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Abstract. Following the method of Arakawa, we express the special values of an L-function
originally introduced by Arakawa and Hashimoto and later generalized by Ibukiyama and
Saito at non-positive integers by finite sums of products of Bernoulli polynomials. As a
corollary, we prove an infinite family of identities expressing finite sums of products of
Bernoulli polynomials by generalized Bernoulli numbers.

1. Introduction

Fix an odd prime p and let ¢ denote the Legendre symbol mod p: ¥ (a) = (%) We also put
¢ =exp(2mi/p).

We first define the L-function L(s, A, i) originally introduced by Arakawa and
Hashimoto and later generalized by Ibukiyama and Saito. Let V' be the vector space of 2 x 2
rational symmetric matrices in M>(Q). Let A C V be any lattice invariant under the following
action of SL»(Z) : A>T — 'gTg € A for g € SLy(Z). Ibukiyama and Saito [3] showed that
any SL,(Z)-invariant lattice in V is a constant multiple of one of the following four lattices:

L’ = the set of half-integral symmetric matrices,

L, = the set of integral symmetric matrices,

_ a bJ2 «
M‘{<b/z c>€L2

(S

Thus we may assume A C Lz. Foreach T € A, we define W (T') as follows: we put ¥(7) =0
unless det(7") = 0(p), in which case 'gTg = (g 8) mod p for some g € SL,(F,) and a € F),
and we put W(T) =y (a). We denote by A the set of all positive definite matrices of A.
Following Ibukiyama and Saito [3], we define the L-function L(s, A, ) by

w(T)
e(T)(det(T))*’

azbzcmodZ},

a—}—b—i—czOmodZ}.

Ls, A, y)= >

T€A+/N

where A/ ~ denotes the representatives of SL,(Z)-equivalence classes in Ay and €(T) =
#{g € SLa(Z) | '¢Tg =T}
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In this paper, we express the special values L(1 —m, A, ) imeN) for A€
{L%, Lp, M, N} by finite sums of products of Bernoulli polynomials (Theorem 2.14). The
shape of our result is a consequence of the Shintani method employed. Our result generalizes
an earlier result of Arakawa [1] who followed the same method in calculating the special
value L(0, L%, ¥).

On the other hand, by applying the arithmetic of orders of imaginary quadratic number
fields, Ibukiyama and Saito [3] proved that L(s, A, ¥) for A € {L;, Lr, M, N} is up to
elementary factors simply the Riemann zeta function ¢ (2s — 1) (Theorem 3.1). This gives an
alternative evaluation of the special values L(1 — m, A, ¥) (m € N) for A € {L%, Lo, M, N}
of principally simpler shape than those obtained by the method of Shintani.

Comparing these two different evaluations of the special values L(1 —m, A, ¥)
(m eN) for A e{L%, L, M, N}, we obtain, for each m =1, 2, ..., formulas (to be
called Arakawa identities) expressing finite sums of products of Bernoulli polynomials
by generalized Bernoulli numbers (Corollary 3.2). The question arises whether a direct
and elementary proof of these identities is possible. That seems to be a very difficult
problem, similar in spirit to giving an elementary proof of Dirichlet’s class number formula
for h(—p) =# of reduced quadratic irrationalities in the complex upper half-plane of
discriminant —p, p=34), p > 7.

We conclude this paper with an explicit formulation of the Arakawa identities for m = 1
(Theorem 3.3), the simplest case.

2. Special values of L(s, A, ¥)

Arakawa [1] worked primarily with the L-function L(s, L%, vr), where he gave an explicit
formula expressing L (0, L%, 1) by finite sums. We shall follow the method of Arakawa and
express all of the special values L(1 —m, A, ¥) (m € N) for A € {L}, Ly, M, N} by finite
sums of products of Bernoulli polynomials. While we follow the method of Arakawa for the
most part, we also have to overcome additional difficulties not occurring in Arakawa’s work.
These difficulties are resolved using Carlitz’s reciprocity theorem for generalized Dedekind—
Rademacher sums (Lemma 2.7).

Remark. To aid the interested reader, we shall adopt as much of Arakawa’s notation as
possible.

2.1. Expressing L(s, A, V) in terms of partial zeta functions

The aim of this section is to represent the L-function L(s, A, ¥) for A € {L%, L, M, N}
as a finite linear combination of partial zeta functions. We need more notation. Let Vﬂg') be
the R-vector space of real symmetric matrices of size n, let &, C Vﬂg’) be the set of positive
definite symmetric matrices of size n, and let .27, denote the boundary of the domain &7,
in Vu(an)’ that is, 042, is the set of positive semi-definite symmetric matrices of size n. Let
{Wi, Wa, ..., W,} be an r-tuple of elements in &2, U 34, such that Wi, W;, ..., W, are
linearly independent over R. Then, necessarily, r < 3. For any r-tuple & = (&1, ..., &) of
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positive numbers, we define a partial zeta function ¢ (s; {Wq, ..., W,}, &) as follows:
o0 r —S
Clsi (Wi, WL 6= Y det(Z@j + m;)W,-) :
mi,..., my=0 j=1
Let C =C(Wy, ..., W,) be a simplicial cone spanned by Wy, ..., W,:
r
C=C(W1,...,Wr)={ZXjo A >0 (1§j§r)}.
j=1

We assume that the cone C = C(Wy, ..., W,) is contained in &;. Then it is easily shown
that the zeta function ¢(s; {Wy, ..., W,}, &) is absolutely convergent for Re(s)> r/2. For

any subset M of V(z), the zeta function ¢ (s; C, M), if it converges absolutely, is defined by
((s; C, My= Y det(T)".
TeCNM

As a fundamental domain of &2, under the usual action of GL,(Z), we take the
Minkowski domain %, of reduced matrices (see Maass [5]). In the case of n = 2, the domain
%> has a simple form:

«%’22{<y1 y12>: 0<2y12 <y1 <y, O<y1}.
yiz »2

We fix three special elements V;, V; and V3 in &2, U 9 9,; put

(10 (112 (0 0
V“(o 1)’ V2_<1/2 1)’ V3_<0 1)'

For simplicity, we set
Ci3 =C(V1, V2, V3),

Cij=C(V;,Vy) (I<i<j<3), (2.1.1)
Ci=C(Vy) (=12),

which are simplicial cones contained in &7;.
Then the domain %, has the decomposition

Py =C123UC1pUC13UC3UCUC, (disjoint union). (2.1.2)

For each cone C in (2.1.1) and any Y € C, observe that the order ¢*(Y) of the group
{U € GLy(Z) |'UYU =Y} takes the same value independent of Y belonging to C, and one
can put

ef(C)=€*Y) (Y el).

It is easily verified that
€*(Ci3) =2, €(Cij)=4 (1<i<j<3), €(CH=8, € (Cy=12. (2.13)

For any x € R, we denote by (x) the unique real number which satisfies 0 < (x) <1 and
x — (x) € Z. Let p be an odd prime. Let

A (p) ={(a, y) € Z/pZ x L/ pZ| (e, y) # (0, 0) mod p}.
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To study the special values of L(s, A, ¥) for A € {L%, L, M, N}, we must consider the six
special sets of edge vectors:

{Vi, Va, V3}, ifi =1,
{V1,2Vo, 3},  ifi=2,
{2V1, Va,2V3}, ifi =3,
{V1,2V2,2V3}, ifi=4,
{V1,4Vo, 3},  ifi=35,
{V1,4V,,2V3}, ifi=6.

X' ={X}, X5, X4} =

Let X = {X1, X2, X3} ={a1 V1, a2 Va, a3 V3} for natural numbers ay, a», a3 relatively prime
to p. Let A € {L%, Lo, M, N}. For any integer p prime to p, let A(u) be the set consisting
of all elements T € A satisfying W (7T') = ¥ (). Then it immediately follows that

_ (o ay
Aw)y=1TeAN|T=n oy yz mod p for some («, y) € .4 (p)

and that A (ul?) = A(u) for any integer / prime to p. For each («, y) € .# (p) and for each
integer p prime to p, we put

Eayn(X) = (la] ' (@® = 2ay)/p), {ay 2pay/p), (@' w@y?* —a®)/p)), (.14

where a; ! denotes the inverse of ¢; mod p.

