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Abstract

New Classical Solutions in Supergravity
by
Zhibai Zhang

Advisor: Justin Vázquez-Poritz

In this Ph.D. thesis we construct three classes of new solutions to supergravity theories in various dimensions and study their properties. The
first class is reduction ansatz of 10D and 11D supergravity on Ricci-flat and
noncompact manifolds. These reductions are from a scaling limit of the famous spherical reductions, and can be solely supported by warp factors. The
second class contains a large number of String/M theory solutions that have
Lifshitz or Schrödinger scaling symmetry, obtained from marginally deforming the geometry of internal dimensions of previous solutions. We propose
that these new solutions are dual to marginal deformations of certain holographic non-relativistic field theories. The last class are singly spinning nonspherical black holes named black rings in 5D U (1)3 supergravity with three
dipole charges and three electric charges, which lie in the classification of

iv
5D nonsupersymmetric black holes. We analyze their thermodynamic and
global properties. As a byproduct, we embed the three dipole black ring into
spacetime that contains background magnetic fields.
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Chapter 1
Introduction
1.1

General Relativity

It has been an entire century since Einstein published the theory of General Relativity (GR) [1]. As a successor theory to Special Relativity (SR),
which only concerns inertial reference frames, GR extends the scope of SR
and considers covariant physics in generic reference frames, especially noninertial reference frames. This is achieved by incorporating the Equivalence
Principle which views acceleration in non-inertial frames equivalent as gravitational forces. Therefore GR is essentially a covariant theory of gravity.
It further revolutionizes our view of gravity by relating the gravitational
field to the metric of spacetime which is a pseudo-Riemannian manifold. In
4-dimensions, if only the gravity field is considered then the Lagrangian density is the simplest covariant function of the metric: the scalar curvature,

1
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and the action is
1
S=
16πG4

Z

√
d4 x −gR,

(1.1)

where G4 is the 4-dimensional Newton constant. Many other terms can be
added covariantly for different scenarios such as a cosmological constant,
electromagnetic field, scalar fields and so on.
Since its birth, GR has passed many nontrivial experimental tests including the newly announced direct observation of gravitational waves [2] and is
well accepted as the modern theory of gravity. However, fundamental problems also manifest themselves along with the successes. A lot of solutions
found in GR suffer from severe pathologies, such as singularities. Among
them the most crucial ones are those at which some curvature invariant becomes infinite, and thus can not be resolved by any classical techniques. For
instance, this happens inside of the horizon of a black hole. And it was
proved that at general circumstances these singularities are unavoidable [3].
The existence and definiteness of these singularities demonstrates that GR
as a theory of gravity is incomplete. Nevertheless this is compatible with the
fact that GR is a classical theory. Modern physics has shown that once we
focus on physics of small regions the quantum effects will not be negligible
and a full quantum theory has to be used. In the case of singularities, they
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happen precisely when the gravity field and matter are compressed into a
small region and involves an extremely small length scale. In this sense GR
functions as well as Maxwell theory in which Coulomb’s law is a solution (in
Coulomb’s gauge); it has a singularity at r = 0 and this is resolved by the
quantum theory i.e. Quantum Electrodynamics (QED).
It is reasonable to expect that a quantum theory of gravity would resolve
these singularities in GR, since they appear as extremely short scale (the
Planck scale) phenomena. However, direct attempts to quantize GR as a field
theory ran into troubles since by power counting GR is nonrenormalizable1 .
Being non-renormalizable does not mean that a theory is not quantizable.
It means that the quantum theory gives the right description only below a
momentum cutoff. Once we want to go beyond this cutoff, a new theory will
replace the old one in the Wilsonian sense, e.g. such as the SU (2) × U (1)
gauge theory replaces Fermi theory at ΛEW (102 GeV). Therefore we need a
theory that is UV complete to replace GR at ΛP lanck (1019 GeV).
1

Of course one has to go beyond power counting to demonstrate that a theory is nonrenormalizable, because miraculous cancellation might happen. In fact GR is renormalizable at and only at 1-loop [4]. The maximally supersymmetric cousin of GR in 4d namely
the N = 8 supergravity has been shown renormalizable up to 7-loop and conjectured to
be perturbatively finite (see i.e. [5]), though it is also believed that the finiteness is broken
by nonperturbative properties ([6]).
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String Theory and Supergravity

Our current best candidate of a quantum theory of gravity is String Theory
(see for example [7]). Initiated in the 70’s, String Theory was first considered as a theory of the strong nuclear force since it is intuitive for phenomena
such as Reggie trajectories. It was soon realized that String Theory contains
massless spin-2 modes that describes gravitons. For this reason, a quantized
string theory is necessarily a quantum gravity theory and therefore should
be a theory of Planck scale (1019 GeV) rather than QCD scale (102 MeV)
(although soon we will see briefly that String Theory does have abundant
applications in QCD physics via certain dualities). A peculiar yet stunning
property of string theory is that quantization requires a special dimensionality for a consistent quantized theory. To extend the world-sheet Weyl
invariance to the quantum theory, string theory has to be either 26 dimensional (in the bosonic case) or 10 dimensional (in the supersymmetric case).
Combining the tachyon free condition, 10 dimensional Superstring Theory
is the most favorable model. In d = 10 there are 5 different string theories
classified by orientability, spacetime/world-sheet chirality and gauge groups:
type I, type IIA, type IIB, heterotic string theories SO(32) and E8 × E8 .
In the low energy or small string coupling limit these theories all reduce to
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certain Supergravity (SUGRA) theories [9].
SUGRA is a fascinating theoretical discovery from combining supersymmetry and general relativity. In GR one can couple both fermionic and
bosonic field contents to gravity. In 1978 it was shown that it is possible
to construct theories in which there are equal degrees of freedom for both
bosonic and fermionic fields and they represent a local supersymmetry algebra. Taking the low energy limit, the spacetime action of each of the string
theories would reduce to that of 10D SUGRA. For example, if one turns off all
RR flux in IIA and IIB theories, both of their low energy bosonic Lagrangian
are given by2 :
1
S=
16πG10

Z



√
1 2
−2φ
2
d x −ge
R + 4(∇φ) − H ,
3
10

(1.2)

which is 10D GR couples to a scalar and a 3-form B-field in the so-called
string frame, with G10 being the 10d Newton constant. Note the fluxes
and all fermionic fields are truncated here. When higher string coupling
corrections are considered, there will be higher curvature terms such as R2 ,
Rµν Rµν added to (1.2), along with other terms. That is when the low energy
effective SUGRA is not valid any more.
2

It is worth pointing out that in SUGRA when one only works on the classical solutions
one only considers the bosonic part, which is no longer supersymmetric.
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6

Classical solutions in GR and SUGRA

A great deal of effort has been made towards a better understanding of
gravity by studying possible spacetime geometry as the classical solution
that satisfies the equations of motion of the theory. There are several types
of solutions that are of particular significance.
First, because GR and SUGRA are highly nonlinear theories, constructing
soliton type solutions sheds light on the possible “state” of the theory. The
most important ones among them are black holes. Some famous examples
of this category are Schwarzschild and Kerr black holes, which describe an
extreme condensation of matters and are one possible final stage of massive
stars after supernovae, or intermediate stage of high energy particle collisions.
A four dimensional Schwarzschild black hole in Schwarzschild coordinate is
given by
ds2 = (1 −

2M 2
dr2
+ r2 dΩ2 ,
)dt +
r
1 − 2M
r

(1.3)

where M is the parameter that is associated with the mass of this solution
to an asymptotic observer. At r = 0 the solution has a curvature singularity,
as we discussed previously. Many black hole type solutions in GR have
been generalized to certain SUGRA theories. When classical solutions are
concerned, one only considers the bosonic part of SUGRA, which besides
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the graviton might also contain scalars and gauge fields. Therefore one often
says one is adding “charges” to black holes when it is generalized from GR
to SUGRA. Beside adding charges, another generalization is to construct
higher-dimensional black holes. Indeed black holes are generic in various
gravity theories in many dimensions, and in higher dimensions there are also
new classes of solutions, especially in string theory related SUGRA. One of
them is the extended black objects, black p-branes, which are black hole
solutions with non-compact event horzion [8]. They are especially important
in connection with D-branes and the discovery of AdS/CFT which will be
reviewed below. Another important class of higher-dimensional black hole
is 5D black rings, which are black holes that have S 1 × S 2 event horizons.
Their existence demonstrates that several critical classification theorems for
4D black holes are not valid in 5D, e.g. the no-hair theorem. Later on black
rings in string compacted SUGRA were identified as low energy excitations
of the so called supertubes, which are extended objects in string theory.
Therefore the study of black hole solutions in various dimensionality is of
significance for understanding gravity in general.
In addition to solitonic soltuions, GR also contains time-dependent solutions that are employed in cosmology.

One example is the renowned

Friedmann-Lematre-Robertson-Walker (FLRW) metric, that describes a ho-
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mogeneous, isotropically expanding/contracting universe. The third scope
is the instanton type solutions which are influential in quantum gravity attempts and differential geometry. Many solutions of this kind including the
famous Taub-NUT/bolt, Eguchi-Hanson and Euclidean black holes have been
investigated by both physicists and mathematicians [10].

1.4

AdS/CFT correspondence

Starting from its formulation, string theory has manifested an amazing set of
deep connections to quantum field theories. Some sort of “duality” between
string theory and field theory had been speculated in the 80’s and a major
breakthrough happened in the 90’s from the study of D-branes. D-branes
are solitonic solutions of string theory. On the one hand open strings on Dbranes are described by a certain gauge theory; on the other hand it accounts
for classical black hole type solutions of SUGRA called black p-branes.
Eventually D-branes led to the discovery of the Anti-de Sitter/Conformal
Field Theory (AdS/CFT) correspondence. AdS/CFT is a conjecture that
certain conformal field theories are dual to some superstring theory compactified to Anti de Sitter space [11, 12, 13]. Though lacking a rigorous proof,
there has been numerous works supporting this conjecture. One of the most
interesting and favorable aspects of the correspondence is that when the cou-
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pling constant of the field theory is strong, the string coupling is weak and the
string theory can be well approximated by its corresponding supergravity theory. Under this circumstance the gravity theory is a classical theory and by
studying fields propagating in the background one can extract many analytic
results of the strongly coupled field theory. One of the strongest evidences of
AdS/CFT is the equivalence between the isometries of the geometry and the
symmetries of the field theory. The isometry of the noncompact spacetime
corresponds to the spacetime symmetry of the field theory. In most of the
cases, the noncompact spacetime is a d + 1-dimensional AdS space

3

whose

isometry group is SO(2, d) and is equivalent to the d-dimensional conformal
group. On the other hand, the isometry of the “compact” manifold

4

gives

rise to the global symmetry of the field theory.
The first example and the best studied case is the duality between IIB
string theory on AdS5 × S 5 and N = 4 super Yang-Mills theory in d = 4
with the gauge group U (Nc ). The (bosonic) symmetries of the field theory
are encoded in the classical background as the following
AdS5 ← SO(2, 4) → CF T4 ,
S 5 ← SO(6) ∼
= SU (4) → R symmetry.
3

(1.4)

Alternatively one can have the AdS deformed or replaced.
There has been various examples in which the subspace orthogonal to the AdS space
is not compact.
4
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The correspondence goes beyond the matching of the symmetries. It includes
using the classical supergravity action to evaluate the partition function of
the field theory, deriving correlation functions from AdS propagators, relating
the expectation value of Wilson loops to areas of certain minimal surfaces
in AdS and etc (for a review see [16]). Another line of generalization of the
example discussed above is to consider other geometries and dimensions, and
many solutions have been found as gravity duals of interesting field theories.
See table 1.1 for some other examples.
String theory compactification
Type IIB on AdS5 × S 5
Type IIB on AdS5 × S 5 /Zk
Type IIB on AdS5 × La,b,c
M theory on AdS4 × S 7 /Zk

Field theory
U (N ) N = 4 SYM
k
U (N ) N = 2 SYM + bifundamental matter
U (N )n N = 1 quiver gauge theory
ABJM theory

Table 1.1: Some prototypical examples of the AdS/CFT correspondence [11,
14, 15]. Left column: certain string theoriy compactifications. Right column:
the dual field theories.

1.5

Summary

Inspired by the fascinating developments in modern gravity theories, we construct new classical solutions of GR and SUGRA5 . By using various solution
generating techniques we will construct three new classes of solutions of GR
5

In this thesis we will consider SUGRA as low energy limits of string theory unless
noticed otherwise, and therefore will often use the term “string theory” and “SUGRA”
interchangeably.
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and SUGRA. In the first part, we consider a reduction ansatz of 10D and
11D pure gravity on noncompact Ricci flat manifolds. No fluxes are turned
on and the reduction is solely supported by warp factors. We found there are
three classes of solutions and they are in one-to-one correspondence to the
famous sphere reductions of 10D and 11D SUGRA. This is in a sense that
they come as a scaling limit in which the spheres are blown up. Using these
reduction ansatz we obtain several lower dimensional dS and AdS solutions,
with the dS3 solution being a new and regular solution.
In the second part, we use the T-duality-shift-T-duality (TsT) method to
construct a large number of solutions that have either Lifshitz or Schrödinger
scaling symmetry. They can be viewed as non-relativistic generalization of
Lunin-Maldacena solutions [75]. Incorporating with the AdS/Condensed
Matter Theory proposal, we conjecture that these solutions are marginal
deformations of some field theories. In the last part we build 5-dimensional
black rings in U (1)3 SUGRA theory that carry 3-dipole charges, 3-electric
charges and 1 angular momentum. We analyze their global and thermodynamical properties. As a byproduct, we also embed the 3-dipole solution into
generalized Melvin’s universe.

