ,')
A,

'

A,

i4n)

(2. 15)

= exp

4

t (g 'dg)

S to SO(3).

to the classical vacuums and are connected
The 8 vacuum is now replaced by the P

correspond

by instantons.
vacuum,

(2. 16)

i

p) = g e""&

It has the following

i

4n

y) e4ig y)
theo~, .s periodic

),

(2.25)

T4
(a) Since t is integer

ProPerties:

valued,

The

(2.26)

i

~

in y w;th period ~y2

The excita

tions

zEZ4 .
(b)

(2.23)

A,

and t takes values 0, +4, +8, . . . when g maps
Now consider the function

z (g 'dg)

I8)=."i8) .

The theory is periodic in 0 with period 2m.
When the color group G =SU(3), is broken to
H =SO(3) &&Z3, the winding numbers of the classical vacuums and the instantons are associated with H. Thus,
only the states

A3

Tr(A,

(2.22)

of T:

which is an eigenstate
A'7 i

A5 i

which
to the

If h(x)&SO(3)XZ3,

Further,

"'

then t(h

(2. 17)

(2.27)

'dh) is a multiple of 4.

(unlike T 8), T 8), T 8)) are now new states, in general nondegenerate
with
P). These are the solitonic
states of our interest. When SU(3), is restored (by varying
some parameter say), they become degenerate with P) in
the absence of instantons which change
n
by values
and get absorbed in the definition of 8) when such
instantons are introduced.
When G is unbroken, any two T which change winding
number by 1 are gauge equivalent. But when G is broken,
there may be several such T which are not related by
gauge transformations in H and hence are not physically
This opens the possibility of several local
equivalent.
minima of energy or quasistable states in each topological
sector. This possibility is realized in our problem as we
shall see in Sec. III.
The color group is a gauged group and the formulas
(2. 12) and (2. 16) for t and (hence) z do not look manifestly
This defect is rectified by modifying
gauge invariant.
t(g 'dg) and z(g 'dg) to
i

~

i

~

t[(gh) 'd(gh)]=t(g

'dg)+t(h

'dh) .

(2. 18)

~

Thus,
z [(gh) 'd (gh)] =z (g 'dg) .

(2. 19)

This invariance of z under H gauge transformations
means that we can also regard it as a function z of the order parameter N. [That is, given the field N, the value of
z(N) is given by z(g 'dg), where g is any one of the fields
which project down to N. The value of z(g 'dg) is independent of the ambiguity gogh in the choice of g.] We
can thus use z or z to label the topological sectors.
The connection between these topological sectors and
the n vacuums
is as follows. When the color group
SU(3), is unbroken, the gluon fields W& which give zero
energy are classically pure gauges:

w„=g-'a~ .

(2.20)

These fields g fall into topological classes characterized by
the winding number t(g 'dg) and each such class gives a
state n ) where (semiclassically) t (g 'dg) has the value n
in the state n ). We can also define a gauge transformation T which changes the winding number by one unit:

(3

i

i

i

Sm

„J

, &,,

~ ~, K),

',
d'x Tr(W, 'a, Wk+ —

'

(2.28)

i

i

T

in)=

in

1+)

.

(2.21)

z( W') =exp

4

t( W')

(2.29)
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W

=g '(8;+ W;)g

(2.30)

.

under color according to
W transforms
' +sB;s ' so that W', t(W'), and z(W') are
manifestly gauge invariant. Further, z(W') is conserved
as time evolves from —oo to +oo. This may be seen
from the identities

The

field

W~~sW;s

t(W')=

f d'x %0,

(2.31)

W„'BiW& + ' W'„W'i Wz ),
K„=—8m'"e&,j„&Tr(
~

(2.32)

—
Ops —16m. TrFp„(W')'F~„(W'),

(2.33)

—,

t(W')

„,„t(W—
16m

f

);

J = —i(xXV)

+A

(3.1)

of the

where A span an SU(2) or an SO(3) subalgebra
color algebra SU(3), . We require that

=0,

TrF„„(W')'F„„(W')

(2.34)