Let E,(X) be the set of all triples &, , ,(X) : E,(X) = {0, . (X) | (@, ¥) € A (p)}.
Observe that .#(p)/{£1} corresponds to E,(X) bijectively by (o, y) = &u,y, . (X)
(=&_4,—y,u(X)). For any integers i, j with 1 <i < j <3, we set

ECD(X) =& = (1. &, 8) € Bu(X) [ & =1),
where k is the unique integer of 1, 2, 3 satisfying {i, j, k} = {1, 2, 3}. We notice that

ELP(X) = £y (X)) | (@, ¥) € A (p), & =y2(p)),
28V (X) =&y (X)) | (@, y) € A (p), ay =0(p)},
EFY(X) = £y (X)) | (@, ¥) € A (p), @ =2ay(p)}.
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PROPOSITION 2.1. The following expressions hold for the zeta functions ¢ (s; C, A(n)):

P Y (X)L XL X3 6. ifA=L3,

E€E (XD

P> Y i (xh X3.X3L6).  ifA=Lo,
SEE#(XZ)

P Y (X3 X3, X316, ifA=M,
E€EL(X?)

D (s XY, X5, X350, 8)

EEE,L(XZ)
— Y o6 (X X3 X3 6)

E€B, (XY

— Y o (X)), X3, X3, 6)

EEE;L(XS)

—2s
£(s: Croz, A =17 {

+2 Y as;{Xﬁ,Xg,XS},s)}, ifA=N

£€8,(X%)

¢ = (&1, &, 8));

P Y XL XD G g, iA=L,
geg,” (xh
P2 Y s (XA X2, 6. ifA =L,

£cEl (x2)

pE DY X XN L), ifA=M,

geg’ (X3)

p‘%‘{ D o (X7 X (&L E))
gegl ) (x2)
- ) s XL XYL G g
g2l (x4
- ) s XD X0 &)

gea’ (x5

¢(s; Cij, A(w) =

+2 ) ;(s;{X?,X;’?},(s,-,sp)}, ifA=N

geg ) (X9)

(I=i<j=3)
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¢(s; Cr, A(p) =0;

0, ifp>3,
PR (Vab, (w/p)).  ifp=3 A=L},

£(s; Coo Aqw) = { p¢(s: {2Va}, 2u/p)). if p=3, A= Lo,
PR (Vak (w/p)).  ifp=3A=M,

pPe(s: 4Va). (u/p)).  ifp=3, A=N.

Proof. We only prove the case A € {L%, Ly, M}. The case A = N follows similarly after an
application of the inclusion—exclusion principle. Let

x!, ifA=L3,
X=1{Xx?% ifA=0L,,
X3, ifA=M,

and write X = {X1, X3, X3} = {a1V1, a2 V», a3 V3} for the appropriate a1, a», a3 € N. Take
T € Cip3s N A(u) and write T = Z§=1 m ;X withallm; € N. We take a pair (a, y) € .#(p)

such that 5
T=u (“ “’2’) mod p. 2.1.5)
ay y

Then, the m ; must necessarily satisfy the following congruences:

my =a; ' u(e? = 2ay) (p),
my =a; "2uay (p).
my=a; u(y® —ao? (p).

Therefore, there exists a triple /= (l1, />, /3), [; being non-negative integers, such
that (my, ma, m3) = p(§u,y,u(X) +1). As each T € Ci23 N A(u) determines a triple [
uniquely and also (¢, y) € . (p) uniquely up to (+1)-multiplication, the first identity in
Proposition 2.1 follows. Next, let 7 € Cjp N A(w) and write 7 = 23:1 m;X; (m; €N).
Taking a pair («, y) € .# (p) as in (2.1.5), the congruences m| = al_lu(oz2 —2ay) (p) and
my =a, 12/wzy (p) follow, and necessarily the relation &> = y2 (p) has to hold. Hence the
identity for ¢ (s; C12, L(1)) immediately follows. The other identities are similarly verified,
so the proofs are omitted. O

Let « be a non-quadratic residue mod p so that we can write A = A(1) U A (k) (disjoint
union). Let dx y be the Kronecker delta symbol (dx,, = 1 if x = y, and 0 otherwise).

PROPOSITION 2.2. Let v be the unique non-trivial quadratic character mod p. Then, we
have

1 1)
L(s, A, ) = wa){m; Cio3, AG) + 53 2G5 Cijy AG) + ”7’3;@; Ca. A(M))},
" i<j

where v is taken over I and k, and the summation indicates that i, j run over all

i<j
integers with 1 <i < j <3.
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Proof. We introduce the L-function £ (s, A, 1) which is very similar to L(s, A, ¥). We set

Vi, p(T)

Lo A= D, ST

TeAi/~
where A/~ denotes the representatives of GLj(Z)-equivalence classes in A; and
e*(T)=#{g € GLo(Z) | 'gTg = T}. An elementary observation shows that L(s, A, ¥) =
2.%(s, A, ¥). In view of the decomposition (2.1.2) of %, we may take a disjoint union
Uc(C N A), with C varying over all the simplicial cones in (2.1.1), as a complete set
of GLy(Z)-equivalence classes of all elements in Ay. Thus we get, with the help of the
decomposition A = A(1) U A(k) (disjoint union),

L(s, A, ¥) =2 X (O~ Y v(wils; C, Aw)),
C I

where C runs over all the simplicial cones in (2.1.1) and p is taken over 1 and «. This,
together with (2.1.3) and Proposition 2.1, completes the proof of Proposition 2.2. O

2.2. Integral representations of partial zeta functions

The aim of this section is to obtain convenient integral representations for all of the partial
zeta functions found in Proposition 2.1. Let X = {X1, X», X3} = {a1V1, a2 V2, a3 V3} with
natural numbers a1, az, a3 relatively prime to p.
We put
Ta(s) =7’ () (s — 1/2),

where I'(s) is the gamma function.
We set, fort € C, x € R,

tx

ot x) = ——,

el —1
which is the generating function of Bernoulli polynomials By (x). Recall that the Laurent
expansion at t = 0 of ¢ (¢; x) is given by

o0

B
ot x) = Z ﬂtk_l (|t| <2m). (2.2.1)
k!
k=0
Taking the kth derivative of (2.2.1), one gets, if |¢| < 2w,
® (z; <. B —1
A D - L P (2.2.2)
k! n k

Let {W;, Wa,..., W,} be an r-tuple of elements in ZUd%% such that
Wi, Wa, ..., W, are linearly independent over R. Following Satake [6], for any r-tuple

& = (&1, &, &) of positive numbers, we have the following integral representation for the
partial zeta function ¢ (s; {Wy, ..., W}, &):

S AW, ..., W, }, §)

1 00 1 b4
= / dt f du / do - t¥ 1S3 — w) (2.2.3)
I2(s) Jo 0 0

X CD((tv u, 0)» {Wl» e Wr}s “;:)a
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where we put

O, u, 0); {Wr,...., W, },§) = 1_[ ¢ A ((u, 0), Wj): 1 —§&j)

j=1
and
A(u, 0), W)= tr(Wkg <L(; (1)) tkg) forany W € 92, U 9 S;.
If all of the edge vectors {W1, ..., W,} are contained in &, then the integral representation

in (2.2.3) can be evaluated by following the method of Satake and Kurihara [6, 4]. However,

in view of Propositions 2.1 and 2.2, we have to consider the cases in which, with respect to an

r-tuple {Wy, ..., W,}, the vectors Wy, ..., W,_p are all in &%, and W, coincides with the

special vector X3 = a3 V3 in 0 47,. Because of this, Satake and Kurihara’s method cannot be

applied directly to our situation, and consequently the integral representation given in (2.2.3)

cannot be easily evaluated. To overcome this obstruction, we follow the method of Arakawa.
We set