Chapter 2
Ricci-flat reductions and
Holography
2.1

Introduction

Studying gravity in various dimensions has had many different motivations,
at the classical and quantum levels, dating back to the 1920’s and the seminal works of Kaluza and Klein1 . String theory, of course, prefers ten or
eleven-dimensional supergravity theories and related compactifications or reductions to lower dimensions. Except for rather limited though important
cases in lower dimensions, such as supersymmetric solutions to ungauged
supergravity [18, 19], we are not even close to classifying all solutions to
a given (super)gravity theory. In the absence of supersymmetry, a specific
class of simpler solutions that is often studied in gravity theories involves
“vacuum” solutions, i. e. solutions to Einstein equations with vanishing
1

This section is based on [17].

12
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energy-momentum tensor, or alternatively, Ricci-flat geometries.
AdS/CFT motivations have directed a lot of activity in gravity solution
construction towards finding and classifying solutions that involve an AdS
factor and an internal compact space. Such solutions are almost always
not vacuum solutions and involve various form-field fluxes present in supergravity theories. Moreover, for AdS/CFT purposes and also for stability
requirements, as well as having (quantum) corrections under control, it is
often demanded that such solutions preserve a fraction of the global supersymmetry of the theory. This tendency has led to Ricci-flat solutions with
AdS factors being largely overlooked.
Separately, solutions with a de Sitter factor have also been of particular
interest within higher-dimensional supergravity and string theory setups, as
the observed universe we are living in seems to be an asymptotically de Sitter
space. Nonetheless, it has proven to be notoriously difficult to construct fourdimensional de Sitter solutions in a string theory setting which are classically
and quantum mechanically stable and do not have a moduli problem [20, 21].
A leading framework [22] and its uplifting procedure to produce dS vacua
has recently been called into question [23], leading to a renewed interest
in alternatives [24]. In this chapter, we consider simple higher-dimensional
gravity with no local sources or non-perturbative contributions and simply
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solve the equations of motion. As a result, the de Sitter vacua we find are
some of the simplest in the literature and, while we forfeit supersymmetry
from the onset, we still retain some control through a scaling limit.
Although our AdS solutions are singular - albeit in a “good” sense [25]
- it is a striking feature of our de Sitter constructions that they are completely smooth. This should be contrasted with recent studies of persistent
singularities in non-compact geometries where anti-branes are used to uplift
AdS vacua [26] (see also [27]). Here, since we are considering vacuum solutions, we have no branes, and thus, no singularities. Any branes that do
exist only appear when we turn on fluxes in the lower-dimensional theories
to construct dS3 vacua. Regardless of whether fluxes are turned on or not,
our construction evades the well-known “no-go” theorem [81] on the basis
that the internal space is non-compact.
The scaling limit we employ may be traced to “near-horizon” limits of Extremal Vanishing Horizon (EVH) black holes [29]. Within an AdS/CFT context, such warped-product solutions have been studied previously in [31, 30]
(more recently [32, 33]), where consistent KK reductions to lower-dimensional
theories were constructed. In contrast to usual AdS/CFT setups, the vacua
of the lower-dimensional theories are supported exclusively through the warp
factor and lift to vacuum solutions in ten and eleven dimensions. We show
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that if one neglects the possibility of a large number of internal dimensions,
there are just three example in this class. Furthermore, we demonstrate that
the solutions can be easily generalized to de Sitter and that consistent KK reductions exist as scaling limits of well-known sphere reductions, for example
[34].
We begin in the next section by considering a general D-dimensional
warped-product spacetime Ansatz on the assumption that the internal space
is Ricci-flat. While it is most natural to consider Rq , the same analysis holds
for Calabi-Yau cones and we expect a variant to hold for more generic CalabiYau. Locally, this construction encompasses cases for which the internal
space is an Einstein space such as a sphere, which is conformally flat and the
conformal factor is automatically included by way of the warp factor. We
identify a class of vacuum solutions where the internal Ricci scalar can be
made to vanish by tuning the dimensions. Somewhat surprisingly, this leads
to three isolated examples, which only reside in ten or eleven dimensions,
supporting (A)dSp vacua with p = 5, 6, 8. We remark that supersymmetry is
broken.
In the following section, we focus on the warped (A)dS5 solution to elevendimensional supergravity, where the internal space is R6 . We explicitly construct a KK reduction Ansatz and note that the lower-dimensional theory
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one gets is five-dimensional U(1)3 gauged supergravity [34] on the nose. Importantly, this observation guarantees stability within our truncation, though
of course instabilities can arise from modes that are truncated out [35]. In
the absence of warping, the (A)dS5 vacuum becomes a Minkowski vacuum
and one can compactify the internal space to get the usual KK reduction
to ungauged supergravity on a Calabi-Yau manifold. We show that the KK
reduction naturally arises as a scaling limit of the KK reduction of elevendimensional supergravity on S7 , further truncated to the Cartan U(1)4 [34].
Using a similar scaling argument, we also exhibit KK reductions from ten
and eleven-dimensional supergravity on R4 and R3 , respectively.
Since none of our solutions are manifestly supersymmetric, the final part
of this chapter concerns (classical) stability. In constructing the KK reductions, we have assumed a product structure for the internal space and it is a
well-known fact that reductions based on product spaces are prone to instabilities where the volume of one subspace increases whilst another decreases
[36, 37, 38]. Neglecting all solutions to the five-dimensional theory, which
are guaranteed to be stable within the truncation, we find that the AdS6
and AdS8 vacua are unstable. By constructing lower-dimensional FreundRubin type solutions within our AdSp , p = 5, 6, 8 truncations, we show that
AdS3 solutions are stable. On physical grounds, since these arise as the
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near-horizon of EVH black holes [31, 30], they are expected to be classically
stable.
In the final part of this chapter, we construct an example of a dS3 vacuum
and study its stability. We show that the vacuum energy of the de Sitter
solution can be tuned so as to stabilise the vacuum against tunneling. This
guarantees that the vacuum would be suitably long lived and, along with
other dS3 solutions to string theory [39]. We close the chapter with some
discussion of related open directions.

2.2

Ricci-flat solutions

In this section we identify a class of Ricci-flat solutions in general dimension
D = p + q. From the offset, we assume that the overall spacetime takes the
form of a warped product,
ds2p+q = ∆m ds2 (Mp ) + ∆n ds2 (Σq ),

(2.1)

decomposed into a p-dimensional external spacetime Mp and a q-dimensional
Ricci-flat internal space Σq . m, n denote constant exponents and the warp
factor ∆ only depends on the coordinates of the internal space.
Denoting external coordinates, a, b = 0, . . . , p−1 and internal coordinates
m, n = 1, . . . q, the vanishing of the internal Ricci scalar, i. e. g mn Rmn , yields
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the equation:

mp
mp
2
+ n(q − 1)]∇ ∆ = n(q − 1) −
(m − 1)
[
2
2

n2
mnp
− (q − 2)[ (q − 1) +
] ∆−1 (∂∆)2 .
4
4

(2.2)

If the internal space is Rq and r denotes its radial coordinate, then simple
solutions to (2.2) are given by

∆=

1

(c1 + c2 r2−q ) (1+κ) , q 6= 2,
1
(c1 + c2 log r) (1+κ) , q = 2,

(2.3)

where κ is a constant that depends on m, n, p, q and ci denote integration
constants. Geometries with these ∆ are singular at the origin r = 0.
One may hope to find non-singular solutions to (2.2), by forcing the bracketed terms to vanish:
4
m=2− ,
q

4
n=− ,
q

p=

4(q − 1)
.
q−2

(2.4)

This condition defines our class of Ricci-flat solutions. Note that q = 2 is
not a legitimate choice and if one demands integer dimensions, we are hence
led to only the following choices for (p, q): (5, 6), (6, 4) and (8, 3). Besides
these choices, one can also formally consider large D, q → ∞ limit where
one encounters a four-dimensional vacuum (p = 4).
It is a curious property of this class of solutions that they only exist in ten
and eleven (and also infinite) dimensions, settings where we have low-energy
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effective descriptions for string theory. From the onset, there is nothing
outwardly special about our Ansatz and one would assume that examples
could be found for general D, yet we find that this is not the case.
To specify the overall spacetime, we simply now have to record the warp
factor. Again, evoking the existence of a radial direction, we can write ∆ as
∆=

√

1 + λr2 ,

(2.5)

where we have normalized the integration constants, one of which, λ = −1
or +1, dictates whether the vacuum is anti-de Sitter or de Sitter spacetime,
respectively. For λ = 0, the warp factor becomes trivial and the solution
reduces to D-dimensional Minkowski spacetime. The radius, `, of Mp is
expressed as
`2 =

1 (p − 1)
.
|λ| (q − 2)

(2.6)

The other D-dimensional vacuum Einstein equations yield the following
equation for ∆:
∆∇2 ∆ + (∂∆)2 = qλ,
and, as a result, it is easy to infer through
Z

∆∇2 ∆ + (∂∆)2 − qλ = −qλvol(X) = 0,

(2.7)

(2.8)

Σq

that a compact internal space Σq requires a Minkowski vacuum, λ = 0.
Therefore, all our (A)dS spacetimes, will have non-compact internal spaces.
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Despite the existence of a covariantly constant spinor (which is a result of
Ricci-flatness), it is easy to see that none of these geometries are supersymmetric, except when λ = 0. As a cross-check, we note that where complete
classifications of supersymmetric solutions exist, for example [40], one can
confirm that our solutions are not among them.
As an extension to the Σq = Rq internal space, for q = 4 and 6, Σq can
easily be chosen to be a Calabi-Yau cone over a Sasaki-Einstein space, or
more generally by a cone over an Einstein space. However, such cones have
a conical singularity at their apex.
We also remark that for λ = −1, we encounter a curvature singularity at
r = 1, where the warp factor vanishes. This does not affect the Ricci scalar,
since the above solutions are Ricci-flat, but it does show up in contractions
of the Riemann tensor RM N P Q RM N P Q . This singularity can be seen to be of
“good” type [25], a point that was made recently in [33] and we will return to
in due course. In contrast, the Minkowski and de Sitter solutions are smooth.

2.3

KK Reduction on the solutions

Taking each of the warped-product solutions identified in the previous section
in turn, one can construct simple consistent Kaluza-Klein reductions to the
lower-dimensional theory. By “simple”, in contrast to traditional reductions,
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we mean that there is a clear division between scalars in the metric and gauge
fields in the fluxes of the higher-dimensional supergravity. This means that
even with scalars the overall spacetime is Ricci-flat2 , whereas the inclusion
of gauge fields leads to a back-reaction externally, with the internal space
remaining Ricci-flat. In this section we discuss the KK reduction of each of
the three solutions independently.

2.3.1

KK Reduction on the R6

We start with a reduction from eleven-dimensional supergravity to five dimensions on R6 . The main idea for such a reduction was presented in [30].
Our warped Ansatz naturally generalises the known reduction to a Minkowski
vacuum on Calabi-Yau, for example [120]. Since the lower-dimensional theory in that case is ungauged supergravity, here we present a simple Ansatz
that recovers the bosonic sector of D = 5 U(1)3 gauged supergravity [34],
and via a flip in a sign (appropriate double Wick rotation and analytic continuation), the AdS5 vacuum becomes dS5 . We recall the five-dimensional
2

Superficially, this bears some similarity to the AdS/Ricci-flat correspondence [41] in
that there is a connection between a Ricci-flat space and an AdS spacetime. However, our
connection, which also works at the level of the equations of motion, does not involve an
analytic continuation of dimensionality.

CHAPTER 2. RICCI-FLAT REDUCTIONS AND HOLOGRAPHY

22

action of D = 5 U(1)3 gauged supergravity:
2

L5 = R ∗ 1 −
3
X

− 4λ

3

1X
1 X −2 i
dϕi ∧ ∗dϕi −
Xi F ∧ ∗F i
2 i
2 i

Xi−1 vol5 + F 1 ∧ F 2 ∧ A3 .

(2.9)

i

In the above action, F i = dAi and the scalars Xi are subject to the constraint
Q3

i=1

Xi = 1. In terms of the unconstrained scalars ϕi , they may be expressed

as
− 12



X1 = e

√2 ϕ1 +
6

√

2ϕ2



,

− 12

X2 = e



√2 ϕ1 −
6

√

2ϕ2



,

(2.10)

where X3 = (X1 X2 )−1 . It is a well-known fact that the theory (2.9), with
coupling g 2 = −λ, arises from a KK reduction of type IIB supergravity on
S5 [34]. Here, we provide an alternative higher-dimensional guise.
The U(1)3 theory (2.9) arises from the following KK reduction Ansatz:
ds211

4
3

2

= ∆ ds (M5 ) + ∆

− 32

3
X


Xi dµ2i + µ2i dψi2 ,

i=1

G4 = −

X

µi dµi ∧ dψi ∧ dAi ,

(2.11)

i

where the internal space is a product of three copies of R2 and the warp factor
is given in (2.5) in terms of the overall radius r, where r2 = (µ21 + µ22 + µ23 ).
The four-form is largely self-selecting, since it is only this combination of
external and internal forms that will scale in the same way with the Ricci
4

tensor, Rab ∼ ∆− 3 R̄ab . In general, constructing KK reductions for warped
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product spacetimes is tricky and a useful rule of thumb is that the fluxes
should scale in the same way as the Ricci tensor, so that the warp factor
drops out of the Einstein equation. Further discussion can be found in [43].
The internal part of metric in the reduction Ansatz (2.11) is rather unusual in the sense that we have isolated U(1)’s in the internal metric but
have not gauged the isometries. In fact, it can be shown that the inclusion of
traditional KK vectors along the U(1)’s in the metric would result in terms
that scale differently with the warp factor. Therefore, on their own, they are
inconsistent but it may be possible to restore consistency, essentially by mixing the metric with the fluxes so that the overall factor that appears with the
gauge fields scales correctly. This would involve a more complicated Ansatz–
potentially one where Ricci-flatness is sacrificed– and we leave this to future
work.
This reduction is performed at the level of the equations of motion and is,
by definition, consistent. The flux equation of motion in eleven-dimensional
supergravity, d ∗11 G4 + 12 G4 ∧ G4 = 0, leads to the lower-dimensional flux
equations of motion, while Ricci-flatness along each copy of R2 leads to an
equation of motion for Xi . The constraint on the Xi comes from cross-terms
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in the Ricci tensor of the form
7

−1

Raµi = −µi ∆− 3 Xi 2 ∂a log

Y

Xi = 0.