[F&„(W')being the Yang-Mills tensor] and the fact that
the last integral is restricted to the values 0, +4, +8, . . . .
Note that when gogh, h EH,
t( W)~t(W')+t(h

by the highest possible symmetry of the fields consistent
with topology. In analogy with monopoles and chiral solitons, we expect this symmetry to be spherical (in a generalized sense). As we shall now show, however, there exists no spherically symmetric Ansatz for our solitons exthe best we can do in general is
cept in the sector (e '~
to construct axially symmetric Ansatze.
The angular momentum which defines spherical symmetry is assumed to be of the form

J~N= —i(r X V)~N+d(A )N+Nd(A~)

')

d x

2833

'dh)

(2.35)

(3.2)

where d (A~) is the octet representative
this means

of A~. From (2. 1),

J M= i(r —
X V) M+A M+MA
=0.
Letting r~ oo and using the boundary condition

(3.3)
(2.9), we

find that A~ are antisyrnmetric:

A~+A~=0 .
z ( W') ~z ( W') .

(2.36)

This means that z( W') can be regarded as a function of
the glue fields W and the order parameter N. Since the
Lagrangian will involve only the fields W and N, we need
this property of z ( W').
When W' is a pure gauge, z(W') has values in the
group Z4. When W' is not a pure gauge, z ( W') can be any
complex number of modulus 1. The consequences of this
fact will be discussed later.
A final set of remarks is in order before closing this section. As we pointed out before, the boundary conditions
(2.9) imply that we are in the nonmonopole sector of the
model. This will be the case throughout this paper. Our
discussion will have to be modified in the monopole sector
for the following reason: It is well known that the order
parameter 4 in the monopole sector is obliged to have
values in G/H only on the sphere S at r = oo and that it
cannot have values in G/H for all x. This is because (a)
the image @(S ) of S under @ in the monopole sector
cannot be shrunk to a point while staying always in 6/H,
(b) the sphere S at the spatial boundary can be contracted to a point by varying its radius to zero, and (c) the image of a point under N is a point. These remarks are in
contradiction unless 4& takes values outside G/H. Thus,
formulas like (2. 1) and (2.2) do not apply to 4& for all x.
Further, A in the monopole sector is not compactified to
but rather to a manifold with boundary S . All this
shows that we have to revise our considerations in the
monopole sector.

S,

(3.4)

Therefore, A~ span the SO(3) subalgebra of antisymmetric
matrices in SU(3):
(Aa)ij

=

(3.5)

teaij

It is convenient to construct spherically symmetric g
and find M from (2.2). We can then easily check the topology of M using t and z (which are expressed in terms of
g and not in terms of M). Note that the spherical symmetry of g, viz. ,
i ( r X V )g—
+ [A~, g]

=0,

SO(3),
of M and X.
A~ H

(3.6)

implies the spherical symmetry
The general spherically symmetric form of g is

g

= e'&+I singe-'&~'A x
+ [cosX e '& —e'~](A. x

), x =—

(3.7)

Here, g and X are functions of the radial variable r.
[Evaluate g after rotating x to (0,0, 1) to verify that
g &SU(3).] The boundary condition (2.9) requires that either

cosX(oo)= l, e '~'
cosX( ~ ) = —l, e

'

=1

(3.8)

—'&i"'"= —
1

.

(3.9)

Since we can reduce (3.9) to (3.8) by the substitutions

III. SYMMETRY CONSIDERATIONS
The ground states of the distinct topological sectors
with labels (e '~ ) HZ4 are expected to be characterized

X( oo ) =X'( oo

g(

oo )

)

+ m. ,

= f'( oo ) +2m.

(3.10)
,

BALACHANDRAN,
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which together preserve the form of g, (3.9) can be ignored.
If g is to be regular at the origin, the coefficients of
(A.x) and (A x) must vanish there. Thus, we require also
that either

X(0)

—
e ii)(0)/2

1

(e 2~'/3)k

(3 1 1)

H

=1+i sin2X A

osX(0)

1

(e

2m'i/3)k'

x+(cos2X —1)(A.x)

(3.19)

Q

= cosX + l 7 X Sly

(3.20)

define the 2 X 2 SU(2) matrix u. Then'

]
=—
X( a) )]
[X(0) —

(3.21)

(3.12)

where k, k' are integers.
But one can show that (3.12) gives trivial topology and
hence may be ignored. For let
h

28

We can also show that n is odd. Let

t(u 'du)
—i+0)/2

AND RAJEEV

NAIR, PANCHAPAKESAN,

= 1+i sinX A x + (cosX —1)(A.x ) 2 .