1
Y, x)=¢; x) — o

which is a holomorphic function of ¢ in the region |¢| < 2w. Let {Wy, ..., W,_1, X3} (r =2
or 3) be an r-tuple of vectors in & U 9.9, such that Wy, ..., W,_; are all in &,. We set,
for an r-tuple £ = (&1, . . ., &) of positive numbers,

qDP(([s us 6); {Wl’ AR ) W}"—ls X3}7 S)

r—1
= H ¢A((u, 0), W) 1 =§)) ¥ (tA((u, 0), X3); 1 = &),
j=1

and, for an (r — 1)-tuple &' = (&1, ..., &—1),

r—1

1
Ps((t,u, 0); (Wi, ..., Wre1, X3}, )= —————— | | oA ((u, 0), W)); 1 —&)).
g 1A ((u, 0), X3) ;3 ! !
Next we define the principal and singular parts of ¢ (s; {Wy, ..., W._1, X3}, &):
gP(S;{Wl’-~~»Wr—1»X3}a§)
1 00 1 T
= / dtf du/ do - >3 —w) (2.2.4)
I2(s) Jo 0 0
Xq)P((tyl"’ 0); {Wls"" WV*15X3}’$)7
;S(s; {Wla LR Wr—17X3}9 é/)
1 00 1 T
= / dt/ du/ do - 1>~ '3 —w) (2.2.5)
[a(s) Jo 0 0
X q)S((t’ M, 0)9 {le LR ] Wr—l, X3}a 5/)

The integrals in (2.2.4) and (2.2.5) are absolutely convergent for Re(s) > 3/2, and obviously

s AW, .., X33, 8) =¢p(ss {Wh, ..., X31, &) + &s(s; {Wh, ..., X3}, &).
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While the principal part of these integral representations is easy to evaluate by following
the method of Satake and Kurihara, the singular part is considerably more difficult.
Fortunately for us, however, Arakawa in his work on L(1 —m, L;, Y¥) (m € N) came up
with the ideas needed to evaluate these integral representations. Due to the highly technical
and laborious nature of our work, we will only provide details for the results which do not
follow directly from the work of Arakawa [1].

Corresponding to A(w), we shall define the principal part {p(s; C, A(n)) and the
singular part £s(s; C, A(w)) of the zeta function ¢ (s; C, A(w)), C being the simplicial cones
Ci23 and Cj3 (j =1, 2). In view of Proposition 2.1, we set

PR ep(si (X)L X). X3} 6), if A =L,
éEEH(Xl)

PR Y ge(s: (XD, X3, X3} 6), if A =L,
fGE,L(Xz)

P> ep(si (X3, X3, X3}, 8), if A =M,
EEEM(X3)

—2s . 2 2 2
tp(s: Cross A = 17 { Z tp(s; {XT, X3, X3}, 6)
fEaM(Xz)

— Y el (XY X3, X3), 6)

E€B, (XY

— Y el iX], X5, X350, 8)

£€B8,(X5)

2 Y cp<s;{X6,X§,X§},s>}, A =N
EEE)L(XG)

& = (&1, &, &));
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¢p(s; CizA(p) =

¢s(s; Craz, A(p)) =

—2s

p

—2s

p

—2s

p

p—Zs{

p

p

p

p

B. Isaacson

cp(s; (X1, X3, (&), &),

>

~(,3
g2 (xh

>

geg?(x?)
gz (x3)

=3
geg Y (x?)

2

~(,3
gegdP (x4

D

gea (x%)
teE” (X0

(=12

¢p(s; (X3, X3), (&), £3)),

p(s; (X3, X3}, (5, £3)),

cp(s; (X3, X3), (&), £3))

cp(s; (X4, X3), (5, &)

ep(s; (X3, X3), (£, &)

+2

— 25’

D sl XL Xg, Xa), (61 £2)),

g€, (XY

TN sl (X1 X3, X3), (6L £2),
EEEM(Xz)
TN s (X5, X3, X3), (61 £2),
EEEM(XS)
25‘{ > gs(si{XT. X3, X3) (61, £2))
SEEH(XZ)
— > sl XY X5, X3), (1 £2)
gEE)L(X4)
— Y s X X3, X3) (B £2)
EGEM(X5)

+20 ) sl (X7 X5, XS9). (61, £2)

£€B,(X0)

¢cp(s; (X8, X5), (&, &))},

if A=L3,
if A=Lj,

ifA=M,

ifA=N

ifA=1L3,
ifA=1Lo,

ifA=M,

}, if A=N;
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PR estsi (XL X3} &), if A = L3,
gzl (x)

PR Y sl XT X3 8, ifA =L,
gegl ) (x2)

P DS gs(s (X X3RN ), ifA =M,

segld(x?)
—2s 2 2
sG55 (X3, X3),€))

es(s: Cpaw) =17 { PIRN 3
geE 7 (x?)
— > s X3 X3hE)
gegl? (x4
- Y sl (X3, X3). )
segld (x%)
+2 ) ;s<s;{X7,X§},sj>}, ifA=N
gea{Y (x6)
(Jj=1,2).

Proposition 2.2 then makes it possible to define the principal and singular parts of the
L-function L(s, A, ). We set

1 2
LpGs, A,¥) =) ww){r:P(s; Cio3, AGw) + 5 3 £p(s: Cj3, Aw)
iz j=I
1 1)
+ 5805 Ciay AG) + ”7’3;<s; Ca, A(u))}, (2.2.6)

12
Lg(s, A, = s; Cio3, A + = s;Ciz, A ,
s, A ¥) ; w(m{zs( 123, AW) + 5 ]; £s(s3 Cj3 (u))}
where p runs over 1 and « (k being a non-quadratic residue mod p). Thus we have the
obvious identity
L(s, A, ¥)=Lp(s, A, )+ Ls(s, A, ¥). (227

2.3.  Determination of the special values of Lp(s, A, ¥)

The aim of the next two sections is to express all of the special values L(1 —m, A, ¥)
(meN) for Ae{L}, Ly, M, N} by finite sums of products of periodic Bernoulli
polynomials. This is accomplished by determining the special values Lp(1 —m, A, )
(meN)and Lg(1 —m, A, ¥) imeN) for A € {L%, L,, M, N}. We now fix the notation.
Let p be an odd prime and let i denote the Legendre symbol mod p: ¥ (a) = (%) Let éy y
be the Kronecker delta symbol. Let X = {X1, X2, X3} ={a1 V1, a2V», a3V3} with natural
numbers ap, az, az relatively prime to p.
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We recall the periodic Bernoulli polynomials Py (x) given by

0, ifk=1,x€eZ,
Pr(x) = )
Bi({x}), otherwise,

where {x} denotes the fractional part of x.
We also remind the reader of the generalized Bernoulli numbers By y, given by

Biy=p"" ) Pula/p)ya). 2.3.1)
a(p)
We set
xn
Inm = /R mdx forO<n <2m — 1. 2.3.2)

Partial integration yields the following recursive relations,

Diitj+1 = Di—22i+j — Di—22i+j+1,

2\ /(1\ . . (2.3.3)
10,j+1=71< )(—) i, j=0).
j 4

We set Q(u) = 3u® 4 10u + 3. As the function =1 (1 4+ u)*" 272/ Qu)/ (0<j <
m — 1) is invariant under the transformation u — 1/u, and is therefore a polynomial of
(u + 1/u) of degree m — 1, we can write

m—1
WA+ QWY = bjma +uTh O0<j<m—1) (234
k=0

for some bk € Q.
We define the sequence {«;,} satisfying the following recursive formula:

a0 =0; o) =-16/3;
3(n —1/2)ay, + 10(n — D1 +3(n — 3/2)oy—p = —16 (n > 2).