(2.12)

i

The reduction proves to be inconsistent at the level of the action. This is
probably due to the non-compactness of the internal space

3

.

Some further comments are now in order. As stated, one may readily show
that the D = 11 uplift of the AdS5 vacuum is not supersymmetric. A priori,
there is nothing to rule out the possibility that the solutions to U(1)3 gauged
supergravity, which are supported by the scalars Xi and the gauge fields
Ai , are supersymmetric. However, we believe that this is unlikely. To back
this up, we have confirmed that a three-parameter family of wrapped brane
solutions considered in [89] (see [82] for earlier works) is not supersymmetric
in the current context. The same solutions are supersymmetric when uplifted
on S 5 .
As for compactness, for λ = −1 we have a natural cut-off on the internal
spaces, namely

P3

i=1

µ2i ≤ 1, thus leading to a finite-volume internal space,

where each R2 subspace may be regarded as a disk. Curvature singularities
of this type have been identified as the “good” type in the literature [25] and
their CFT interpretation has been explored in [30]. For λ = +1 this is a
3

It was also observed in [44] that a non-compact reduction was inconsistent when
performed at the level of the action.
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smooth embedding of D = 5 U(1)3 de Sitter gravity in eleven-dimensional
supergravity, albeit with a non-compact internal space.

2.3.2

Origin of the KK reduction

It is striking that we have arrived at a class of vacua that only reside in ten
and eleven-dimensional supergravity. In this section, we offer an explanation
as to why that may be the case. Our observation hinges on a known “far
from BPS” near-horizon limit of certain extremal black holes in D = 4 U(1)4
and D = 5 U(1)3 gauged supergravity [31, 30] (see also [33]), where an AdS3
near-horizon is formed by incorporating an internal circular direction with
the scalars, in this case Xi , all scaled appropriately.
Eschewing explicit solutions, we are free to apply the same scaling for
the scalars Xi directly to the KK reduction Ansatz presented in [34]. For
concreteness, we consider the SO(8) KK reduction on S7 , further truncated
to the U(1)4 Cartan subgroup. The reduction Ansatz may be written as [34]
ds211

= ∆

2
3

ds24

+∆

− 13

4
X



Xi−1 dµ2i + µ2i Dφ2i ,

(2.13)

i=1

X


1
Xi2 µ2i − ∆Xi vol4 + ∗4 d log Xi ∧ d(µ2i )
2
i

1 −2
−
X d(µ2i ) ∧ Dφi ∧ ∗4 F i ,
2 i

G4 = 2

where we have defined D = dφi + Ai , ∆ =

P4

i=1

(2.14)

Xi µ2i , F i = dAi and µi are
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Q4

Xi =

constrained by

P4

i=1

µ2i = 1. The Xi are subject to the constraint

i=1

1.
We now isolate X1 and blow it up by taking the limit4
3

1

X1 = − 2 X̃1 ,

Xi =  2 X̃i , i = 2, 3, 4,

φ1 = −1 ϕ1 ,

g4 = g̃4 ,

(2.15)

with  → 0. In the process, the internal φ1 direction migrates and combines
with the original four-dimensional metric to form a five-dimensional subspace.
Performing this scaling at the level of the Ansatz yields
i
2
2 h
−4
ds211 = µ13 X̃13 ds̃24 + X̃1 3 dϕ21
+

−2
µ1 3

G4 = −

1
2

4
X
i=2
4
X

X̃1

− 13



X̃i−1 dµ2i + µ2i dφ2i ,

X̃i−2 d(µ2i ) ∧ dφi ∧ ∗4 F i ,

(2.16)
(2.17)

i=2

where µ1 is constrained, so the warp factor is
q
µ1 = 1 − (µ22 + µ23 + µ24 ).

(2.18)

Up to redefinitions, and the introduction of λ, this Ansatz is the same as the
consistent KK reduction Ansatz identified in the previous section. Note that
the ∗4 F i in the original notation refers to a two-form, with the Hodge dual
4

In terms of the unconstrained scalars, ϕi , i = 1, 2, 3, this simply corresponds to the
limit ϕi → −∞, so it is symmetric.
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of the two-form leading to a two-form in the new five-dimensional spacetime,
which appears wedged with the volume of the internal disks. It is interesting
that the AdS vacuum is now sourced by the warp factor and not by the
original vol4 term in the four-form flux, G4 , which is suppressed in the limiting
procedure.
Note that this limiting procedure naturally leads to a singularity, which
conforms to the “good” type under the criterion of [25], since the scalar potential is bounded above in the lower-dimensional potential. In other words,
from the perspective of the original D = 4 U(1)4 gauged supergravity, the
limiting procedure results in a steadily more negative potential.
One could first take a limit where the S7 degenerates to S5 ×R2 or S3 ×R4
[47] and then apply the scaling limit discussed here. The result of this twostep process is that the warp factor does not depend on the R2 or R4 portion
of the internal space that resulted from taking the first limit. One could then
perform dimensional reduction and T-duality along these flat directions so
that our KK reductions are reinterpreted as arising from scaling limits of S5
or S3 reductions of type IIB theory, along with a toroidal reduction along the
remaining flat directions. The resulting lower-dimensional theory admits a
domain wall, rather than (A)dS, as a vacuum solution.
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KK reductions on R4

In this subsection, we briefly record the other consistent KK reductions with
warp factors. We begin by considering type IIB supergravity on the product
R4 ≡ R2 × R2 . It was previously shown in [31] that there is a consistent
KK reduction to a six-dimensional theory admitting an AdS6 vacuum with
a single scalar and three-form flux. We recall the ten-dimensional Ansatz

5

but allow for the opposite sign in the warp factor,
ds210

2

= ∆ds (M6 ) + ∆

−1

2
X

L2 eYi (dµ2i + µ2i dψi2 ),

i=1

F5 = (1 + ∗10 )H3 ∧ µ1 dµ1 ∧ dψ1 ,
where ∆ =

(2.19)

p
1 + λ(µ21 + µ22 ), we have relabeled Xi = eYi to avoid logarithms

and L is a length scale. The Bianchi identity for F5 implies that we can
define a two-form potential so that H3 = dB2 and the self-duality requirement dictates that both H3 and its Hodge dual appear in the Ansatz for the
five-form flux. In [31], it was found in the absence of a dilaton and axion
that consistency of the reduction (considering cross-terms in the Ricci tensor and flatness condition) requires Y1 = −Y2 , leaving a single scalar in six
dimensions. We recall that for the SO(6) reduction of type IIB supergravity
on S5 the dilaton and axion do not feature in the scalar potential (see for
5

Our H3 is related to F3 in [31] by a factor of two, F3 = 2H3 .
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example [48]), so it is expected that one can reinstate them here.
After a conformal transformation to get to the Einstein frame, the sixdimensional action takes the form
L6


1
1
1
=
−ĝ6 R̂6 − (∂Φ)2 − e2Φ (∂χ)2 − (∂Z)2
2
2
4

8
Z
1
−
λ cosh − e−Z H32 ,
2
L
2
12
p

(2.20)

where Φ = Y1 + Y2 and Z = Y1 − Y2 .
It is worth noting that the three-form entering in the lower-dimensional
action is not self-dual from the six-dimensional perspective but it is self-dual
in the five-form flux of type IIB supergravity. Truncating out either Y1 or Y2 ,
we arrive at the action of [31], up to a symmetry of that action Z ↔ Z −1 .
Since the internal space is flat, the (A)dS6 vacuum of the six-dimensional
reduced theory could be embedded in either type IIB or type IIA supergravity, yet we have insisted on type IIB theory. This preference can be attributed
to the fluxes, which will only scale correctly in type IIB supergravity, suggesting that the KK reduction carries some memory that it was originally a
reduction of type IIB supergravity on S5 .
One could first take a limit where the S5 degenerates to S3 × R2 [47]
and then apply our scaling limit. This enables our KK reduction to be
reinterpreted as arising from a scaling limit of an S3 reduction of type IIA
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theory [49] followed by a toroidal reduction, though the lower-dimensional
theory would have a domain wall as a vacuum solution rather than (A)dS.
We have omitted natural three-form fluxes, both NS-NS and RR, in our
Ansatz. Though these scale correctly with the warp factor, we find that it
is difficult to include them in an Ansatz, since they would require a decomposition into an external two-form and internal one-form. For the internal
space R4 , this is inconsistent with internal Ricci-flatness, and for Calabi-Yau
reductions one generically does not have natural internal one-forms. It is
expected that when λ = 0, modulo mirror symmetry (T-duality), we recover
the Ansatz of the reduction of type IIB supergravity on CY2 , e. g. [50].

2.3.4

KK reductions on R3

Switching our attention to the final warped-product solution, which lives in
eleven dimensions, we can construct a KK reduction Ansatz with the internal
odd-dimensional space further split as R3 ≡ R2 × R.
The Ansatz is motivated by a scaling limit of D = 7 gauged supergravity
and is given as
ds211

2
3

2

= ∆ ds (M8 ) + ∆

− 34



L e−2Y dµ20
2

Y

+e
G4 = H ∧ dµ0 ,

(dµ22

+

µ22 dψ22 )


,
(2.21)
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p
1 + λ(µ20 + µ22 ) and H = dB2 . The Ansatz for the four-form

flux is largely self-selecting in that it preserves the symmetry of the R2 factor
and scales correctly with the warp factor ∆ in the Einstein equation. We
remark that this choice appears to fall outside the Ansatz of Cvetic et al
[34] but can be accommodated in reductions on S4 , where three-forms are
retained [51, 52].
After the KK reduction, the eight-dimensional action is
L8 =

√



1 2Y
3
−g8 R8 − (∂Y )2 −
e Habc H abc
2
12

2
2Y
−Y
−
λ(e + 2e ) .
L2

(2.22)

Note that one can also find a KK reduction Ansatz in type IIA theory
by first taking a limit where the S4 degenerates to S3 × R [47, 49], reducing
along the R direction and then performing our scaling limit.

2.4

Stability of AdS vacua

It is a well-appreciated fact that in the absence of supersymmetry classical
stability is a concern. In this section we focus on the stability of the (A)dS
vacua. We begin with AdS stability, where violations of the BreitenlohnerFreedman (BF) bound [53] provide us with a simple litmus test for instability.
We will turn our attention to dS vacua later.
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An important caveat from the outset is that we will confine our attention to instabilities that arise within our truncation Ansatz. However, this
does not preclude the possibility that instabilities arise from modes we have
truncated out, for example see [35]. Within this restricted scope, we will explicitly show that lower-dimensional Freund-Rubin type solutions with AdS3
factors enjoy greater stability than higher-dimensional vacua in the truncated
theory. This may be attributed to the fact that these solutions correspond
to the near-horizon of known black holes and are expected to be classically
stable.
That some of our geometries are unstable may come as no surprise. It
is known that product spaces can be prone to instabilities where one space
becomes uniformly larger while another shrinks so that the overall volume is
kept fixed. Earlier examples of this instability include the spacetimes AdS4 ×
Mn × M7−n [36] and AdS7 × S2 × S2 [37]. Indeed, in a fairly comprehensive
study of the classical stability of Freund-Rubin spacetimes of the form AdSp ×
Sq [38], this is the primary instability observed.
In terms of our Ansatz, the scalars in the lower-dimensional theory control
the volume of the internal spaces, which are further subject to a constraint.
We will now investigate the stability of geometries with respect to these scalar
modes, while at the same time taking into account breathing modes that arise
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from further reductions. Our analysis is not intended to be comprehensive
but, since instabilities usually arise from products [38], experience suggests
these are the most dangerous modes. We recall that the BF bound for AdSp
with radius RAdS is [53]
2
m2 RAdS
≥−

(p − 1)2
.
4

(2.23)

Before proceeding to specialize to particular cases, here we record some
preliminaries. We will in general consider spacetimes in dimension D and
further reductions on constant curvature spaces of dimension (D − p) to a
p-dimensional spacetime:
(D−p)

ds2D = e2A (2−p) ds2p + e2A ds2 (ΣD−p ),

(2.24)

which leads to scalars A, i.e. breathing modes, in the lower-dimensional
theory.
The above reduction Ansatz is designed to bring us to the Einstein frame
in p dimensions. The Einstein-Hilbert term in the higher-dimensional action
reduces to
Lp


p
(D − 2)(D − p)
=
−gp R −
(∂A)2
(p − 2)
+e

−

2(D−2)
A
(p−2)


κ(D − p − 1)(D − p) ,

(2.25)
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where κ is the curvature of the internal space. When κ > 0, we will only consider the constant spherical harmonic, which appears with the lowest mass,
∇2S q A = 0. Higher spherical harmonics typically do not lead to instabilities,
since they correspond to modes with a more positive mass squared. We can
now specialize to the various potentials we have found.

2.4.1

D = 11, p = 5, ΣD−p = R6

Since our lower-dimensional theory corresponds to the bosonic sector of a
known supergravity, it is expected that solutions are stable. It is easy enough
to check that the scalars precisely saturate the (unit radius) BF bound in
five dimensions:
∇2AdS5 δϕi + 4δϕi = 0.