(3.13)

One can verify that h ESO(3) [rotate x to (0,0, 1) to simplify the verification]. Further, noting that (A. x) =A.x,
we find

(3.22)
Therefore,

t (H 'dH)

4
=—
X( oo )],
[X(0)—

(3.23)

2
'dg) = —
[X(0)—X(~ )] .

t (g

In view of (3.8) and (3.11), n is clearly odd and

=e'"+(e '" —e'i

)(A

x)

(3.14)

t (S 'dS) = t (S'dS)

e2tp+(e if

(as t is real)

We see from

=t ( —dS S')
S'dS)
=t ( —

(3.15)
'dh)

=4n,
)=1 .

(3.16)

Thus, we need consider only (3.8) and (3.11). We now
show that this combination of boundary conditions is associated with the element (e ' ) of Z4.
Note that now (3.13) is not well defined as r
so that
g cannot be reduced to a symmetric matrix as before. But
if we look atg,

~0

e'&'+i siay'e -'&'~'A x

+(cosX'e '~

X'=2X,

f'=2/,

—e'@ )(A.x )

, t (H
=2n
where

the

variation

where p too is an integer. Thus, spherically symmetric
Ansatze in the sector (e '/ ) are characterized by a number cr which assumes discrete values; such Ansatze with
different o cannot be deformed into each other while
maintaining spherical symmetry. It is unlikely, however,
that o- is a new conserved topological number, as it should
be possible to deform such Ansatze into each other
which do not respect spherical
through configurations
symmetry. We shall discuss the significance of ir further
in Sec. IV.
Axially symmetric Ansatze are easily constructed for all
the topological sectors. For instance, we can take

cos++ l 7"x si~ 0
]

0

(3.27)

for which

(3.17)

)—
'dH)—

t (g 'dg)

=—
X( ~ )]
[X(0)—

(3.28)

can take any integer value since the only constraints on P
from (2.9) and regularity at origin are

we see that its angles fulfill (3. 12). Hence,

t(g 'dg)= ,'t(g

(3.11) that

by

(3.26)

and [in view of (2. 18)]

g'=

(3.8) and

(3.25)

0=2p+]+ 3k

=0,

z(gdg

e2ii—
i)(A.x~)2

bf=f(ao ) —g(0) is given

(S'dS)—

t(g 'dg)=t(h

(3.24)

M =gg"

=t(S dS")*

t

= —1,

as claimed.
The form of M is very simple:

Therefore,

which is symmetric.

z(g 'dg)

dg

= 1,
cosX(0) =+1 .
cosX(

(3.18)

ao )

(3.29)

Thus, the corresponding M and % can be in any topological sector. Further, since

28
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'2
—i(x X V)2g+,
2' g =0,
and X2 is antisymmetric,

(3.30)

M is axisymmetric:

'2
M+,
2' M

—i(xX V),

=0.

(3.31)

Charge conjugation interchanges the members of such a
pair.
Once tunneling is considered, these states can mix and
some of them can decay as well; the dominant mixing is
expected to be between the charge-conjugate partners. In
+ —, ) will be split, the lightest one
particular, the states
—, )
combination
being the charge-conjugation-even
states are expected to decay into
+ ——,' ). The excited
'
'
one of the states —, )+ ——, ).
When the gluon excitations are also fully considered,
there are many gluon-field configurations with the same
topological quantum numbers as the solitons as we pointed out in Sec. II. The semiclassical states constructed
from the order parameter will therefore mix with the
gluons; we do not know, however, how to treat this effect.
We shall now indicate in greater detail how mass ratios
between different levels can be estimated in the m =2 sector. The considerations will also reveal the problems in
calculating the absolute masses.
A reasonable expression for the (static) energy from
which to commence the calculation would be
~

~

We will not pursue these Ansatze further.