2.3.5)

We put

1—u k3—1
Rty ks () = i (14 )" Res (12”4 (1 —wx + (1 + )} (1 ) .

142

(2.3.6)

We note that Ry, ,(«) is a polynomial of u with coefficients in the Gaussian field Q(i).
Therefore, the real part of Ry, (1) is a polynomial of u with rational coefficients.

For a positive number €, we let I (00) (respectively I (1)) be the contour path consisting
of the oriented half-line (400, €) (respectively (1, €)), a counterclockwise circle of radius
€ around the origin, and the oriented half-line (¢, +00) (respectively (e, 1)). We also let I'c
denote a circle of radius € around the origin oriented counterclockwise.

We state the following useful formula:

—4
k—1/2 ;. _
u du = —— for any k € Z. 2.3.7



Special values of Ibukiyama—Saito L-functions 355

For any integers k1, k2, k3 with k1, kp >0, k3 > 1, and k1 + k2 + k3 =2m + 1, we set

Ltky=1)/2] k3—1
1 —m—1/2 k-1 ko — 1\ (k3 — 1
— u (1 —uw)(1 +u)k (-1’ ) .
27 Jr.y ;) 12:(:J 2 J
) (L w2172 (1 — )2 Dy iy dut, ifky > 1,
A(kl,kz,k3)= - [(k3—1)/2] ) k3 1 m—1
2073 Z (—1)’< 5 i )(—Zhj,m,o o) + Z bjm k(-1 —ak+1)>
=0 J k=1
+/ w21 = 1) Re(Ryy 3 () dut, if ky = 0.
Ie(1)
(2.3.8)

Remark. Our Ak, i, ky) corresponds to Arakawa’s (1/71) A —1,ky—1,k3—1)-
We state the following lemma which is used in Proposition 2.5.

LEMMA 2.3. Let m € N. Then,

4, ifm=1,

A1 2m—1 = {O i1

Proof. The case of m = 1is clear, so we consider the case m > 1. We show that A (1,1 2,41) =
0 for n € N. From (2.3.3), we have

1 & 20 20\ (1)’ ,
AQ 12041 = (—Df( )( )(—) / w21 - uw) T du.
(12n+h 2]2:(:) j/\j/\4 1.()

(Zj)(l)j_ TG+ 1/2)
i/\4) TA/rG+1

/ M7n73/2(] _M)j+l du:—zB(_n_ 1/23]+2)’
I (1)

Since

and

where B(x, y) is the beta function, we get

(1)) & i(2n\, . TG +1/2)
A(l,1,2n+l)—_—r(1/2) ;(—1) (j)(1+1)—1“(j—n+3/2)’

Let {Z} denote Stirling numbers of the second kind. Because

rGg+1/2)

o TG+
A T gy

is a polynomial of j of degree n, and

2n
> -1y (%)ﬂ‘ - <2n>!{ y }
= J 2n
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we get

" k
A,12041) = Z ak {Zn}

k=0

for some real numbers a; (0 < k < n). Since {212} =0for0 <k <n <2nforn €N, the result

follows. O
We set

C(m) = 2m — DI/ 272).

We follow the method of Arakawa to evaluate the integral representations for the
principal part of the partial zeta functions given in Proposition 2.1.

PROPOSITION 2.4. Let & (j =1, 2, 3) be positive numbers and m € N. Then the following
expressions hold.
(1) ;P(l —m; {a1V1,a2V2, a3V3}s (sls ‘%‘27 53))

_ _axticom Y a7 a2 a7 By (81) iy (62) By (83)

ki Vo Vs

Aky ko k3)
ki,k2,k3

where ki, ka, k3 run over all integers with ki, ky>0,k3>1, and ki +ky + k3 =
2m + 1.
(i) ¢p(1 —m; {a1V1, a2V3}, (61, &3))
_ 4x2iC(m) 5 al k!

az

By, (61) Bi; (&3)
k1 k3!

A(ky,0,k3)
ki,k3

where ki, k3 run over all integers with k1 >0, k3 > 1, and ky + k3 =2m + 1.
(i) ¢p(1 —m; {aaVa, azVal, (&, £3))

. ky—1 k3—1
_ 472 C(m) Z, ay’” a3’

ai

By, (52) Biy (83)
ky'ks!

A(0,k.k3)
ka,k3

where ko, k3 run over all integers with ko > 0, k3 > 1, and ky + k3 =2m + 1.
iv) ¢(1 —m; {a1 V1, aaVa}, (61, §2))
_ 4x2iC(m) 5 al ekt
= o

By, (61) By, (62)
ki'ko!

A k) kp,0)5
ki,ky

where ki, ky run over all integers with ki, kp > 0, and k1 + ky =2m + 1.

W (= m: aVa), &) = —4r%iCmadn 2 22n )
2m —1)!
We omit the proof of Proposition 2.4, which can be proved in a similar manner as in the
proof of Proposition 2.12 of [1].
Let m € N. Let ki, k, k3 be integers satisfying k1, ko >0, k3> 1 and k| + kp + k3 =
2m + 1. For any triple & = (&1, &>, &3) of positive numbers, we write, for convenience,

ki—1 k
3oa T By ) 3 dl

-1
Py, (&)
Blki ko ks ) =[] F——= Pl ko ks o) =[] 2
j=1 Jt a

j=1

A1, 2m-1,1)-



Special values of Ibukiyama—Saito L-functions 357

Let u be any integer prime to p. In view of Proposition 2.4, we define the numbers
Dk ko k3) (X, 1) as follows.

1) Ifky, ko, k3 # 1, we set
Dty ey (X, ) = =475 COM Aty dy k) D, Blki, ko, k3 §)
§€B,(X)

=21 CM) Ay koks) Y Pkt ko k3t iy (X))
a,y(p)

(ii)) Letr be aninteger with 1 <r <3.If k, = 1 and the other k; # 1, we set
Ly b k) X, ) = =472 ICM Aty hyky) Y Blki, ka, ks €)
§€E,(X), &#1

= —21%iC(M) Aty ko k) Y Plk1. ko, ks iy (X))
o,y (p)

(ili) Letr, n beintegers with1 <r <n < 3.If k, =k, =1, and the remaining k; # 1 (then,
necessarily, m > 1), we set

Dy ey ky) (X5 ) = =421 C M) A (ky sy 1)

x > Bk ko, ks; &) — stk ko, k3; m}
£cB,(X), & .8, #1

= 272 C(M) Ay ko k)

x4 Y Plkis ko k33 Eay (X)) = 2s(ky, ko, ki u)},

a,y(p)
where
a2m—2
(@) (k1. ko, k3) = (1, 1, 2m — 1),
sthi, ko, ka; ) = a3" 28,3
ngmfl(azu) (k1, ko, k3) =(1,2m — 1, 1),
0 (kl’k2sk3):(2m_17]3 ])7
and
1 2 Y(u)
—_ = - B _ = — . B _ .
gan-1 () = 5o, %j) a1 (e P) = o - By

a#0(p)
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(iv) In the case of (kq, ko, k3) = (1, 1, 1), we set

Faa(X, w) = —4r%iC()A.11

3p
x > B(1,1,1;§) — —gl(asu)—ﬁgl(azu)
§€Eu(X), §;#1 (j=1,2,3)

=27%iC()Aq.11

1 3p
)Y P L Ly u(X) — g1<a3u)—3g1<azu>
a,y(p)

We note that ok, &, k3) (X, d*0) = Sk, ky.ky) (X, p) for any d prime to p.
We put

kj.ko .k
c(ky, ky, k3) = W 039)

T(m) = {(k1, ky, k3) € Z> | kp = 0, ki, k3 =1, ky + ko + k3 =2m + 1}.