(2.26)

At this point, it is also instructive to make a comment regarding reductions in the absence of fluxes. The first non-trivial reduction with an AdS3
vacuum involves a reduction on H 2 . We omit the details since a related
reduction appeared recently in [54] where, in addition, the underlying threedimensional gauged supergravity was identified. The mass-squared matrix
for the fluctuations takes the following form:

 


δϕ1
−2 0 0
δϕ1
∇2AdS3  δϕ2  =  0 −2 0   δϕ2  .
δA
0
0 4
δA

(2.27)
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We observe that the scalars ϕi have mass m2 = −2 which violates the BF
bound for AdS3 . In contrast, the fluctuation of the scalar A does not affect
the stability. Indeed, it is worth observing that we can also truncate out δϕi ,
in which case the instability would not be observed. This is a pretty trivial
example of the hidden instabilities noted in a higher-dimensional context in
[35].

2.4.2

D = 10, p = 6, ΣD−p = R4

In contrast to the AdS5 vacuum, the AdS6 vacuum is unstable to fluctuations
of the scalar Z with a mass squared m2 = −10 for unit-radius AdS6 . We
will now consider whether a lower-dimensional AdS3 × Σ3 vacuum is stable
to this mode. Projecting out the massless axion and the dilaton, which are
less likely to source instabilities, the theory may be dimensionally reduced to
give
L3


√
1
−g3 R3 − (∂Z)2 − 12(∂A)2 + 6κe−8A
=
4


Z 1 −12A  2 Z
8 −6A
2 −Z
+
e
cosh − e
p e +q e
,
L2
2
2

where we have assumed
H3 = p eZ−12A vol(M3 ) + qvol(Σ3 ).

(2.28)
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In the electric term in H3 , we have imposed the lower-dimensional equation
of motion. Extremizing the potential, we get


1
p2 = 4e4A−Z κ + L−2 e 2 Z+2A ,


1
q 2 = 4e4A+Z κ + L−2 e− 2 Z+2A .

(2.29)

Plugging these back into the action, we note that AdS3 will have unit radius
provided that
4
Z
cosh = 2e6A − 2κe−2A .
2
L
2

(2.30)

The AdS3 ×S3 solutions appeared previously in [31].
If one considers variations of the breathing mode A and scalar Z, then
the mass-squared matrix has eigenvalues
2

m


4e−16A
Z
=
2e8A L4 κ + 2e10A L2 cosh
4
L
2

p
±
e20A L4 (2 cosh Z − 1) .

(2.31)

To simplify expressions, we can solve (2.30) for the length scale L in terms
of κ, A and Z:
L=

√ −A
2e

s

cosh Z2
.
e4A − κe−4A

(2.32)

Since (2.31) is symmetric under Z ↔ −Z, without loss of generality we can
take Z ≥ 0. For both κ = 0 (T3 ) and κ = 1 (S3 ), we find that the masses
are always strictly positive. Indeed, for κ = 0, all dependence on the critical

CHAPTER 2. RICCI-FLAT REDUCTIONS AND HOLOGRAPHY

37

value of A drops out and m2 → 0+ as Z → ∞ for the lowest eigenvalue.
When κ = 1, the dependence on A remains, but m2 is again strictly positive.
When κ = −1, we have a constraint on the range of A and Z, namely A ≥
z
,
8

such that the solution is real, i.e. p2 , q 2 ≥ 0. In this range, m2 is always

positive. Thus, we conclude that a Freund-Rubin type AdS3 solution is
stable to fluctuations that destabilize the AdS6 vacuum of the six-dimensional
theory.

2.4.3

D = 11, p = 8, ΣD−p = R3

The stability analysis for the eight-dimensional theory (2.22) parallels the
six-dimensional theory (2.20), which we analyzed previously. Even in the
absence of supersymmetry, where there is no dual (super)conformal theory
in seven dimensions [55], the AdS8 vacuum is puzzling, but it resolves itself
by being unstable. In order to stabilize the vacuum, one can turn on the
three-form. One can support a “magnetovac” solution, AdS5 × Σ3 , however
the fluctuations of the scalars A (breathing) and Y have the following mass
eigenvalues (at unit radius):
m2 = 4(3 − 4e−3Y ±

p
25 − 32e−3Y + 16e−6Y ).

(2.33)

and are thus unstable for all Σ3 .
We can also consider an “electrovac” with an AdS3 factor but this solution
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can be incorporated in a more general case:


ds2 = e−2A e−4B ds2 (M3 ) + e2B ds2 (Σ2 ) + e2A ds2 (Σ3 ),
H = pe−2Y −4A−8B vol(M3 ) + qvol(Σ3 ),

(2.34)

where we now have two breathing modes A and B, two Freund-Rubin-type
flux terms p, q and a transverse space Σ2 of constant curvature κ2 . We can
view the Ansatz as two successive reductions, one on Σ3 , followed by a second
on Σ2 , where in each case one arrives in the Einstein frame.
The effective three-dimensional action may be written as
L3

√


3
=
−g3 R3 − (∂Y )2 − 6(∂A)2 − 6(∂B)2
2
1
2 2Y
(e + 2e−Y )e−2A−4B − p2 e−2Y −4A−8B
+
2
L
2

1 2 2Y −8A−4B
−4A−4B
−6B
+ 6κ1 e
+ 2κ2 e
− q e
2

(2.35)

where κ1 denotes the constant curvature of Σ3 . Extremizing the potential,
we arrive at the critical point:
e2Y

= −L2 κ2 e2A−2B ,
2 6A
e ,
L2
4
1
= 4κ1 e2Y +4B + 2 (e−Y − e2Y )e2Y +2A+4B .
L
2

q 2 = 4κ1 e−2Y +4A +
p2

(2.36)

We observe that the Riemann surface Σ2 should be negatively curved, thus
making it H 2 . We can set q = 0, 21 κ1 = 14 κ2 = κ and B = 2A to recover the
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electrovac solution, the details of which we have omitted. We can set AdS3
to unit radius by choosing
L2 =

e−Y +2A
.
(e4A+4B − κ1 )

(2.37)

Figure 2.1: The mass-squared eigenvalues for scalar fluctuations around the
geometry AdS3 × T3 × H2 as a function of the critical value of Y .
With an additional breathing mode, the stability analysis is more complicated. In fact, even for the simpler case when κ1 = 0, where expressions
do not depend on the breathing modes A and B, we cannot find analytic expressions for the mass-squared matrix eigenvalues. For κ1 = 0, we note that
in order the solution to remain real, Y is restricted to the range Y ≤ 13 log 2.
The mass as a function of the critical value of Y is plotted in FIG. 1. We see
that for suitably negative values of Y , a range of stability exists. As can be
seen from (2.36), this corresponds to values where the fluxes are larger.
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When κ1 = ±1, the mass-squared matrix only depends on Y and the combination A + B. It is easier to consider κ1 = −1, since we have a constraint.
From p2 , q 2 ≥ 0, we find a constraint on Y in terms of A + B:
1 4A+4B
1 (e4A+4B + 1)
(e
+ 1) ≥ e−3Y ≥
.
2
2 e4A+4B

(2.38)

Taking A + B to be a fixed value, for either value of κ1 , we see that the
eigenvalues of the mass matrix vary with the critical value of Y in essentially
the same way as they do for the AdS3 × T3 × H2 geometry shown in FIG.
1. Thus, the eigenvalues of the mass-squared matrix are largely insensitive
to curvature, given our choice of normalization. This means that the same
range of stability will exist for κ1 = ±1. The only caveat here is that for
κ1 = −1, there is the added constraint above (2.38), so A + B has to be
chosen to be large enough such that one has some overlap with the stable
region.

2.5

de Sitter vacua

In this section we discuss a particular dS3 solution in the five-dimensional
theory (2.9), which via our consistent KK reduction may be regarded as
a solution to eleven-dimensional supergravity. Neglecting time-dependent
solutions, such as [56], static embeddings in the literature have either involved
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reductions on non-compact hyperbolic spaces, for example [59, 57, 58], or
analytic continuations of known maximally supersymmetric solutions, such
as AdS5 × S5 , leading to solutions of so-called type II∗ theories and their
dimensional reductions [60, 61]. Here we point out that the internal noncompact spaces need not be curved and can in fact be Ricci-flat. This evades
the well-known “no-go” theorem [81] on non-compactness grounds.
Our effective three-dimensional theory supporting the dS3 , comes from a
reduction of the U(1)3 theory (2.9) on a Riemann surface of constant curvature κ 6 . To do this, we employ the usual Ansatz,
ds25 = e−4A ds23 + e2A ds2 (Σ2 ),
F i = −ai vol(Σ2 ),

(2.39)

where ai denote constants. The three-dimensional action may be recast as
"
#
3
√
1X
−g3 R3 −
(∂Wi )2 − V (Wi )
(2.40)
L3 =
2 i=1
where the potential V takes the form
3

V

3

X
X
4
1
= −2κe + 2 eK
eWi + e2K
a2i e2Wi .
L
2
i=1
i=1
K

(2.41)

In expressing terms this way, we have made use of the Kähler potential of the
three-dimensional gauged supergravity, K = −(W1 + W2 + W3 ), introduced
6

It should be noted that the original five-dimensional vacuum corresponds to a local
maximum and is unstable.
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a length scale L for the internal space, and imported the notation of [54],
eWi = e2A Xi−1 , where A denotes the warp factor.
Up to the minus sign in front of the second term, this is the potential
corresponding to magnetized wrapped brane solutions [54]. This potential
has an underlying real superpotential provided κ = −(a1 + a2 + a3 ). One
advantage of working with the type II∗ embeddings is that flux terms appear
with the “wrong” sign and the theories may be regarded as “supersymmetric”. Solutions then follow from extremizing the fake superpotential. This
is not the case here, since the flux terms do not have the wrong sign. We
have checked that a fake superpotential can be found, but only when all the
constants are equal, ai = a, and κ = 5 La . One of the extrema of the potential
in this case is AdS3 , so we will ignore this possibility.
Extremizing (2.41), we arrive at conditions on the fluxes for a critical
point to exist:
a2i

P

=e

j6=i Wj



4
−Wi
κe
− 2 .
L

(2.42)

For real solutions we recognize the immediate need for a reduction on a sphere
(κ > 0). Inverting the above expression to get Wi in terms of ai is, in general,
problematic, so we consider the simplification where ai = a, Wi = W . In
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this case, it is easy to locate the critical points of V ,
eW± =


√
L2 
1 ± 1 − 16a2 L−2 .
8

(2.43)

We note that we require 16a2 < L2 for two real extrema. Examining the
second derivative of the potential, we identify the upper sign as a local maximum and the lower sign as a local minimum corresponding to our de Sitter
vacuum. By tuning the parameter a relative to L, as we show in FIG. 2,
it is possible to find a de Sitter vacuum, where the cosmological constant is
arbitrarily small and positive.

Figure 2.2: Plot of the potential for L = 1 and a = 0.236. By tuning a
relative to L, we can increase the barrier to decay and stabilise the vacuum.
To address stability, we follow the treatment presented in [22], which is
based in part on [62]. Since we are working in D = 3, it is natural to consider
an O(3)-invariant Euclidean spacetime with the metric,
ds2 = dτ 2 + a(τ )2 dΩ22 ,

(2.44)
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where a is the Euclidean scale factor. The scalars obey the following equations of motion,
a0
a
3W + 6 W 0 = V,W , a00 = −
a
2
00



3 02
W +V
2


,

(2.45)

where primes denote derivatives with respect to τ . These equations admit a
simple instantonic three-sphere solution, where the scalar sits at one of the
extrema of the potential, W = W± , and
a(τ ) = `−1 sin(`τ ).

(2.46)

Here ` is the inverse radius of the sphere, which in turn is related to the
potential, `2 =

V
2

. Given the two extrema, we have two trivial solutions of

this type describing a time-independent field.
We now wish to consider Coleman-De Luccia instantons, which describe
tunneling trajectories between the de Sitter vacuum and asymptotic Minkowski
space (W > W+ ). According to [62], the probability, P , for tunneling from
from a false vacuum at W = W− , with vacuum energy V0  1 (in Planck
units), to Minkowski space is to first approximation given by
P ≈ exp(S0 ),

(2.47)

where S0 ≡ S(W0 ) is the Euclidean action evaluated in the vicinity of the de
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Sitter vacuum. S0 , in turn, is determined from the tunneling action,
Z
S(W ) =



3
2
d x g −R3 + (∂W ) + V (W ) ,
2
3

√

(2.48)

which describes trajectories beginning in the vicinity of the false vacuum,
W = W− , at τ = 0 and reaching W = 0 (Minkowski) at τ = τf , where
a(τf ) = 0. Using the trace of the Einstein equation, we can rewrite (2.48)
Z
S(W ) = −2

√
d x gV (W ) = −8π
3

Z

τf

dτ a2 (τ )V (W (τ )).

(2.49)

0

The Euclidean action calculated for the false vacuum de Sitter solution at
W = W− is
r
S0 = −8π

2

2
.
V0

(2.50)

By tuning a and L appropriately, so that V0 is small, we can find an arbitrarily
long-lived dS3 vacuum. We conclude that the dS3 vacuum can be regarded
as stable. Though we have only presented one example, we expect similar
comments to hold for dS3 vacua supported through the consistent reductions
we have identified.
As it stands, our set-up needs some tweaking in order to incorporate
dS4 vacua. We have seen that a vacuum solution exists when the number
of internal dimensions is large. In the absence of two-form flux in the sixdimensional theory (2.20), one could contemplate reducing on a 2d Riemann
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surface. For the dS4 × S2 solution without flux threading the S2 , it is not
surprising that one finds that the vacuum is unstable.
Before leaving the subject of de Sitter solutions, we make one final comment. The five-dimensional theory (2.9) also has solutions that smoothly
interpolate between dS2 × S3 in the infinite past and a dS5 -type spacetime in
the infinite future [63]. These solutions can be obtained from the AdS black
hole solutions in D = 5 U(1)3 gauged supergravity simply by changing the
sign of the scalar potential, and can all be embedded in eleven dimensions
using the KK reduction Ansatz (2.11). Like the previously-mentioned dS3 ,
these solutions have a fake superpotential in the equal-charge case.