~

~

IV. THE SQLITON PROPERTIES
The characteristic energy scale in the problem is provided by the mass

p~-20

(4. 1)

MeV

of the gluons associated with the broken generators.
Thus, we expect the masses p~ of the lightest solitons
with the quantuIn numbers (e '~ ) (m&0) to be of the
same order, say, -20 —
60 MeV. (Of course go=—0.) The
scale
of the problem is also set by po, thus, these
length
solitons are expected to be several fermis in size. A more
accurate numerical estimate of the masses is difficult, as
we shall see later.
Further information can be obtained from the chargeconjugation transformation
(4.2)
which reverses t,

E(N)=

~

f d x TrB;N d;N
——f d x Tr([B;N, BJNj ),
12

where I' is related to the gluon mass
pling constant e by

po and @CD cou(4. 10)

I(g 'dg)

= —t(g 'dg),

(4.3)

and induces the map

—
z(g 'dg) ~z(g 'dg)' .

—

(4.4)

Thus, the m =1 and 3 (= —1 mod 4) sectors are mutually
charge conjugate. One inference from this observation is
that

Pi=93 .
&et us next discuss the consequences
of chargeconjugation invariance in the m =2 sector. Note first that
for each value of b, g or cr, we can minimize the energy integral; we will soon see that this minimum p2(o ) increases
rapidly with
o ~. Further, since b, y~ reverses in sign
under charge conjugation,

analysis gives
the first term alone, dimensional
R where R is a characteristic length, so that the
minimum of energy is zero (and corresponds to R~O).
Since the second term goes like R ', with both terms, the
minimum of energy is not zero. The precise form of the
second term in (4.9) is suggested by the fact that such a
form has played an important role in previous considera' The difficulty in calcutions of systems of our sort.
lating the absolute value of the minimum of E(N) is due
to the fact that there is no decent way to estimate e. Note
that one-loop calculations do give such a term (see below).
We can write E in terms of M by using

With

E(N)-I'

"

TrB;N 8;N=

o)
p2(o ) =@~( —

(4.6)

—hP corresponds to k +k,
(The transformation
b,
Further, o cannot vanish. Thus, before tunneling effects are considered, there are two degenerate
states

g~

):

~

o),

the lightest

(4.8)

8;N)—
(4. 1 1)

etc. (This is because the trace of the squared length of a
generator in the octet representation is six times that in
— representation, and N~8;X is Lie-algebra
the triplet
valued.

)

Thus,

E(N) =6E(M) .
Substituting

(4. 12)
(3.25) and after some calculation, we find

E(N)=E

3g

+

144e

(4.7)

for each o, with mass increasing with
olles [with IIlass pz(+ 3 —
p2] be111g

Tr(N

= —6Tr(M B M)
=6 Tr(a, M'a, M),

~

p~ —p —1.)

(4.9)

+r

(1 —
cos3$)

(1 —
cos3$)+ 8e
(1 —
cos3$) .
r4~
rz g

(4. 13)
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We shall use the following stereographic Ansatz for

—
cr8,
1
cose= (r/R)
(r/R) +1

—. =
smO

2(r/R)

1+(r/R)

It fulfills (3.26). We find

&(N)= (3o +3 o —1)16nFR.

1),

~

+(72o +3 o
~

—
~

R

&0.

o.

(4. 15)

It has a minimum

p2(o) =64m F[e(3o

+3

o.
~

~

—1)(72o +3

o

—1)]'~
~

(4. 16)

The first two levels are given by o. = —;and 1. The ratio of
their masses is

p~(+1)
'
p2(+ —, )

= ' v'555 = 11.78,
—,

(4. 17)

which is substantial.
For orientation purposes, consider the value of e found
in a related one-loop calculation
ln

768~'

~a

(4. 18)

Here Mtt is the mass of the Higgs field responsible for
symmetry breakdown. The value of p2(o) is significantly
affected by whether MH is, say, F or 2F; however, we have
no good estimate for MH. A reliable number for p2(o) is
thus difficult.
It is interesting to note that spherically symmetrical excitations are present in the topologically trivial sector. In
this sector, (3. 11) is replaced by (3.12) and (3.26) by

o =2p+k' .