We define the Arakawa sums A; (k1, k2, k3) (1 <i <6) by

2 2 2
o —2ay 20y Y. —«
Atk k. ka) =Y Py (—)%(—)1%( ,
a,y(p) p p p
2 2 2
o —2ay o -«
) () (5)
p p

Pk| <

2 2 2

o —2ay 4o —a
() () ()

a,y(p) p p

2(0(2 —2ay) 2a 2 _ o2
Aglky, ka, k3) = Pk. < v Py, py Py, 4 » ,
Pkl <
Pk. <

Ar(k1, ko, k3) =
a,7(p)

Az(ky, ko, k3) =

As(ky, ko, k3) =
a,y(p)

a,y(p)
2(a? — 2ay) o 2(y? — a?)
S () (250)
P P

2(a® — Zay))Pk2<ay>Pk3 (y2 — oe2>.
p p

The special values Lp (1 — m, A, ) (m € N) for A € {L5, Lr, M, N} can now be evaluated
with the use of the numbers defined above.

Ag(ky, ko, k3) =
a,7(p)

PROPOSITION 2.5. Let m € N. Then, we get the following:

@) Lp(l—m, L}, ) =—4xiCm)p*™~" " ek, ko, k3)Ai ki, ka, k3)
(k1,k2,k3)€T (m)

72iC(m)
+T(128m,1 +c(1,2m — 1, 1)8]7,3)32}11—1,‘(//7
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(i) Lp(l—m, Lo, y)=
—4x%iCmp* =D Y 2 e, ke, k3) Aa (i, ko, s)
(k1.k2,k3)€T (m)

2.

n-iC
4 Thicm)

3
(iii) Lp(l—m, M, ¥)=

(1281 — 2% 2¢(1, 2m — 1, 18, 3) Bom—1.y/»

—A4AxfiCmy@p* Y > 22k kg, k3)As (k. ko, k3)
(k1,ka,k3)€T (m)

2.
7-iC(m)
+ T(121/f(2)3m,1 +c(1,2m — 1, 1)8, 3) Bom—1,y

v) Lp(l—m,N,¥)=

Lp(1—m, Ly, ¥) — 47T2iC(m)1ﬁ(2)p2('"_1)

x> etk ka, k) {—2915 T2 ALk Ky, ka) — 2222 As (k. Ky ka)
(ky1,ka,k3)€T (m)

n%iC
+ 222K =2 A (ky, ko, k3)} + IT(m)(lz(W(z) — Ddm,1

+ @2 422" (1, 2m — 1, 1)8.3) Bam—1,y-

Proof. Let X = {X1, X2, X3} ={a1V1, a2 Va, a3 V3} for natural numbers aj, az, a3 relatively
prime to p. Let &, . (X) be the triple of &, (X) given by (2.1.4). We notice that By (1) =1/2,
and moreover that
EFY () NEV(X) = {Eay.u(X) [a=0(p), ¥ £0(p)},
¢ (p>3),
EFP0NEN?X) = (2.3.11)
Eayu(X) |y =—a(p), a #0(p)} (p=3),

=(1.3) =12y —
E0VX) NEM?(X) =¢.

Taking very carefully (2.2.6), Proposition 2.4, and (2.3.11) into account, we get
_ ’
Lp(l—m, A y)=p*™ D3 3 g

I kikaks
ey ook (X ), if A=L3,
Dk o s (X2 ), if A=Lo, 23.12)
X 3 ks oo ) (X, ), ifA=M,

"Q{(kl,kz,k:’,) (er M) - eQj(k1,k2,k3)(}(47 /JL)
— ke kyok) (X )+ 20y kg k) (XO, 1) if A =N,

where p is over 1 and «, and (ky, k2, k3) runs over all triples of integers with k1, k; > 0,
k3 > 1, and k; + ky + k3 =2m + 1. Moreover, for any triple of integers (ki, k2, k3) with
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ki,k»>0,k3 >1and ki + ko + k3 =2m + 1, we have

; A
D Pl ko, ks fuy (X)) = =
a,y(p) 1382283
Aq(ky, k2, k3), ifi =1,
227N Ay (e, ko, K3), ifi =2,

2.3.13
¥ (©2) 2R 2 A5 (ky, ky, k3),  ifi =3, ( )

Y(Q2) 2522 A (ky, ko, ks),  ifi =4,
¥ (2) 2222 As(ky, ko, k3),  ifi =5,

¥ (2) 2223 Ag(ky, ko, k3),  if i = 6.

Since A; (0, ka, k3) =0 when ky > 0, k3 > 1 with kp + k3 =2m + 1 for parity reasons,
we have sz(o,kz,h)(Xﬂ w) =0 for k» >0, k3 > 1 with k> 4+ k3 = 2m + 1. Consequently, in
(2.3.12), we only have to consider the triples (k1, k2, k3) € T (m). The expressions (i)—(iv)
for Lp(1 —m, A, ) for A € {L%, Lo, M, N} then readily follow from (2.3.12), (2.3.13),
and Lemma 2.3. O

To evaluate the special values Lp(0, A, ¥) for A € {L3, L, M, N}, we need the
following explicit values of c(ky, k2, k3).

PROPOSITION 2.6. We have
i) ¢(1,0,2)=4/3

) c(1,1,1)=4,

(i) ¢(2,0,1)=8/3.

Proof. The assertion (ii) follows from Lemma 2.3. From (2.3.8), we get Ap 1) =
2A1,0,2) = —2bo, 1,001 = 16/3, from which the assertions (i) and (iii) immediately follow. O

2.4.  Determination of the special values of Ls(s, A, V)

The aim of this section is to express all of the special values Lg(l —m, A, ¥) (m € N)
for A € {L%, Lo, M, N} by generalized Bernoulli numbers. We keep the notation used
previously. We remind the reader that X = {X1, X», X3} = {a1 V1, a2 Va2, a3 V3} with natural
numbers aj, az, az relatively prime to p.

For integers k with k > 0, we set

1 X 2k
" 2k
We note that .o (u) is a polynomial of u with rational coefficients.
We put
“am—1
HOESY ( o )(1 +uy 2 (—uk,

k=0

b = (”2_]{1)(1 Ty 1 () (xn - [” - 1], "> 1>,

k=0
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and set
14+u
po(u) = TT3ur 2
o hj(u)
vo(u) = Z m for |u| sufficiently small.

=0

Let m € N. For integers k, n with k, n >0, k4+n=2m + 1, we define the numbers
c///(k_l,n_l) and f/V(k_l’n_l) by putting

1
Mprnn=— [ dogu-u™" N1 =1+ w0 () du,
I
M (2.4.3)
Me—1n-1) =f w2 = u) (1 4+ 0)* vy (u) du.
Ie (1)
The numbers .#—1,,—1) and A(x—1,,—1) are independent of the choice of small €.
Here, we state the following useful formula:
— logu - u" du = —— forkeZ, k+# —1. (2.4.4)
Tt Jr (1) k+1
For integers n with 0 <n <2m + 1, we set
Mom—nn—-1) — Nom—n.n—
%n‘m _ (—l)n . 2m—n,n—1) (2m—n,n—1) (2.4‘5)

@2m+1—n)n!

We define the Carlitz ¢ and v functions

a—+ a+
¢F,S(h'7 k; x, y)ZZPr<hTy +x)Ps< X y>,

a(k)

r (r .
Urs(ho ks, y) = (1) (j>h"’¢j,r+s—j (h ks x. ).
=0

We state the powerful reciprocity theorem given by Carlitz.

LEMMA 2.7. (Carlitz reciprocity [2]) Let r,s € Z with r,s >0, h, ke N with (h,k)=1,
and x, y € R. Then, we have

(s + Dk Yrp15(h, ks x, y) = (r + D" Ygqrr (K, by, x)

= (5 + DAPrs1 () Py(y) — (r + DI Pr(x) Pyt () + (=17 T KSR 8, 4.181.08,0/2-

We follow the method of Arakawa to evaluate the integral representations for the singular
part of the partial zeta functions given in Proposition 2.1.