2.6

Conclusion

We have studied a class of non-supersymmetric Ricci-flat solutions which are
warped products of a flat internal space and an anti-de Sitter or de Sitter
spacetime. We have found that these Ricci-flat solutions are limited to three
cases: warped products of (A)dS5 and R6 in eleven dimensions, (A)dS8 and
R3 in eleven dimensions, and (A)dS6 and R4 in ten dimensions. There is
also a fourth potentially interesting case of (A)dS4 in a spacetime with large
dimension D. Given that these geometries are rather simple and do not
involve any matter content, it is intriguing that so few examples exist and

CHAPTER 2. RICCI-FLAT REDUCTIONS AND HOLOGRAPHY

47

that they are mainly limited to ten and eleven dimensions. While singular
in the anti-de Sitter cases, these geometries are completely smooth for de
Sitter and are similar in structure to the “bubble of nothing” [64]. Unlike
direct products of AdS and a sphere or warped products of de Sitter and
a hyperbolic space, both of which are supported by flux, our solutions are
supported entirely by the warp factor, are hence not bound by the no-go
theorem [81], and do not appear to arise from a limit of the former solutions.
We construct consistent KK truncations for which the above solutions
arise as vacuum solutions. These KK truncations are shown to arise as limits of the celebrated dimensional reductions on spheres (like those discussed
in [34]) in which the lower-dimensional spacetime gets augmented by one of
the spherical coordinates while the remaining directions along the sphere get
flattened out. Unlike KK truncations on hyperbolic spaces which are associated with non-compact gauge groups, the truncations in this chapter lead to
the bosonic sector of gauged supergravities with compact gauge groups. This
is because the gauge fields are associated only with the flux in the higherdimensional theory and, rather surprisingly, not the geometry. Therefore,
within this truncation the isometries of the internal space do not play an
explicit role in the lower-dimensional (bosonic sector of gauged) supergravity. This KK reduction enables one to embed five-dimensional U(1)3 de Sitter
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gravity in eleven-dimensional supergravity. It is an interesting open direction
to consider generalizations where the gauge groups are non-Abelian. We expect that one can achieve this by considering a similar limit of the maximally
supersymmetric SO(4) [52], SO(6) [48] and SO(8) reductions [65].
Given that our solutions do not preserve supersymmetry, it is important
to study their stability. We have focused on possible classical instabilities associated with breathing modes, though there could be other instabilities associated with massive modes that have been truncated out. Within this limited
setting, one finds that the AdS5 solution, although corresponding D = 11
solution is singular, is stable. A dual four-dimensional non-supersymmetric
CFT is a rather intriguing notion, given that this is dual to pure D = 11
gravity (reduced on our Ricci-flat solutions), that D-branes are completely
absent and that the eleven-dimensional solution is singular. Other stable
solutions include AdS3 × Σ3 , where Σ3 is S3 , T3 or H3 , as well as AdS3 × Σ3 ×
H2 for a certain range of its parameters. On the other hand, the AdS8 ,
AdS6 and AdS5 × Σ3 solutions are not stable. It would have been rather
surprising if there had been a stable AdS8 solution, since this would imply
the existence of a corresponding seven-dimensional CFT, though it would be
non-supersymmetric.
As for the de Sitter solutions, we find dS3 × S2 solutions that, in terms
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of the breathing modes, are stable. We expect similar solutions to of the
form dS3 × S3 and dS3 × S3 × H2 to exist in the six-dimensional (2.20) and
eight-dimensional theory (2.22), respectively. Although all the dS4 vacua we
have found are either i) unstable or ii) they require an infinite number of
internal dimensions, and are thus unsatisfactory, we hope that this line of
inquiry will lead to simple stable dS4 in the future. The most positive angle
is that a flat direction in the reduction on R6 to D = 5 can be found and a
dS4 vacuum can be engineered from the dS5 vacuum using the approach of
[66].
As with warped-product solutions of de Sitter and a hyperbolic space
[57], our solutions appear to be intrinsically higher-dimensional, in that they
are not amenable to either compactification or a braneworld scenario [67]. In
particular, massless gravitational modes are not associated with normalizable
wavefunctions and therefore cannot be localized on a brane. It is not clear as
to whether one can use the proposed dS/CFT correspondence [68] to extract
meaningful information directly from the eleven-dimensional embeddings of
these de Sitter solutions.
While our construction remains intact if the internal space Rn is replaced
by a cone over any Einstein space with positive curvature, there is a conical
singularity at the apex of the cone. Replacing the internal space with a
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smooth cone, such as a resolved or deformed conifold [69] for the case of a
six-dimensional space, would be interesting but would necessitate a slightly
different Ansatz than was considered above.

Chapter 3
Lifshitz and Schrödinger type
solutions
3.1

Introduction

The AdS/CFT correspondence provides a technique for studying certain
strongly-coupled conformal field theories in terms of string theory on a weakly
curved spacetime (see [16] for a review)1 . In recent years, holographic techniques have been used to study strongly-coupled condensed matter systems,
such as atomic gases at ultra-low temperature. Gravitational backgrounds
that provide descriptions of these Lifshitz and Schrödinger-like fixed points
have been proposed in [71] and [72, 73], respectively. In these systems, rather
than obeying conformal scale invariance, the temporal and spatial coordinates scale anisotropically. Another example of a condensed matter system
for which a dual gravitational description has been proposed is the effec1

This section is based on [70].
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tive field theory of the supersymmetric lowest Landau level, which is a (0, 2)
Landau-Ginsburg model [74].
All of these systems can undergo marginal deformations, in the sense that
the deformed theories preserve the non-relativistic symmetries of the undeformed theory. We will employ a solution-generating technique that is based
on U-duality in order to find gravitational backgrounds in type IIB theory
that correspond to marginal deformations of various non-relativistic theories.
The procedure can be outlined as follows. Begin with a theory that has a
global symmetry group that includes U (1) × U (1), which corresponds to a
two-torus subspace of the type IIB background. T-dualize along one of the
U (1) directions to type IIA theory. Lifting the solution to eleven dimensions
provides a third direction which is associated with a U (1) symmetry. One
can now apply an SL(3, R) transformation along these U (1)3 directions. Dimensionally reducing to type IIA theory and T-dualizing back to type IIB
theory along the shifted directions yields a new type IIB solution.
This method for finding new solutions has been widely used, one instance of which was to generate the type IIB supergravity background that
corresponds to marginal deformations of N = 4 super Yang-Mills theory
[75]. In addition to the U (1) × U (1) symmetry, the theory has a U (1) Rsymmetry. Since the corresponding direction in the gravitational background
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was not involved in the solution-generating procedure, the deformed theory
has N = 1 supersymmetry. The deformation of the supergravity background
was matched to an exactly marginal operator in the field theory, thereby providing a holographic test of the methods of Leigh and Strassler [76].
For the case of N = 4 super Yang-Mills theory, one can perform a chain
of T-duality-shift-T-duality transformations which involve the direction that
corresponds to the U (1) R-symmetry, which results in additional marginal
deformations that do not preserve supersymmetry [77]. In contrast, some of
the Lifshitz and Schrödinger-like fixed points that we consider have a global
symmetry group that contains U (1)3 , which enables us to explore various
marginal deformations that preserve a minimal amount of supersymmetry.
This chapter is organized as follows. In section 2, we construct the type
IIB supergravity dual background that describes the marginal deformations
of the effective theory of the supersymmetric lowest Landau level, which is a
(0, 2) Landau-Ginsburg theory. In section 3, we construct the supergravity
duals of deformations of field theories which preserve Schrödinger symmetry.
The Sasaki-Einstein spaces Lp,q,r provide countably-infinite examples of such
theories that can be deformed in this manner. In section 4, we consider the
marginal deformations of theories that exhibit Lifshitz scaling. The SasakiEinstein spaces Y p,q are used to construct a countably-infinite familiy of such
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marginally deformed theories that all have dynamical exponent z = 2. We
also consider a massive type IIA background that describes a marginally
deformed theory with general dynamical exponent z ≥ 1. Conclusions are
presented in section 5.

3.2

Marginal deformations of (0, 2) LandauGinsburg theory

The bosonic sector of U (1)3 truncation of D = 5 SO(6) gauged supergravity
[78] that keeps two neutral scalar fields φa has the Lagrangian
3

−1

e L5

3

X
1
1
1 X −2 i 2
= R − (∂ϕ1 )2 − (∂ϕ2 )2 + 4
Xi−1 −
Xi (F(2) )
2
2
4
i=1
i=1
1
1
2
Fρσ
A3λ ,
+ µνρσλ Fµν
4

(3.1)

where the two scalars are expressed in terms of three constrained scalars Xi
via
X1 = e

− √1 ϕ1 − √1 ϕ2
6

2

,

− √1 ϕ1 + √1 ϕ2

X2 = e

6

2

,

X3 = e

2
√
ϕ1
6

,

(3.2)
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with X1 X2 X3 = 1. Also, we are taking g = 1. A family of magnetic AdS3 ×R2
solutions found in [79] and studied further in [74, 80] are given by2
ds25 = L2 ds2AdS3 + dy12 + dy22 ,
i
F(2)
= 2qi dy1 ∧ dy2 ,

ϕ 1 = f1 ,

ϕ2 = f2 ,

(3.3)

where f1 and f2 are constants and
L−2 =

3
X

Xi−1 ,

qi2 = Xi .

(3.4)

i=1

For f2 = 0, these solutions reduce to a “magnetovac” solution of Romans’
D = 5 gauged supergravity [84], which can be uplifted to ten [85] and
eleven dimensions [86]. The case in which both f1 and f2 vanish is a nonsupersymmetric solution of minimal gauged supergravity, which arises in the
near-horizon limit of magnetic black brane solutions at zero temperature [87].
There is a subset of solutions which preserve supersymmetry provided that
they satisfy the constraint
3
X

qi = 0 ,

(3.5)

i=1

as well as
3

L−1
2

1X
=
Xi ,
2 i=1

2

3
X
i=1

Xi2 =

3
X

!2
Xi

.

(3.6)

i=1

There are also families of supersymmetric magnetic AdS3 × H 2 [81] and AdS3 × S 2
[82] solutions whose marginal deformations were obtained in [83].

CHAPTER 3. LIFSHITZ AND SCHRÖDINGER TYPE SOLUTIONS 56
Since the solutions degenerate if any of the qi vanish, we require all of them
to be nonzero.
It has been proposed that the above supersymmetric subset of solutions
provide a supergravity dual description of the effective field theory of the supersymmetric lowest Landau level [74]. This is a (0, 2) Landau-Ginsburg theory which has ν1 = |q1 |NΦ N 2 chiral multiplets Θ1i , ν2 = |q2 |NΦ N 2 chiral multiplets Θ2j and ν3 = ν1 + ν2 fermionic multiplets Ψ3k , where NΦ = BV2 /2π,
B is the magnitude of the magnetic field, V2 is the volume of the magnetic
plane and q1 and q2 are the charges of the chiral multiplets. The (0, 2) superpotential is given by
cijk Θ1i Θ2j Ψ3k ,

(3.7)

where cijk is from the overlap of the lowest Landau level wavefunctions. The
(0, 2) Landau-Ginsburg theory can arise in the low energy limit of a flow
from four-dimensional N = 4 super Yang-Mills theory, which is described by
a supergravity solution that smoothly interpolates from AdS5 to AdS3 × R2 .
These solutions can be lifted to ten-dimensional type IIB supergravity on
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a 5-sphere using the Kaluza-Klein reduction ansatz in [78] to give
ds210
F(5)

3
√

1 X −1
2
Xi dµ2i + µ2i Dφ2i ,
=
∆ ds5 + √
∆ i=1
3
X


= L (3) ∧
2(Xi2 µ2i − ∆Xi ) dy1 ∧ dy2 + q i Xi−1 d(µ2i ) ∧ Dφi
3

i=1

+dual ,

(3.8)

where (3) is the volume-form for AdS3 ,
i

Dφi = dφi + A ,

∆=

3
X

Xi µ2i ,

i
dAi = F(2)
,

(3.9)

i=1

and the µi obey the constraint

P3

i=1

µ2i = 1.

We will consider deformations of these backgrounds which leave the AdS3 ×
R2 subspace intact. Such deformations can be considered to be marginal in
the sense that they maintain the two-dimensional conformal symmetry of
the undeformed field theory. In order to study deformations which preserve
a U (1) × U (1) global symmetry as well as the (0, 2) supersymmetry, it is
convenient to define the coordinates
φ1 = α1 ψ − φ̃2 ,

φ2 = α2 ψ + φ̃1 + φ̃2 ,

φ3 = α3 ψ − φ̃1 ,

(3.10)

where
αi =

qi2
.
q12 + q22 + q32

(3.11)
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Then the Killing vector ∂ψ matches with the U (1) superconformal R-symmetry
computed through c-extremization [88, 89]3 . We T-dualize to type IIA theory along the φ̃1 direction and lift the resulting solution to eleven dimensions.
Next, we perform the coordinate transformation
φ̃2 → φ̃2 + γ φ̃1 + σx11 ,

(3.12)

where x11 is the eleventh direction. Reducing along the transformed x11
direction and T-dualizing back along the transformed φ̃1 direction yields the
deformed type IIB solution
ds210


3
X

1
2
=
∆ ds5 +
Xi−1 dµ2i + Gµ2i Dφ2i
1√
G4 ∆
i=1
!2 
3
3
2
Y
X
G
µ
i
+(γ 2 + σ 2 )
Dφi
,
∆ i=1 Xi i=1

F(5) = L3 (3) ∧

3
X


2(Xi2 µ2i − ∆Xi ) dy1 ∧ dy2 + q i Xi−1 d(µ2i ) ∧ Dφi
i=1

+dual ,
RR
F(3)
= σ dB(2) − γ GHC(3) ,

e2φ = GH 2 ,
3

NS
F(3)
= γ d[GHB(2) ] + σ C(3) ,

χ = −γσgH −1 ,

(3.13)

See [90, 91] for additional examples of the supergravity dual of c-extremization applied
to various AdS3 backgrounds, including null-warped AdS3 solutions obtained via TsT
transformations.