(4.19)

(4. 15) is not valid for o=0. However, we
can see directly that g=—0 has o =0 and gives zero energy
0. The masses po(o ) of the excited states are
so that po —
+o ) are degenerate. The lightest
given by (4. 16); clearly
', and amass
of these have cr = —

The formula

~

~

po(+

3

=)(

~

~'

V. SUMMARY OF SOLITONIC PROPERTIES

g:
(4. 14)

)'"p2=5p2 .

The previous remarks about mixing, etc. , also apply here.
Elsewhere, ' while discussing chiral solitons, it has been
pointed out that the conservation of topological quantum
numbers associated with m. 3(G/H) can be spoiled by tunneling effects. The qualitative aspects of these arguments
are readily-adapted to the present model as well. However, the method of that paper for the estimation of the
tunneling amplitude does not work here due essentially to
the very different nature of the conservation laws in the
two models. Unfortunately, we have no new method to
estimate this amplitude in the present problem.

AND RAJEEV

(1) Four solitonic states are expected in the mass range
20 —
60 MeV. They are characterized by the multiplicative
quantum number [exp(2ni/4)]
(m&0). Two of the levels have m =1 and 3; charge conjugation interchanges
them. The remaining two have m =2 and are, respectively, even and odd under charge conjugation. They are electrically neutral.
(2) In each of these topological sectors, we expect
flavor-neutral excitations (with larger values of cr ~) as
explained earlier. More interestingly, we a1so expect excitations in these sectors with Aavor quantum numbers, in
particular electric charge (cf. Ref. 3). All such excitations,
however, will decay to the ground states, the charged ones
with the emission of charged leptons or hadrons depending on the energetics.
(3) There is thus quite a lot of stable or quasistable
low-mass states suggested by the model. (Recall here that
the model also has Zz monopoles. ) They are not seen in
low-energy accelerator experiments for the same reason
that diquarks are not seen. Thus, there is a potential between these states which rises to a height of 200 GeV/po
of 200 fm/po, po being in MeV. It falls off
at a distance
—PGP
as e
at larger distances.
This potential barrier
prevents their copious production at low energies. They
should, however, be produced at observable levels at sufficiently high energy in e+-e or p-p collisions. Further
comments on the experimental
consequences of these
states are contained in our discussion of the Z2 monopo1es
in Ref. 3.
(4) Even if these states are copiously produced in the
early Universe, their present density is expected to be
negligible as is also explained in our monopole paper.
~

VI. SKYRME'S SOLITONS IN

CPUT's

Skyrme's soliton can appear in any model where a symof the Lagrangian breaks to a subgroup H
metry group
and the third homotopy group m3(G/H) is nontrivial. In
this section, we give a simple set of rules to calculate
vr3(G/H) and apply the rules to GUT's. We will first
state the rules and illustrate them and finally give heuristic arguments in their support.
I.et us recall that for every representation I of a simple
compact Lie group 6, a non-negative integer L called the
index (of degree 2) of the representation
I can be defined. '
[Here "simplicity" means G does not have invariant Lie subgroups. Thus, G can be SU(2). The notation does not show the dependence of the index on I as
we shall work with a fixed I . Finally, note that we define
the index as in Ref. 18, it is l(2)/(rank of G) in the notation of Ref. 17.] For many irreducible representations of
simple groups, they are tabulated in Refs. 17 and 18; the
index of a reducible representation is the sum of the indices of its irreducible components.

6

'

If

G

=(G, e G, e. . . e G„eA)/D,

(6. 1)
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is Abelian, and D discrete, the inwhere 6; are simple,
dices of I" for the groups 6; can be denoted by L;, and the
is then the vector
index of I for

6

(6.2)

Ln)

HkA')/D'

H =(H) H2

(6.3)

(where H; are simple, A' is Abelian, and D' discrete) is a
subgroup of such a 6, we can of course display the index
of H in terms of those for H; as we did for G. This is,
however, not convenient for us [essentially because H;
may not be the subgroup of any GJ as when 6 is the chiral
group SU(N) X SU(N) and H is the diagonal SU(N)], and
we choose to define the subgroup index 1 in a different
way. (If G is simple, this definition is identical to the
preceding definition. ) If 6, 6; and H; denote the Lie algebras of the corresponding groups, we can write

(6.4)

H 'CG~,
where H/) is either isomorphic to H; or (0]. If the index
for the associated simple group H 1' in I is l ~', then the
index I; of H; is the n-tuple
(1()) 1(2) 1(3)
while the index

1(n)}

(6.5)

1 of H is the collection

(1„12,. . . , lk)
of such n-tuples.