PROPOSITION 2.8. Let &, &1, & be positive numbers and m € N. Then the following
expressions hold.
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(i) s —m;{a1Vi, axaVa, a3 V3}, (&1, £2))

2m__1\ym
_dmay" D) log - (art; 1 — )@ (ant; 1 — &) dr

az(2m)! Te (00)
| 4mCom) ”il @m —2j — Dl (=1)J 20i-m
e = (m-prept U

“part; 1 — )% (aat; 1 — &) dt

271 zC(m) Zmtl

Z( D"ai" " a5 By - Bamy1-n(€1) Bu(£2),

272ig?"lc 2
Gy es(l—ms Vi, asVa), ) = 2t Com 4 B | B (6),
a3 m(m!)2
(i) ¢s(1 —m; {ax V2, azVs}, &)
2n%iay" " Cm) (2 & (=1)J
N a3 {E; (m—j)!}2(2j)!_‘%‘M}Bzm@)'

We omit the proof of Proposition 2.8, which can be proved in a similar manner as in the
proofs of (2.3.25) and Propositions 2.22, 2.23, and 2.24 of [1].

This implies the following proposition.

PROPOSITION 2.9. Let m € N. Then, we get the following:

i) wa) Y sl —mi{ar1Vi, azVa, asVa}, (€1, £2))

E€EL(X)

4711/f(a1)a "(=1)™C(m) §
B a3 (2m)! ZW( )

x /1 ( )logr.Z¢<a1r; 1= ((x — azuw)/p))p"(aat; 1 — (aru/p)) dt

u(p)

4w(a1>0(m) @m —2j — Dlay’ (—1)7 22
Zzo o —pran ='W
x / UM " glart: 1= ((x — aqu)/ p))p P (ant: | — (ayu/p)) dt
Le u(p)
2. 2m—+1 p—1
J 2 ya)cm WZI)C(”’) 3 @ B S V()
x=1

n=0
“ Pom+1-n, n(al_laZ’ p;x/p,0)
b4 lC(m)

t e G T Y @) B + 63" (@) B ),
asp
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G Y v Y s(—mi{aVi,aVs) E)

~(1,3
u zes(x)

2n2mf’" 11//(a1)C(m){ 2

3p2’,n_1 +<@l,m}32m,1//a

m(m!)2

Qi) Y v Y is(—m;{aVa, a3Vs), £)

~(2,3
H g2V (X)

2m2iaf" " (@) Cim) [ 2 & (—1)J
- a3 p2n=1 {;;m %Zm,m}BZm,x//,

where o runs over 1 and k.

Proof. Let &) ,(X) (j =1,2, 3) be the j-component of & ., (X) € E,,(X) (see (2.1.4)).
We set ua? = x and 2uay = u. If (, y) runs over all elements of .# (p) with a = 0(p),
and u is over 1 and «, then (x, u) just doubly covers all elements of . (p) with x = 0(p). If
a =0(p), then Eo([lf,u = 052)), « = 1. Hence, we get

ZI/I(M) D s —mi{aiVi, azVa, a3Va}, (€1, £2))

€8, (X)
=3 Z ¥ (1) ( )ZM );s(l —m: {1 Vi, ;Va, a3Vs), (€D, (%), £3) (X))
a,y)eMN(p
= > Y@ Y ¢s(l—m; {a1 Vi, azVa. asVs), ((ay ' (x —w)/p). a3 'u/p)))
x(p) u(p)
x#0(p)

Thus the assertion (i) readily follows from replacing (x, u) by (a;x, ajau) and applying
Proposition 2.8. The other assertions are similarly verified, so the proofs are omitted. a

The following lemma plays a key role in evaluating the special values Lg(1 —
m, A, ¥) (m eN) for A € {L}, Lo, M, N}.

LEMMA 2.10. Let j € Z with j >0, and x € Z with 1 <x < p — 1. Then, the following
hold.

@ Dot 1—((x—u)/pNe® ;1 — (u/p))

u(p)
2j+1
:8/',031 . ¢(l, 1 —)C/p) —+ Z ykl‘j . ¢(k)(l; 1 —X/p)
with
2j+1
(_1)k( J+
1 k

=~ . Bpii|_ 0<k<2j+1).
yk,] (2]+1)p217k 2]+1 k ( —= —= ]+ )
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() Y ¢ 1= ((x —2u)/p)d @215 1= (u/p))

u(p)
=3j0B1-¢(, 1—x/p)
2j+1
+ )0 j@e0 21— {x/2p) + 172D + v ;)M 2151 = x/2p)))
k=0
with
(21
2 D k Bajy1-k if x is odd,
Vi j () = — 25—k o
2j + 1p~/ Byjr1-k(1/2) if x is even,
(2
3 DM Byjr1-x(1/2) ifx is odd,
Vi j () =~ 2k Y
2j+Dp Byjti—k if x is even,

O=k=2j+1.

(i) @@ 1= ((x —u)/p)p® (11— (2u/p))
u(p)
2j+1
=8;0B1- 0@t 1—x/p)+ Y vt o® @ 1= (2x/p))
k=0

with
(_l)k 21 +1 22j—k
i k

YRR

“Bojyix (0<k=<2j+1).

Proof. Recalling the Laurent expansion (2.2.2) of ¢(k) (t; a), we compare the coefficients in
the Laurent expansions at t = 0 of both sides of the assertions. When the y,ﬁy j N (<i<d)
are given as in the lemma, the equality of Laurent coefficients can be verified by applying
Carlitz reciprocity (Lemma 2.7). a

For integers n with 1 <n < 2m, we set

%n,m = Z <2m - ]> . %j,nlv (246)

=ty T

where %#; ,, is given by (2.4.5). We give a lemma for Proposition 2.12 which will help
simplify the correction terms resulting from Carlitz reciprocity.

LEMMA 2.11. Letm € N and 6, be given by (2.4.6). Then,

m+1—n
%Zn,m = T . %Zn—l,m (1<n<m).
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Proof. This follows from the following recursive relations:

2n—1

1 .
pan () = — Z<—1>’ (])<1+u>2”‘fuj<u>,

2n—1

Vo (1) = —i Z( 7 j <]><1+u>2”-fu,-<u> (1<n<m).

We define the numbers Z , (0 <k <m) by

i (—=1)J
(2m+1—2k)(2k)'] — {(m — DW2Q)j + 1= 2k)!

-@k,m {

m (=Dt ( )<2m + 1 =) m
+ Z 2 }sz
n=max(1,2k—1) n+1

We now evaluate Ls(1 — m, A, ) (im € N) for A € {L%, L, M, N}.

PROPOSITION 2.12. Let m € N. Then, we get the following:

, 27%iC(m) &

i) Ls(l—m, L3 ¢)=—"""-F Z Drem Bom+1-2k,y»
k=0

(i1) Ls(1 —m, L, ¥)

2. m
C
= ”’Tf’") 3@y 2)@% — 1) + @~ 2%) Dk Bams1-2k.y-

2. m
7iC(m
TECO) NN 0K Gy B 2ty
2r i3

(v)  Ls(1—m,N,y)=3Ls(1—m, Ly, ¥).

(iii) Ls(1—m, M, )=

365

(2.4.7)

Proof. By (2.2.6) and Proposition 2.9, we need to evaluate the two integrals and sum of
Carlitz ¢ functions given in expression (i) of Proposition 2.9. The first integral can be

evaluated by applying Lemma 2.10 and noting that

(=D¥Pr(&)

/ logt-¢p®(ar; 1 —&)dt = —2ni———=>2 (keN, aeN, 0<&<1).
I (c0) ak

The second integral can be evaluated by applying Lemma 2.10 and noting that the coefficient
of the term 20m=)—1 (0 < Jj <m — 1) in the Laurent expansion at t = 0 of ¢>(k)(at; 1-§)

fort < |2m/al is

k+2m—2j—1 o
(—1>’<( / )k!a”" 27 Pevom—2; (€)

(k +2m — 2,)!