CHAPTER 3. LIFSHITZ AND SCHRÖDINGER TYPE SOLUTIONS 59
where
B(2)

µ2 µ2
1 X
j+k j k
=
Dφj ∧ Dφk ,
(−1)
∆H j<k
Xj Xk
3

∗C(3) = L (3) ∧

3
X


2(Xi2 µ2i − ∆Xi ) dy1 ∧ dy2

i=1


+q Xi−1 d(µ2i ) ∧ Dφi ∧ B(2) ,
i

(3.14)

and
H = 1 + σ2g ,

G−1 = 1 + (γ 2 + σ 2 )g ,

g=

1 X µ2j µ2k
. (3.15)
∆ j<k Xj Xk

With the non-compact part of the metric intact, it’s plausible to propose
that the new solution (3.13) is dual to a marginally deformed (0, 2) LandauGinsburg theory. The dual field theory can arise in the low-energy limit
of a flow from a marginal deformation of N = 4 super Yang-Mills theory,
whose supergravity dual is described by the Lunin-Maldacena background
[75]. One obtains the superpotential of the deformed (0, 2) theory directly
from dimension reduction of the deformed superpotential in [75].

3.3
3.3.1

Marginal deformations of theories with
Schrödinger symmetry
An example with a five-sphere

We will now consider gravity duals of theories which exhibit Schrödinger
symmetry, which can be used to study non-relativistic systems such as atomic
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gases at ultra-low temperature [72, 73]. An example of such a solution in
type IIB theory is given by [92, 93]
 dr2
ds210 = r2 −2dtdy − r2 dt2 + d~x2 + 2 + ds2S 5 ,
r
F(5) = 4 (Ω(5) + ∗Ω(5) ) ,
NS
B(2)
= −r2 dt ∧ (dψ + A(1) ) ,

(3.16)

NS
NS
where F(3)
= dB(2)
and Ω(5) is the volume-form on a unit S 5 . The metric

on S 5 has been expressed as a U (1) bundle over CP2 :
ds2S 5 = (dψ + A(1) )2 + ds2CP2 ,

(3.17)

with the metric for the CP2 base space
dsCP2 = dσ 2 + 41 s2σ (dθ2 + s2θ dφ2 ) + 41 s2σ c2σ (dβ + cθ dφ)2 ,

(3.18)

and the Kähler potential
A(1) = 21 s2σ (dβ + cθ dφ) .

(3.19)

The solution (3.16) can be obtained by applying a null Melvin twist to
the AdS5 × S 5 background, which enables the dual field theory interpretation
of the result to be N = 4 super Yang-Mills twisted by an R-charge [92, 93].
Rather than obeying conformal scale invariance, the temporal and spatial
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coordinates in the theory scale anisotropically. This corresponds to the metric
in (3.16) obeying the scaling relation
t → λz t ,

~x → λ~x ,

r → λ−1 r ,

y → λ2−z y ,

(3.20)

where in this case the dynamical exponent z = 2. If the momentum along the
y direction is interpreted as rest mass, then this geometry describes a system
which exhibits time and space translation invariance, spatial rotational symmetry and invariance under the combined operations of time reversal and
charge conjugation.
One can apply U-duality to generate deformations of the AdS5 × S 5 solution using the β and φ directions, which correspond to marginal deformations
of N = 4 super Yang-Mills theory that preserve conformal symmetry and
N = 1 supersymmetry [75]. A null Melvin twist of this deformed solution
has been presented in [94]. Since this null Melvin twist does not involve
the β and φ directions, one can obtain the same result by generating the
marginal deformations directly on the solution (3.16). The final solution can
be interpreted as describing marginally deformed super Yang-Mills theory
twisted by an R-charge. Although the conformal symmetry has been broken
by the null Melvin twist, the deformations are marginal with respect to the
Schrödinger symmetry.
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Alternatively, one can generate marginal deformations using the U (1)
symmetry associated with the y direction. Working directly from the solution
given by (3.16), we perform T-duality along the β direction and lift to eleven
dimensions. Then we perform the coordinate transformation y → y + γ1 β +
γ2 x11 , where x11 is the eleventh direction. Upon reducing to type IIA theory
along the transformed x11 direction and T-dualizing along the transformed
β direction, we obtain the deformed type IIB solution
 dr2
ds210 = r2 −2dtdy − r2 H dt2 + d~x2 + 2 + ds2S 5 ,
r
F(5) = 4 (Ω(5) + ∗Ω(5) ) ,
RR
C(2)
= γ2 r2 dt ∧ (s2σ dψ + A(1) ) ,



NS
B(2)
= −r2 dt ∧ (1 + γ12 s2σ )dψ + (1 + γ1 )A(1) ,
φ = χ = 0,

(3.21)

where
H = 1 + (γ1 + γ12 + γ22 )s2σ ,

(3.22)

RR
RR
and F(3)
= dC(2)
. Since the Schrödinger portion of the geometry remains

intact for constant σ slicings, the dual field theory retains the Schrödinger
symmetry.
In contrast to the previously-mentioned case, the procedure for obtaining
these marginal deformations does not commute with the null Melvin twist,
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since the latter operation entails taking a lightlike boost in the y direction.
In fact, the order of operations has a qualitative effect on the field theory
interpretation of the deformations. Namely, if the above deformations had
been generated on the AdS5 × S 5 background, the result would have been a
nonlocal field theory [95].

3.3.2

Countably-infinite examples with the Lp,q,r spaces

The above construction can be generalized to gravity duals that involve the
countably-infinite five-dimensional cohomogeneity two Sasaki-Einstein spaces
Lp,q,r [96]. The metric for the Lp,q,r spaces can be written in the canonical
form
ds2Lp,q,r = (dτ + A(1) )2 + ds24 ,

(3.23)

where the metric of the four-dimensional Einstein-Kähler base space is
ds24


2
ρ2 dx2 ρ2 dθ2 ∆x s2θ
c2θ
=
dφ +
dψ
+
+ 2
4∆x
∆θ
ρ
α
β

2
∆θ s2θ c2θ α − x
β−x
+
dφ −
dψ ,
ρ2
α
β

(3.24)

the Kähler potential is
A(1) =

α−x 2
β−x 2
sθ dφ +
c dψ ,
α
β θ

(3.25)

and the various functions are given by
∆x = x(α − x)(β − x) − µ ,

∆θ = αc2θ + βs2θ ,

ρ2 = ∆θ − x . (3.26)
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Details regarding the conditions that ensure that the Lp,q,r metric extends
smoothly onto a complete and non-singular manifold are given in [96]. The
result is that the parameters α and β as well as the roots of ∆x can be
expressed in terms of coprime integer triples p, q and r which satisfy 0 < p ≤ q
and 0 < r < p + q, with p and q each coprime to r and to s = p + q − r. The
Lp,q,r spaces have U (1)3 isometry in general, which is enlarged to SU (2) ×
U (1)2 for p + q = 2r, which corresponds to the subset of Y p,q = Lp−q,p+q,p
spaces found in [97, 98]. Note that the Lp,q,r metric reduces to that of S 5 for
µ = 0, and µ can otherwise be rescaled to µ = 1.
Consider the type IIB solution
 dr2
ds210 = r2 −2dtdy − r2 dt2 + d~x2 + 2 + ds2Lp,q,r ,
r
F(5) = 4 ((5) + ∗(5) ) ,
NS
B(2)
= −r2 dt ∧ (dτ + A(1) ) ,

(3.27)

which can be obtained by applying a null Melvin twist to the AdS5 × Lp,q,r
background. (5) denotes the volume-form on the Lp,q,r space. We will first
consider marginal deformations which involve the U (1) symmetries associated with the φ and ψ directions. We T-dualize the solution (3.27) along
the φ direction, lift to eleven dimensions and perform the coordinate transformation ψ → ψ + γφ + σx11 , where x11 is the eleventh direction. Upon
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reducing and T-dualizing back to type IIB theory along the transformed x11
and φ directions, respectively, we obtain the deformed solution
"

 dr2
ρ2
ρ2
ds210 = G−1/4 r2 −2dtdy − r2 dt2 + d~x2 + 2 +
dx2 +
dθ2
r
4∆x
∆θ
#
2
2
Gc
Gs
2
+f dτ 2 + 2 2θ Dψ 2 + 2 2θ (dφ + B(1) ) ,
β ρb
α ρa


2ρ2 sθ cθ
γ
F(5) =
dτ ∧ dx ∧ dθ ∧ G dψ + (α − x)r2 s2θ dt ∧ (dφ + B(1) )
αβ
α
+dual ,
RR
F(3)
=

2γ 2
ρ sθ cθ dτ ∧ dx ∧ dθ
αβH

σ  γg
d[(α − x)r2 s2θ dt] − G−1 d[gG Dψ] ∧ (dφ + B(1) ) ,
+
H α

NS
F(3)
= −d[r2 dt ∧ (dτ + A(1) )] + γ d[gG Dψ ∧ (dφ + B(1) )]

+

2σ 2
ρ sθ cθ dτ ∧ dx ∧ dθ ,
αβ

e2φ = GH 2 ,

χ = −γσgH −1 ,

(3.28)

where
α 2
γ
acθ dψ − er2 c2θ dt ,
β 
β
α−x
Dψ = dψ + βρ2 be dτ + γr2 s2θ
dt ,
α

B(1) = αρ2 (α − x)a dτ −

H = 1 + σ2g ,

G−1 = 1 + (γ 2 + σ 2 )g ,

g=

s2θ c2θ
,
α2 β 2 ρ4 ab

(3.29)

(3.30)
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and we have defined the functions
a−1 = α(α − x)ρ2 − µs2θ ,
b−1 = β(β − x)ρ2 − µc2θ − as2θ c2θ ,
e = β − x + (α − x)as2θ ,
f = 1 − (α − x)2 ρ2 as2θ − ρ2 be2 c2θ .

(3.31)

Since the above procedure for generating marginal deformations commutes with the null Melvin twist, the same result can be obtained by applying the null Melvin twist to the marginal deformations of AdS5 × Lp,q,r
that are described in [99]. This enables us to interpret the final solution as
describing marginal deformations of the corresponding quiver gauge theories
twisted by an R-charge, for which conformal symmetry is broken but the
Schrödinger symmetry is preserved.
The field theories have p + 3q chiral fields which come in six different
types: q Y , (p + q − r) U1 , r U2 , p Z, (r − p) V1 and (q − r) V2 fields. For the
Y p,q subset, the Ui fields become a doublet under the SU (2) flavor symmetry.
For the undeformed Lp,q,r theories, a superpotential can be built out of these
fields which has the following schematic form [100]:
W = 2p Tr(Y U1 ZU2 ) + 2(q − r) Tr(Y U1 V1 ) + 2(r − p) Tr(Y U2 V2 ) . (3.32)
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For the above marginal deformations, the quartic portion of the superpotential is altered as follows:


Tr(Y U1 ZU2 − Y U2 ZU1 ) → Tr eiπβ̃ Y U1 ZU2 − e−iπβ̃ Y U2 ZU1 ,

(3.33)

where the complex deformation parameter4 β̃ = γ − iσ. This interpretation
of the marginal deformations survives taking the null Melvin twist.
Now we consider marginal deformations which involve the U (1) symmetries associated with the y and φ directions. We T-dualize along the φ direction, lift to eleven dimensions and perform the coordinate transformation
y → y +γ1 φ+γ2 x11 . Upon reducing to type IIA theory along the transformed
x11 direction and T-dualizing along the transformed φ direction, we obtain
the deformed type IIB solution
 dr2
ds210 = r2 −2dtdy − r2 H dt2 + d~x2 + 2 + ds2Lp,q,r ,
r
F(5) = 4 ((5) + ∗(5) ) ,
r2 s2θ
dt ∧ (dφ + B(1) ) ,
α 2 ρ2 b


γ1 s2θ
2
= −r dt ∧ (dτ + A(1) ) + 2 2 (dφ + B(1) ) ,
α ρb

RR
= γ2
C(2)
NS
B(2)

φ = χ = 0,

(3.34)

where
B(1) =
4


αρH
β(α − x)ρ dτ − c2θ dψ ,
β

(3.35)

We put a tilde in order to distinguish this from the parameter β in the Lp,q,r metric.
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and
H =1+

s2θ



γ12 + γ22
+ 2γ1
α 2 ρ2 b



x−α
α


.

(3.36)

For constant slicings of θ and x, the Schrödinger portion of the geometry
remains intact, and so the dual field theory still has Schrödinger symmetry.

3.4
3.4.1

Marginal deformations of Lifshitz vacua
Lifshitz-Chern-Simons gauge theories

We will now consider some examples of gravity dual descriptions of marginal
deformations of field theories with Lifshitz scaling [71]. A candidate gravity
dual for a class of 2 + 1 dimensional Lifshitz-Chern-Simons field theories with
dynamical exponent z = 2 was constructed in [101]. The type IIB solution
is given by
ds210 = r2 (2dtdx3 + d~x2 ) + f dx23 +

dr2
+ ds2S 5 ,
r2

F(5) = 2r3 d4 x ∧ dr + dual ,
χ =

Qx3
,
L3

φ = 0,

(3.37)

where
f=

Q2
r04
−
,
4L23 r2

(3.38)

and d~x2 = dx21 + dx22 . It has been proposed that this background describes
non-Abelian Lifshitz Chern-Simons gauge theories which can be realized as
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deformations of DLCQ N = 4 super Yang-Mills theory. A Chern-Simons
term explicitly breaks parity and time-reversal symmetries. The background
(3.37) asymptotically exhibits the following scaling symmetry:
t → λ2 t ,

r → λ−1 r ,

~x → λ~x ,

x3 → x3 .