In the rules below, I" can be any representation of G
provided the associated representation of the Lie algebra
is faithful; the results for m3(6/H) are i.ndependent of
this choice. Thus, we can choose I conveniently subject
to the stated restriction.
(1) If and H are simple, then

6

6

(2)

If 6 is

=Z

mod

(6.7)

L

H is of the form (6.3), then

simple and

rr3(6/H)

l
=—
.

M

every—
L

(6.8)

(In this group, integers which differ by any 1;/L are identified. The group operation is addition mod every 1;/L. )
(3) If 6 and H are both not simple, but of the forms
(6. 1) and (6.3), then rr3(6/H) consists of n-tuples of the
orm
c7

—(cr( cr2 cr3

~

~

. , cr„)mod

every 1;

where o.; are integers and
$(j. )
I

/(2)

$(3)

$(&)

'

L) L2 L3'

L„

(6. 10)

The group composition law is

o+o'

mod every I;

.

As a first example, consider the symmetry breakdown
=SU(3)~H =SO(3) XZ3. Let I be the threeof SU(3). It
irreducible
representation
dimensional
remains irreducible under SO(3) XZ3. From pages 26 and
13 of Ref. 17 (with a =2), we see that L =1 and 1 =4 so
that m 3(SU(3)/SO(3) X Z3) =Z4.
As a second example, let 6 be the chiral group
SU(6)XSU(6) and H be the diagonal subgroup SU(6).
Here, since 6/H is homeomorphic to SU(6) as a manifold
and m. 3 of any simple group is Z, we know that
rr3( 6 /H) = Z. We get the same result by the preceding
rules. For let I =(6, 1)+(1,6). From p. 32 of Ref. 17, we
see that L ) —1 =L2 while, since H' ",H' ' [in the notation
of (6.4)] are SU(6), 1'", and 1' ' are 1 as well. Thus,
vl3(6/H)= [(cr), crz) mod (1,1)[ = [(cr„0)J=Z.
We shall now apply these ideas to the simple grand unifying groups SU(5), SO(10), E6, and SU(16), and to the
semisimple grand unifying group SO(10) XSO(10) (Refs.
19 and 20). For SU(5), we consider the chain

G

:

G—SU(5) ~Gs = SU(3 ) X SU(2) X U(1)
~H=SU(3)XU(1) .

(6. 12)

The different chains for SO(10) are classified by Rajpoot ', they need not be reproduced here. Examples of
chains for E6 and SU(16) are
E6

SU(3), X SU(2)r. XU(i)c, X SU(2)~ XU(1)g
SU(3), X SU(2)c, X U(1)

(6.6)

n3(G/H)=ZM,
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(6. 11)

SU(3), X U(1),

(6. 13)

SU(16) ~SO(10)~SU(5) —
+SU(3) X SU(2) X U(1)

),

~SU(3) X U( I
(6. 14)
while for SO(10) X SO(10), we can have, for instance,

= SU(4)HC X SU(3), x U(1)
SO(10) X SO(10) ~H'—
(HC denotes hypercolor).
It is adequate to show the calculations in detail for the
first chain. We can take I to be 5* of SU(5). Under Gs it
'
breaks up into (3", 1, —, )+(l, 2, ——, ). The SU(5) index is
L =1, while the SU(3) and SU(2) indices are also the
same. Thus, n3(G/Gs) and rr3(G/H) are trivial. As for
7T3( Gs' /H), it is [ (cr(, cr2) mod ( 1,0) [ = '[ (0, rz) c[ =Z so that
there are Skyrme solitons in this breakdown. They have
been studied by Gipson and Tze.
(See also Ref. 14.)
Continuing in this way, we can check that nontrivial ~3
occur in the following breakdowns:
(i) 6+~H [(6.12)], rr3(Gg/H) =Z.
(ii) Whenever we encounter the breakdown of SU(2)'s.
Thus, for example, for the chain (6. 13), m3 is Z for the
breakdown x; it is also a (new) Z for the breakdown y.
& SO(10), m 3( SU(16)/SO(10) ) = Z4.
(iii) SU(16) —
[Note
that while the index of 16 for SU(16) is not tabulated in
Refs. 17 and 18, it is readily shown to be 1.]
Note that rr3(SO(10) X SO(10)/H') is trivial.
We shall now indicate the proofs of our rules for
rr3( G /H). It is well known that rr3( G) = Z when 6 is sim-
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In particular, if g is a field that maps S to G and
[g] denotes its equivalence class under homotopy, then the