(k>0,aeN, 0<£&<1).
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To evaluate the sums of Carlitz ¢ functions, we first express them as sums of Carlitz ¢
functions as follows:

2m 2m

Z <%)n,m '¢2m+17n,n(17 P X/P, 0) = Z (gn,m . w2m+lfn,n(1v P X/P, 0),

n=1 n=1
2m 2m
Z 2n_l<%)n,m . ¢2m+lfn,n(2, p; x/p, 0) = Z 2rl_l(fn,m . W2m+lfn,n(27 p; X/P, 0),

n=1 n=1

2m

Z 22 B m - Pami1—nn 7L, pix/p, 0)

n=1

2m
=21 GomWami1-nn (L, P X/, 0) + Yami1—nn(l, pi x/p+1/2, p/2)).

n=1

These sums can then be evaluated by applying Carlitz reciprocity (Lemma 2.7). We note that
all of the correction terms resulting from Carlitz reciprocity vanish by Lemma 2.11.

The assertions of the proposition then readily follow from (2.3.1). a

To evaluate the special values Lg(0, A, ¢) for A € {L3, Lo, M, N}, we need the
following explicit values of % .

PROPOSITION 2.13. We have

i) Y1 =22/9,
() 211=-1/3.

Proof. From (2.4.1)—(2.4.4), we get

1 _
Mo,1) = M1,0) = =i ), " logu - u™2(1 — u?) du=—4

and A(0,1) = A1,0) = 0. Thus the assertions follow from (2.4.5)—-(2.4.7). O

2.5. Main theorem

In this section, we express all of the special values L(1 —m, A, ) m e N) for A €
{L3, Ly, M, N} in terms of Arakawa sums and generalized Bernoulli numbers. We remind
the reader of the notation.

Let p be an odd prime and let ¥ denote the Legendre symbol mod p: ¥ (a) = (%) Let
dx,y be the Kronecker delta symbol. We put

T(m) = {(ki, ka, k3) € Z> | ka = 0, ki, k3 = 1, ki + ko + k3 =2m + 1},
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Let A;(k1, k2, k3) (1 <i < 6) be the Arakawa sums given by

o —2a 2o 2o
Artky, ka k3) =Y Pk1<Ty)sz<Ty)Pks<y P )

o,y (p)

Ar(ky, k. k3) = D Py,
o,y (p)

Askr, ko ks)= Y Py
o,y (p)

2(a? = 2ay) 20 R
Aslky, ko, k3) = D Py, <—V>Pk2<—y>Pk3<y )
a,y(p) p p p
2(0{2 —2ay) ay 2()/2 — az)
As(ky, ko, k3) = Z Py | ———— | Py| — | P —— ),
@y (p) P P P

2(a? = 2ay) o 2 _ao?
Ask ka. k)= Y Py (T}/)P/@(%)P@(V .

o,y (p) p

Let c(k1, k2, k3) and Z ,, be the numbers given by (2.3.9) and (2.4.7).

We now state the main theorem of this paper.

THEOREM 2.14. Let m € N. Then, we have the following:

Qm — 1)! ~
=T m - > etk k. ka) Ak, ko, k3)
(ky.k2,k3)€T (m)

1 & 1
+ =Y DemBanti-2ky + — (1281 + (1, 2m — 1, 18, 3) Ban—1.y |
2p & 12

(i) LA —m, Ly, ¥)

_@em—1)!

o 297 e(ky, ka, k3)Aa(ki, k2, k3)

{_ 2(m—1)
(k1,k2,k3)€T (m)

1 & _
5 D@y @)% = 1) + 2= 2%) Dhn Bamt1 -2k
k=0

1 2m—2
+ 5(125;41,1 -2 c(1,2m -1, 1)8,3)Bom—1,y (>
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(i) LA —m, M, )

2m —1)! _ _
=—{—w<2)p2<’" Doy 2Rk, Ky, ka) As (K, ko, ka)

22m
(k1,k2,k3)€T (m)

1 m
t3, > 2D wBomi1 2ty
P =0

1
+ E(121ﬁ(2)5m,1 +c(1, 2m — 1, 1)5p,3)Bzm—1,¢/},

@iv) L(—m, N, ¥)

2m —1)!

= L(l —m, L2’ 1//) + 22m

x {wz)pz“"‘“ D etk k. k)@ A (ki k. k3)
(k1,k2,k3)€T (m)

+ 22072 As (k1. ko, k3) — 2222 AG (K, K, k)

1 m
~% D@y @)% = 1) 4+ 2= 25) Dem Bams1-2k.y
k=0
1 2m—2 2m—2
+ 531200 @) = Dém 1 + @72 4227 (1, 2m — 1, 1)ap,3)Bzm_1,¢}.

Proof. This follows from (2.2.7), Proposition 2.5, and Proposition 2.12. O

Remark. The special values L(1 —m, A, ¥) (m € N) for A € {L%, Lo, M, N} vanish in the
case of p = 1(4) as the Arakawa sums and generalized Bernoulli numbers vanish for parity
reasons.

The only obstruction in calculating the special values L(1 —m, A, ¥) (m € N) for
A e{L}, Ly, M, N} is determining the numbers c(ki, k2, k3) and % ,,. However, we
can methodically compute c(ky, k2, k3) for (k1, k2, k3) € T (m) by (2.3.2)—(2.3.9), and we
can methodically compute Z », (0 <k <m) by (2.3.7) and (2.4.1)-(2.4.7). Thus we can
overcome this obstruction. For reference, in Table 1 we give the numbers c(ky, k2, k3)
and % ,, needed to explicitly express the special values L(1 —m, A, ¢) (m =1, 2, 3) for
A e{L%, Ly, M, N} in terms of Arakawa sums and generalized Bernoulli numbers.

As a special case of the above theorem, we calculate the special values L(0, A, ¥) for
A e {L;, Ly, M, N}. We first prepare a lemma.

For convenience, we write

Ai=A1,1,1) (1<i<6),
a=A(1,0,2).

(2.5.1)

LEMMA 2.15. We have

i A;2,0,1)=—-A;(1,0,2)=—a, i €{1, 2, 3},
(i) As5(2,0,1)=—-A5(1,0,2) =—¢¥(2)q,

(i) A4(@, 0, j) = A6, 0, j), i, jeN.
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TABLE 1. c(ky, ko, k3) ((k1, ka, k3) € T(m)) and D ,,, (0 <k <m)form=1,2, 3.

m=1 m=23

c(1,0,2)=4/3 o1 =22/9 (1,0, 6) = 64/18225 T3 = 1759/44100

c(1,1,1)=4 Dii=—1/3  ¢(1,1,5=0 D3 =—1/200

¢(2,0,1)=8/3 ¢(1,2,4)=0 3 = —7/16200
c(1,3,3)=8/135 D3 = —1/7560
c(1,4,2)=1/10

m=2 (1,5, 1) =3/50

¢(1,0,4) =-8/81 P, =1203/450 ¢(2,0,5)=32/6075

¢(1,1,3)=0 Dra=—1/18  ¢(2,1,4)=0

c(1,2,2)=2/3  Thr=—1/180 (2,2, 3) = 4/45

(1,3, 1) =2/3 ¢(2,3,2) = 11/45

¢(2,0,3) = —8/81 ¢, 4,1)=1/5

c2,1,2) =2/3 (3,0, 4) = 28/3645

(2,2, 1) =4/3 ¢(3,1,3) =8/135

¢(3,0,2) = 8/81 ¢(3,2,2) = 4/15

¢3,1,1)=8/9 (3,3, 1) =44/135

c(4,0, 1) =8/81

c4,0,3)=16/729

c(4,1,2) =2/15
c(4,2,1) =4/15
(5,0, 2) = 184/6075
c(5,1,1) =8/75
(6,0, 1) = 368/18225

Proof. The assertion (iii) is obvious. The assertion (i) follows from replacing («, y) by
(y —a, y) in the sums A;(2, 0, 1) for i € {1, 2, 3}. The first equality in the assertion (ii)
follows similarly. To prove the second equality, we treat the cases of p =1(4) and p =3(4)
separately. If p = 1(4), there exists a ¢ such that 2=—1(p). Replacing («, y) by (co, cy)
in the sums As(1, 0, 2) and a, we see that both sums vanish for parity reasons. If p = 3(4),
there exists a ¢ such that ¢ = 1//(2)2_1(17), and replacing (o, y) by (ce, cy) in the sum
As(1, 0, 2) and using the parity condition for Py, we get As(1, 0, 2) = (2)a. Hence the
assertion (ii) is established. O

The following is a generalization of Arakawa’s theorem 1 in [1].