(3.39)

x3 is a compact direction and therefore cannot scale, since scaling would
change the compactification radius. The x3 circle shrinks to zero size at
r = r? =

2L3 r02
.
Q

(3.40)

The metric is geodesically incomplete in the region r ≥ r? , and a straightforward way of extending geodesics past r? leads to closed timelike curves [102].
The implications of this hidden singularity on the dual field theory as well
as its resolutions are discussed in [101].
The metric on S 5 can be expressed as
ds2S 5

=

3
X


dµ2i + µ2i dφ2i ,

(3.41)

i=1

where

P3

i=1

µ2i = 1. Before applying the solution-generating technique, we

perform the coordinate transformation (3.10). We T-dualize along the x3
direction to obtain a solution in massive type IIA theory and perform the
transformation
φ̃1 → φ̃1 + γ1 x3 .

(3.42)
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Then we T-dualize back to type IIB theory along the transformed x3 direction
to obtain the deformed type IIB solution
"

ds210

r4 2
dr2
1
2
2
−
dt + r d~x + 2
=
G1/4
f
r
#


2
r2
+Gf dx3 +
dt + ds2S 5 − γ12 f G dφ223 ,
f

F(5) = 2r3 d4 x ∧ dr + dual ,
QGr2
dt ∧ dx3 ∧ dφ23 ,
L3



= −γ1 d G f dx3 + r2 dt ∧ dφ23 ,

RR
F(3)
= γ1
NS
F(3)

e2φ = G ,

χ=

Qx3
,
L3

(3.43)

where
dφ23 ≡ µ22 dφ2 − µ23 dφ3 ,

G−1 = 1 + γ12 f (µ22 + µ23 ) .

(3.44)

While the solution (3.37) has a null Killing vector, the deformed solution
(3.43) has a timelike Killing vector ∂t generating the time translations of the
dual field theory for r > 0 and µ22 + µ23 > 0.
A different deformation can be obtained by T-dualizing along the φ̃1
direction to type IIA theory, performing the transformation
φ̃2 → φ̃2 + γ2 φ̃1 ,

(3.45)

and T-dualizing back to type IIB theory along the transformed φ̃1 direction.
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The resulting deformed type IIB solution is given by
"
dr2
1
2
2
2
r
(2dtdx
+
d~
x
)
+
f
dx
+
ds210 =
3
3
G1/4
r2
+

3
X


2

dµ2i + Gµ2i dφi + γ22 G

i=1
3

3
Y

µ2j

3
X

j=1

dφk

2

#
,

k=1

4

F(5) = 2r d x ∧ dr + dual ,
RR
F(3)
= γ2

NS
F(3)

X
QG
dx3 ∧
(−1)j+k µ2j µ2k dφj ∧ dφk
L3
j<k

3
+ γ2 d(µ22 ) ∧ d(µ23 ) ∧ dψ ,
#
"2
X
(−1)j+k µ2j µ2k dφj ∧ dφk ,
= γ2 d G
j<k

e2φ = G ,

χ=

Qx3
,
L3

(3.46)

where
G−1 = 1 + γ22

X

µ2j µ2k .

(3.47)

j<k

Note that the Killing vector ∂t remains null for this deformation. If the γ1
and γ2 deformations are turned on at the same time, then the fiber structure
of the resulting solution implies that the x3 direction is periodic. However,
we will restrict ourselves to the scenario in which the x3 direction is extended.

3.4.2

Countably-infinite Lifshitz vacua with dynamical
exponent z = 2

Infinite families of Lifshitz solutions of ten and eleven-dimensional supergravity with dynamical exponent z = 2 were constructed in [103]. As the
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starting point for applying the solution-generating technique, we will consider
solutions in eleven-dimensional supergravity. Before turning to a countably
infinite family of solutions involving the Y p,q spaces, we first consider the
eleven-dimensional solution involving the space T 1,1 , which is given by [103]
ds211

G(4)


2
1
=
+ dσ + √ (c1 dφ1 − c2 dφ2 ) + dx211
18
1
1
(dψ − c1 dφ1 − c2 dφ2 )2 + (dθ12 + s21 dφ21 + dθ22 + s22 dφ22 ) ,
+
9
6



1
4
2
= dt ∧ d r dx1 ∧ dx2 + r dx11 ∧ dσ + √ (c1 dφ1 − c2 dφ2 ) ,
18
ds24

(3.48)
where
ds24 = −r4 dt2 + r2 (dx21 + dx22 ) +

dr2
,
r2

(3.49)

and we denote c1 ≡ cos θ1 , s2 ≡ sin θ2 , etc. We perform the coordinate
transformation
φ2 → φ2 + γx11 ,

(3.50)
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reduce to type IIA theory along the transformed x11 direction and T-dualize
along the transformed σ direction to obtain the type IIB solution
"

1
dθ12 + s21 dφ21 + dθ22 + GKs22 dφ22
ds210 = G−1/4 ds24 +
6
#
G
+
(dψ − c1 dφ1 − Kc2 dφ2 )2 + G(dσ + r2 dt)2 ,
9K
F(5) = 4r3 dσ ∧ dt ∧ dr ∧ dx1 ∧ dx2
−γHr2 1 +

1
γGc22
18



dσ ∧ dt ∧ C(2) ∧ B(1) + dual ,



RR
F(3)
= −γH d B(1) ∧ (dσ + r2 dt)
−

√1 γHc2
18

C(2) ∧ dσ + 12 HG dG−1 ∧ B(1) ∧ (dσ + r2 dt) ,

NS
F(3)
= C(2) ∧ dσ −

√1 γ
18



d Gc2 B(1) ∧ (dσ + r2 dt) ,

e2φ = GH −2 ,

χ=

√1 γHc2
18

B(1) =

1
c (dψ
9 2

C(2) =

√1 (s2 dθ2
18

,

(3.51)

where
− c1 dφ1 − c2 dφ2 ) − 61 s2 dφ2 ,
∧ dφ2 − s1 dθ1 ∧ dφ1 ) ,

(3.52)

and
G−1 = 1 +

γ2
9

+

γ2 2
s
18 2

,

H −1 = 1 +

γ2
6

,

K −1 = 1 +

γ2 2
s
6 2

.

(3.53)

Note that while the Killing vector ∂t is null for γ = 0, it is timelike for γ 6= 0
and r > 0.
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The above construction can be generalized to gravity duals that involve
the Sasaki-Einstein spaces Y p,q , which are characterised by two coprime
positive integers p and q with q < p [97, 98]. We begin with the elevendimensional solution [103]
ds211

= f

ds24

+f

−2/3

"

Dβ
dσ − √
72(1 − y)

#

2
+

dx211



1−y
1
(dψ + y Dβ − cθ dφ)2 +
(dθ2 + s2θ dφ2 )
9
6

2
g
dy
+
Dβ 2 ,
+
g
36



Dβ
r2
4
dx11 ∧ dσ − √
= dt ∧ d r dx1 ∧ dx2 +
(3.54)
f
72(1 − y)

+ f

G(4)

1/3

1/3

where
ds24 = −

dr2
r4 2
dt + r2 (dx21 + dx22 ) + 2 ,
f
r

Dβ = dβ + cθ dφ ,

g=

2(a − 3y 2 + 2y 3 )
,
1−y

(3.55)

and cθ ≡ cos θ, sθ ≡ sin θ. We have expressed the metric of the Y p,q subspace
in canonical form as a U (1) bundle over an Einstein-Kähler metric. The
function f satisfies
−4f +



2
1
∂y (a − 3y 2 + 2y 3 ) ∂y f +
= 0.
1−y
(1 − y)4

(3.56)

Upon performing the coordinate transformation
β → β + γx11 ,

(3.57)
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reducing to type IIA theory along the transformed x11 direction and Tdualizing along the transformed σ direction, we obtain the type IIB solution
"

1−y
dy 2 Kg
(dθ2 + s2θ dφ2 ) +
+
Dβ 2
6
g
36
2 #

2
2
G 
r
2
+
Dψ − γ36 Kf gy Dβ + f G dσ + dt
,
9K
f

ds210 = G−1/4 ds24 +

F(5) = 4r3 dσ ∧ dt ∧ dr ∧ dx1 ∧ dx2
Gr2
dσ ∧ dt ∧ dB(1) ∧ C(1) + dual ,
f




H
r2
dt
= γd √
∧ A(1) ∧ dσ +
f
72(1 − y)



r2
H
+γ d H C(1) ∧ dσ +
dt − γ √
dB(1) ∧ dσ ,
f
72(1 − y)



r2
= d B(1) ∧ dσ + A(1) ∧ dσ +
dt ,
f
γH
= GH −2 ,
χ= √
,
(3.58)
72(1 − y)
+γ

RR
F(3)

NS
F(3)

e2φ
where

γ 2G
A(1) = √
C(1) ,
72(1 − y)

B(1) = − √

Dσ = dσ + B(1) ,

Dβ
,
72(1 − y)

C(1) =

fy
fg
Dψ +
Dβ ,
9
36

Dψ = dψ + y Dβ − cθ dφ ,

(3.59)

and
2

K −1 = 1 + γ36 f g ,

2

G−1 = K −1 + γ9 f y 2 ,

H −1 = G−1 +

γ2
. (3.60)
72(1 − y)2

The Killing vector ∂t is null for γ = 0 and timelike for γ 6= 0 and r > 0.
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Alternatively, one can perform the coordinate transformation
φ → φ + γx11 .

(3.61)

Then reducing along the transformed x11 direction and T-dualizing along the
transformed σ direction yields the type IIB solution
"
ds210

−1/4

= G

ds24 +

1−y
dy 2
(dθ2 + Ls2θ dφ2 ) +
6
g

i2
G h
2
Dψ + γ36 Kf (1 − y) gcθ Dβ + 6(1 − y)s2θ dφ
9K
#
2
r
Kg
γ2
(Dβ − 6 Lf (1 − y)s2θ cθ dφ)2 + Gf (dσ +
dt)2 ,
+
36L
f
+

F(5) = 4r3 dσ ∧ dt ∧ dr ∧ dx1 ∧ dx2

RR
F(3)

NS
F(3)

e2φ

γ
− Gr2 (1 − y)cθ dσ ∧ dt ∧ dB(1) ∧ Dψ + dual ,
9



Hcθ
r2
dt
= γd √
∧ A(1) ∧ dσ +
f
72(1 − y)


γ
r2
γHcθ
− d Hf (1 − y)cθ Dψ ∧ (dσ +
dt) − √
dB(1) ∧ dσ ,
9
f
72(1 − y)



r2
= d B(1) ∧ dσ + A(1) ∧ dσ +
dt ,
f
γHcθ
= GH −2 ,
χ= √
,
(3.62)
72(1 − y)

where now we take
A(1)

γ 2 Gf c2θ
=− √
Dψ ,
9 72
Dψ = Dψ −

B(1) = − √

Dβ
,
72(1 − y)

3s2
g Dβ
− θ dφ ,
4(1 − y) 2cθ

(3.63)
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and we are now defining
L−1 = 1 +

γ2
f (1
6

G−1 = K −1 +

− y)s2θ ,

γ2
f (1
9

− y)2 c2θ ,

K −1 = L−1 +

γ2
f gc2θ
36

H −1 = G−1 +

,

γ 2 c2θ
. (3.64)
72(1 − y)2

As with the previous deformation, the Killing vector ∂t is null for γ = 0 and
timelike for γ 6= 0 and r > 0.

3.4.3

An example with general dynamical exponent

Lifshitz solutions of Romans’ six-dimensional gauged, massive, N = 4 supergravity [104] were found in [105]. These solutions have with general dynamical exponent z ≥ 1 and break supersymmetry. The geometry is a direct
product of a four-dimensional Lifshitz geometry and a two-dimensional hyperboloid. The metric is given by
ds26



dr2
2z 2
2
2
2
= L −r dt + r (dx1 + dx2 ) + 2 + a2 dH22 ,
r
2

(3.65)

where the metric for a hyperboloid dH22 can be made compact by modding
out a non-compact discrete subgroup of the isometry group. There is a
topological restriction on z in terms of the gauge coupling g and the mass
parameter m of the six-dimensional theory, due to flux quantization on the
compact hyperbolic space.
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These solutions can be lifted to massive type IIA theory by using the
consistent reduction ansatz given in [107]5 . The resulting ten-dimensional
solution is given by6

1/8
ds210 = S 1/12 k0 ∆3/8 ds26 + k1 dρ2

+k2 ∆−1 C 2 [dθ2 + s2θ dφ2 + (dψ + cθ dφ − gA(1) )2 ] ,
F(4) = k3 S 1/3 C 3 ∆−2 U sθ dρ ∧ dθ ∧ dφ ∧ (dψ − gA(1) )
+k4 βa2 Lrz S 1/3 C dt ∧ H(2) ∧ dρ
+k5 S 1/3 C G(2) ∧ (dψ + cθ dφ − gA(1) ) ∧ dρ
+k6 S 4/3 C 2 ∆−1 sθ G(2) ∧ dθ ∧ dφ −

k7 M 4/3
S ∗6 B(2) ,
23/4 k02

2
F(3) = k7 βL3 rS 2/3 dx1 ∧ dx2 ∧ dr + k7 S −1/3 CB(2) ∧ dρ ,
3
F(2) = 2−3/4 k7 S 2/3 M B(2) ,
−5/2

e2φ = k0

S −5/3 ∆1/2 ,

(3.66)

where
dA(1) = G(2) = αL2 rz−1 dt ∧ dr + γa2 H(2) ,
B(2) =

β 3 2
L r dx1 ∧ dx2 ,
2

(3.67)

H(2) is the volume-form of a unit hyperboloid, and the type IIA mass param5

These solutions have also been lifted to type IIB theory using a reduction ansatz
generated via non-Abelian T-duality [108].
6
We have included terms in the form fields associated with a 2-form B(2) in the sixdimensional solution that are missing in the uplifted solution presented in [105].
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eter is given by

M=

2mg 3
27

1/4
.