[g]~(t(gi 'dgi), t(g2

map

An

pie.

[g] ~ t(g

(6. 16)

dg)

associates an integer to [g] and exhibits the isomorphism
from mi(G) to Z. However, t is not H-gauge invariant in
view of (2. 18) and is therefore not a map from m&(G/H).
This problem is solved if we replace t by t' where

t'([g])=t(g

'dg) mod t(h

'dh) for every

h,

(6. 17)

S

with values in H. We have thus to
figure out the set of values of t(Ii 'dh).
and H are simple. ReConsider first the case where
call that we can assume that g and h have values in an
SU(2) [or SO(3)] subgroup of G and H; let the corresponding generators with standard angular momentum
and I. . Then, as in Sec. II
commutation relations be
[cf. (2. 13)], t (g 'dg ) is proportional to TrJ~ while
t(h 'dh) is proportional to TrL~ . Since t(g 'dg) has
values
0, +1, +2, . . . , the values of t(h 'dh) are
(TrL~ /TrJ ) (0, +1, +2, . . . ). This observation shows
must span an SU(2) of G for which
two things: (a)
for if not
TrJ is a miniinum in the representation
t(g 'dg) will not assume all integer values. (b) L~ must
is a minimum in the
span an SU(2) of H for which TrL
representation I in order that we recover all possible integer values of t(h 'dh). With such a qualification on J~
it is possible to show that the ratio TrL /TrJ
and
is just the ratio of the indices 1 and L for H and G. By
(6. 17), the image under t' has values in Z~i~L which is the
result (6.7).
The "proof" is incomplete in that we shall not show
that the map t' is one to one.
Rule (ii) follows from the fact that in (6. 17), h may have
values in any H;.
As regards the last rule, we recall that m3(G) =em'3(G;)
=ZZ
. The map from

a field in

h being

6

J

J

I,

L,

~

[g]=[(g1$2

g. )]
=([gi],[g2] . . [g. ]),
'

~

(6. 18)

to (o'i, . . . , cr„)(cr; = integer) is now defined by
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in
is
of the form
H;
view of (6 4). Our previous argument shows that the integer set (oi, .crz. . . ,
can be
transformed by an H; gauge transformation to

h;(x)

element

(h;"', h

',

. . . , h "')(x) in

(&i~&2

~

&n)+Imp

where p is an integer.

o„)

~

Thus, we have Rule (iii).

VII. FINAL REMARKS
In this paper, we have discussed the solitons associated
with the third homotopy group when color breaks to
SO(3))&Zq and in certain GUT scenarios. The properties
of the colored solitons are summarized towards the end of
Sec. V, while the solitons in GUT s are identified in Sec.
VI. We have also developed an efficient method to calculate m3(G/H) (where H is a subgroup of G) in Sec. VI.
The four m3 solitons for the color-breaking scheme
SU(3)~SO(3) XZ3 are expected to be of low mass (20 60
MeV). This scheme also has a Z2 monopole of low mass
(-30 MeV). It is our impression that this scheme can be
ruled out if these low-mass excitations are not seen in the
next generation of experiments. We have also argued in
Sec. I that the observation of fractional charge and the results of Cabrera taken together may not be consistent with
this scheme. Confirmation of these low-mass excitations
will in turn have significant implications for those two experiments. Search for low-mass excitations is much easier
than measuring the properties of a monopole. We feel
therefore that such a search is important.
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