THEOREM 2.16. We have the following:
(i)  the special values L(1 —m, A, ) im e N) for A € {L;, Ly, M, N} are rational
numbers,

B 1 6p—14+2p&,3 11

L, L%, =—|A; — = -/ =P — B3y,
(i) 0, L3, ¥) ( 1 3a> + 24p Ly + 36p 34
1 6p+1—3%(2) —2ps,s 11

L0, L,, =—|A)— - ~B — B3y,
(iii) L(O, Lo, ¥) < 2 661) + 2ap Ly + 72 30
. 2 6pY(2) —1+2p 6,3 11

L0, M, =—yv2)| A3 — = ~B —— B3y,
(iv) L( ) A )( 3 3a> + 2, Ly + 144p 3y
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- v(2)
V) LO.N.¥) =L, Lo, ¥) + ¥ (D)| As+ A5 — 246 — ——a

Rpy2)—1) —1+3¢@2)+8pdy3 11
+ BI,W — —Bgy,/,.
48p 144p

Proof. Let m € N. The rationality of the constants c(ky, k2, k3) ((k1, k2, k3) € T (m))
and Pk, (0 <k <m) can be deduced from (2.3.2)-(2.3.9) and (2.3.7), (2.4.1)—(2.4.7),
respectively. Thus the assertion (i) follows from Theorem 2.14.

By Proposition 2.6 and Proposition 2.13, we have c(1, 0, 2) =4/3, c(1,1, 1) =4,
¢(2,0,1)=8/3,and Zp,1 =22/9, %11 = —1/3. By Lemma 2.15, we also have

Ai(2,0,1)=—-A;(1,0,2)=—a, ie{l,?2,3}
As5(2,0,1)=—-As5(1,0,2) = —-y¢(2a,
A4(i, 0, j)=A6(i,0,j), i, jeN.

Thus the assertions (ii)—(v) follow from Theorem 2.14. O

Remark. The rationality of the special values L(1 —m, L3, ¥) (m € N) and the assertion
(ii) were proved by Arakawa in Theorem 1 in [1]. The rationality of all the special values
L(1—m, A, ¥) (meN) for A e{L%, Ly, M, N} was established by Ibukiyama and Saito
from their explicit evaluation of L(s, A, ¥) given by Theorem 1 in [3] (Theorem 3.1). The
remaining assertions (iii)—(v) are new.

3. Arakawa identities

Fix an odd prime p. We keep the notation used previously. In Theorem 2.14, we express
the special values L(1 —m, A, ¥) (m € N) for A € {L%, Ly, M, N} in terms of Arakawa
sums and generalized Bernoulli numbers. On the other hand, Ibukiyama and Saito proved the
following result.

THEOREM 3.1. [3, Theorem 1] For every s € C, we have

) . 22s—l Ly

®  L(s, Ly, ¥)=——C(2s — 1),

N

N

. Bi,y
(i) L(s, Ly, ) =— » {@2s — 1),

(i) L(s, M., ) =~ IZ;” (s = DIEET = ) +y @)@ - 227N,

(v) L(s, N, y)= —lz'l;ff £@2s — D@ — DY @) + 2 - 227,

where ¢ (s) is the Riemann zeta function.

Noting that ¢ (1 — 2m) = — By, /(2m) (m € N), this gives an alternative evaluation of
the special values L(1 —m, A, ¥) (m € N) for A € {L}, Ly, M, N}. Comparing these two
different evaluations, we obtain, for each m =1, 2, ..., formulas to be called Arakawa
identities expressing Arakawa sums in terms of generalized Bernoulli numbers. We remind
the reader of the notation.
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We denote by ¢ the Legendre symbol mod p: ¥ (a) = (%) Let §x, y be the Kronecker
delta symbol. We put

T (m) ={(ky, k2, k3) VA | ko >0, ki, ks3> 1, ki +ky + k3 =2m + 1}.

Let A; (k1, k2, k3) be the Arakawa sums given by (2.3.10), and let c(k1, k2, k3) and P, be
the numbers given by (2.3.9) and (2.4.7).

Corresponding to the special values L(1 —m, A, ¥) (m € N) for A € {L}, Ly, M, N},
respectively, we have the Arakawa identities.

COROLLARY 3.2. (Arakawa identities) Let m € N. Then, the following hold:
@) > clhi ko k) Ay (ki k. k3)
(k1.k,k3)€T (m)
l m
= T Z Dk,m Bam+1-2k,y
k=0

1 2Bom
+ W(lzam,l +c(1,2m—1,1)8,3)Bom—1.y — BT Biy.

(ii) > 2Rk ky. ks) Ag(ky. Ko, ka)
(ky,k2,k3)€T (m)

1 uL _
= T D@y )% — 1) + 2= 2%) D Bam1 -2k
k=0

1 125 22m—2 1.2 1. DS B 22mB2m 2
+ 12p2m_2( m,1 — C( , 2 — 1, ) p,3) 2m—1,¢ — W - By,
Gi) Y. 2Rk ko, k3)As(k. ko k3)
(ky.,ko,k3)€T (m)
2
= 8wzm71 > 2D B2ty
p k=0
1
+ 122 (1281 — (1, 2m — 1, 1)8,3) Bom—1.y
Bom 2m—1 m
~ T =@+ T = D) By,

(iv) > ki ka, ks)
(k1,ka,k3)€T (m)

x (2K =2 A (ky, ko, k3) + 220272 As(ky, ko, k) — 222 TR 2 Ag(ky, ko, K3))

Y@
- 8p2m—l

m
D@y @)% — 1) + @ = 2%) Dhm Bamt1 -2k
k=0
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1
+ T2 (1200@) = Ddnr + @2 422" (1, 2m — 1, 1)8,.3) Bam -1,y

12
22m—132
- W(zmw(z) + (1 =22"))B .
Proof. This follows immediately from Theorem 2.14 and Theorem 3.1. O

Remark. Both sides of the Arakawa identities vanish in the case of p = 1(4) as the Arakawa
sums and generalized Bernoulli numbers vanish for parity reasons.

We now give an explicit formulation of the Arakawa identities for m = 1.

THEOREM 3.3. Let A; and a be the Arakawa sums given by (2.5.1). Then, we have the

following:
) 1 Sp—1+2pép3 11
Al ——a="——""""Pp — By,
® 1- 3¢ 24p 1,¢+36p 3,0
3 1 4p+1-3%2)-2pdp3 11
Ay ——-a= ~B —B3 y,
(W As = e 24p Lt 3, P
2 9 2)p —2¢%(2) —4p s 11y (2
(i) A3——a=( +v@)p —2¢(2) —4p Pig o 4 )33%
3 48p 144p
2 2¢(2) —3)p —3 2)+8ps
() At ds—2ag_ VO, 2V =Ip =34y D +8p8pa
12 48p '
11y(2)
— B3 y.
144p
Proof. This follows immediately from Theorem 2.16 and Theorem 3.1. a

Remark. The assertion (i) in Theorem 3.3 corresponding to the special value L(0, L%, i)
was established by Ibukiyama and Saito [3] from the work of Arakawa [1]. The remaining
assertions are new.
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