(3.68)

The various functions are given by
∆ = k0 C 2 + k0−3 S 2 ,
C = cos ρ ,

U = k0−6 S 2 − 3k02 C 2 + 4k0−2 C 2 − 6k0−2 ,

S = sin ρ ,

cθ = cos θ ,

sθ = sin θ ,

(3.69)

and the various constants are
√
√  g 1/4
2  g 1/4 −φ0 /√2
8
e 2φ0 , k2 = 2
,
k0 = eφ0 / 2
, k1 =
e
3m
3mg
g 3m
√
√
4 2  g 3/4
k3 = − 3
, k4 = 3g 2 e2 2φ0 k3 , k5 = 3g k3 ,
3g
3m
√
r
8 −3φ0 /√2
12m
, k7 =
,
(3.70)
k6 = − 2 e
g
g

and
L2 β 2 e

√

8φ0

= z − 1,

α2 = γ 2 (z − 1) ,
2 2

√
− 2φ0

Lγ e

L2 g 2 e
1 2 2
Lm
2

√

√

e−3

2φ0

2φ0

L2
a2

p
(2 + z)(z − 3) ± 2 2(z + 4)
=
,
2z
= 2z(4 + z) ,
p
6 + z ∓ 2 2(z + 4)
=
,
z
p
= 6 + 3z ∓ 2 2(z + 4) .

(3.71)
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Since the metric in (3.66) is singular at ρ = 0 and π and the string coupling
diverges there, we will consider this solution away from these regions.
T-dualizing to type IIB theory along the ψ direction using the extended
T-duality transformation rules in [109], performing the transformation
φ → φ + σψ ,

(3.72)

and T-dualizing back to massive type IIA theory along the transformed ψ
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direction yields the deformed solution
ds210

−1/4

= G

1/8
S 1/12 k0 ∆3/8
−1

2

2

+k2 ∆ C [dθ +



ds26 + k1 dρ2

s2θ dφ2

2



+ G(dψ + cθ dφ − gA(1) ) ] ,

F(4) = k3 G S 1/3 C 3 ∆−2 U sθ dρ ∧ dθ ∧ dφ ∧ (dψ − gA(1) )
+k4 βa2 Lrz S 1/3 C dt ∧ H(2) ∧ dρ
+k5 S 1/3 C G(2) ∧ (dψ + cθ dφ − gA(1) ) ∧ dρ
+k6 S 4/3 C 2 ∆−1 sθ G(2) ∧ dθ ∧ dφ
− k7
−

M
S 4/3 ∗6 B(2) +
2
3/4
2 k0

5/4
σk2 k4 βL3 rsθ
k0 ∆3/4 S 1/3

s

GC 7
dx1 ∧ dx2 ∧ dθ ∧ dr
k1

σGk7 k22 M C 4 s2θ
B(2) ∧ dφ ∧ (dψ − gA(1) ) ,
23/4 k0 ∆

F(3) = k7 βL3 rS 2/3 dx1 ∧ dx2 ∧ dr + 32 k7 S −1/3 CB(2) ∧ dρ
i
h σGk 2 C 4 s2
2
θ
dφ
∧
(dψ
−
gA
)
,
+d
(1)
∆S 2/3 k0
σGk22 M C 4 s2θ
−3/4
2/3
F(2) = 2
k7 S M B(2) +
dφ ∧ (dψ − gA(1) )
k0 ∆S 2/3
−σk3 S 1/3 C 3 ∆−2 U sθ dθ ∧ dρ ,
−5/2

e2φ = G k0

S −5/3 ∆1/2 ,

(3.73)

where
G−1 = 1 + σ 2

k22 C 4 s2θ
.
k0 S 2/3 ∆

(3.74)
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3.5

Conclusions

A solution-generating technique based on U-duality has been used to construct supergravity backgrounds that holographically describe the marginal
deformations of various non-relativistic field theories which preserve a U (1)×
U (1) global symmetry. For a (0, 2) Landau-Ginsburg theory describing the
supersymmetric lowest Landau level, we have proposed that the marginal
deformations are associated with the introduction of a phase in the (0, 2) superpotential. This can arise in the low-energy limit of a flow from marginal
deformations of four-dimensional N = 4 super Yang-Mills theory described
by the Lunin-Maldacena background [75].
We have generated the supergravity duals of marginally deformed field
theories with Schrödinger symmetry or Lifshitz scaling. This includes a class
of Lifshitz-Chern-Simons gauge theories, as well as countably-infinite families
of field theories whose dual gravity description involves the Sasaki-Einstein
spaces Y p,q and Lp,q,r . These theories all have dynamical exponent z = 2.
We have also considered massive type IIA backgrounds which are dual to
marginal deformations of Lifshitz theories with general dynamical exponent
z ≥ 1.
With the exception of the last example, we have focused on marginal de-
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formations that preserve supersymmetry, these constructions can be straightforwardly generalized to scenarios in which supersymmetry is not preserved.
For instance, one could begin with a supersymmetric gravity background
and perform a chain of T-duality-shift-T-duality transformations to generate
multiple deformations which do not preserve supersymmetry. If this is done
for the case of the (0, 2) Landau-Ginsburg theory, then one obtains the description of a non-supersymmetric system that arises in the low-energy limit
of a flow from the 6 + 2-parameter deformation of super Yang-Mills theory
found in [77]. Another possibility is to consider cases for which the undeformed field theory itself does not preserve any supersymmetry. For instance,
one could study gravity duals of field theories with Schrödinger symmetry or
Lifshitz scaling that involve five-dimensional Einstein spaces which are not
Sasakian. Examples of such spaces include the T p,q spaces, as well as the
Λp,q,r spaces which encompass the Sasaki-Einstein spaces Lp,q,r [110].
While examples without supersymmetry are more realistic, one then has
less control over their behavior and must worry about instabilities. However,
there are cases of non-supersymmetric string states that may be completely
stable. For example, the gravity dual description for the effective field theory
of the lowest Landau level presented in [74] has a regime of parameter space
in which all known instabilities are apparently absent.

Chapter 4
Tri-dipole black rings in
supergravity
4.1

Introduction

Black holes in five dimensions can have event horizons with S 1 × S 2 topology,
and are known as black rings in order to distinguish them from topologically
spherical black holes (see [112] for a review)1 . The existence of black ring
solutions demonstrated that black hole uniqueness is violated in five dimensions. The neutral black ring in pure gravity was presented in [113], and
charged black rings in supergravity were found in [114, 115, 116, 117, 118,
119, 120, 121, 122].
Various generalizations have been constructed, a spherical black hole surrounded by a black ring or multiple concentric rings [118, 123], a doublyspinning black ring [124], and two concentric orthogonal rotating black rings
1

This section is based on [111].
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[125], as well as approximate solutions describing thin, neutral black rings in
any dimension D ≥ 5 in asymptotically flat spacetime [126] and asymptotically (anti)-de Sitter spacetime [127]. However, while the most general supersymmetric solution has been known for quite some time [117, 119, 120, 121],
the general nonextremal solution in five-dimensional U (1)3 supergravity has
remained elusive until recently [128]. This nonextremal black ring has three
independent dipole and electric charges, along with five additional parameters. If one imposes the condition that there are no conical singularities
present, then the remaining parameters correspond to three electric charges,
three dipole charges, two angular momenta and the mass.
One solution-generating technique that has been used to construct a number of the above black ring solutions is the inverse scattering method, which
was first adapted to Einstein’s equations in [129, 130]. In this chapter, we
shall make use instead of a solution-generating technique that involves performing a dimensional reduction, and which hinges on the relation between
black rings and the C-metric solution. In particular, the neutral black ring
can be obtained by lifting the Euclideanized Kaluza-Klein C-metric of [131]
to five dimensions on a timelike direction [132, 113].
A three-charge generalization of the C-metric has recently been constructed in STU gauged supergravity [133]. In the ungauged limit, the
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Euclidean-signature version of this solution can be lifted on a timelike direction to give a black ring solution with three independent dipole charges
and one non-vanishing rotation parameter. Furthermore, three independent
electric charges can be generated by repeatedly lifting this solution to six
dimensions and applying boosts. In a similar manner, one can repeatedly lift
the C-metric solution to five dimensions and apply SL(2, R) transformations
to get a black ring solution with background magnetic fields, at the expense
of altering the asymptotic geometry.
In order to avoid closed timelike curves for these solutions with a single angular momentum parameter, in turns out that one must turn off the
electric charges. Moreover, one must impose a constraint in order to avoid
conical singularities. Then one is left with solutions which have five nontrivial
parameters corresponding to the mass, one nonvanishing angular momentum
and three dipole charges. In addition to this, one can turn on three independent background magnetic fields, in which case the solution is no longer
asymptotically flat but rather asymptotically approaches a five-dimensional
Melvin fluxbrane [134].
The solutions discussed in this chapter all have a single non-vanishing
rotation parameter, as opposed to the black ring presented in [128] which
has two independent angular momenta. In particular, we expect that our
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black ring with three dipole charges and three electric charges arises as a
specialization of the one in [128]. The relatively compact form of our solution
enables one to verify its validity analytically, rather than numerically as
done in [128]. Moreover, the various properties of the solution, its physical
and thermodynamic charges and the relations between them can be studied
explicitly.
This chapter is organized as follows. In the next section, we demonstrate how black rings with three dipole charges can be obtained from the
C-metric solutions. We then use solution-generating techniques involving
dimensional reductions to add three electric charges, as well as three background magnetic fields. In section 3, we study the global properties of the
five and six-dimensional solutions in the Ricci-flat limit. In section 4, we
perform the global analysis and study the thermodynamics of the general
black ring solutions. Conclusions are presented in section 5. Lastly, in an
appendix, we compile the dimensional reductions that relate the six, five
and four-dimensional supergravity theories used for the purposes of solution
generating.
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Black rings in five-dimensional U (1)3 supergravity
From C-metrics to dipole black rings

Our starting point is the four-dimensional ungauged supergravity theory that
is known as the STU model, which can be obtained via a dimensional reduction from six-dimensional string theory. It has an SL(2, R) × SL(2, R) ×
SL(2, R) global symmetry, corresponding to– when discretized– the (S,T,U)
duality symmetries of the string theory. The theory contains four U (1) vector fields FI = dAI and three complex scalars τi = χi + ieφi . The axions χi
can be consistently truncated out, provided that one imposes the conditions
FI ∧ FJ = 0 ,

I 6= J .

(4.1)

The truncated bosonic Lagrangian is given by
e−1
4 L4

3
4
X
X
~
2
1
= R4 −
(∂φi ) − 4
e~aI ·φ FI2 ,
1
2

i=1

(4.2)

I=1

where the dilaton vectors ~aI satisfy
~aI · ~aJ = 4δIJ − 1 ,

4
X

~aI = 0 .

(4.3)

I=1

Our starting point will be the charged C-metric solutions obtained in
[133], in the ungauged limit g = 0. In this case the solutions can be written
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as
ds24

~

e~aI ·φ


1
1
H(y) 2
p (G(y)dτ 2 −
=
dy )
2
2
α (y − x)
G(y)
Ũ

p H(x)
2
2
+ Ũ (
dx + G(x)dϕ ) ,
G(x)
U2
4QI
hI (y)
= pI , FI =
dy ∧ dτ , UI =
, Ũ = U1 U2 U3 U4 ,
2
hI (y)
hI (x)
Ũ
(4.4)

where
H(ξ) =

hI (ξ) = 1 + αqI ξ ,

4
Y

hI (ξ) ,

I=1
4

X
G(ξ) = H(ξ) b0 +
i=1

1 
16Q2i
Q
.
α2 qi j6=i (qj − qi ) hi (ξ)

(4.5)

The general solution contains 10 parameters: (α, b0 , qI , QI ) where I = 1, . . . , 4.
The parameter b0 can always be scaled to have one or another of the discrete
values (−1, 0, 1). The form of the solution is invariant under
x=

x̃
,
1 + bx̃

y=

ỹ
,
1 + bỹ

(4.6)

which enables one to set one of the four scalar charges qI to any value,
including zero (the STU model has three independent scalars after all). In
our construction, the parameters QI are independent of the scalar charges
qI . Therefore, we could set QI = 0 and obtain C-metric solutions supported
solely by the scalar charges. On the other hand, for generic QI we cannot
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set the scalar charges to zero, as one would have expected from the theory.
When all of the electric charge parameters are equal, namely QI ≡ Q, we can
set all qI ≡ q, the three scalar fields all vanish and we recover the charged
C-metric solution of the Einstein-Maxwell theory. While conical singularities
can be avoided only for a single point in the parameter space of the dilaton
C-metric in [131], conical singularities are absent for a range of parameters
for the present C-metric solutions. We will discuss global properties after we
lift the solutions to five dimensions.
We shall be lifting the C-metric solution to a dipole black ring solution in
five dimensions, but before that a number of preliminary steps are needed.
First, we use electromagnetic duality to map the C-metric solution to one
that has magnetic charges, for which
p
4QI
Ũ
~
e~aI ·φ = 2 ,
FI =
dx ∧ dϕ .
UI
hI (x)2

(4.7)

Next, we Wick rotate τ → iψ so that the C-metric has Euclidean signature.
Then we dualize one of the gauge fields so that it can play the role of a
Kaluza-Klein vector along a timelike direction:
~

F = e~a4 ·φ ∗F4 =

4Q4
dy ∧ dψ
h24

=⇒

A=

4Q4 y
dψ .
h4 (y)

(4.8)

Note that the kinetic term for the corresponding field strength now has the
“wrong” sign in the Lagrangian, which is given by (102). However, this is not
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an issue once we lift to five dimensions. Using the reduction ansatz (101),
we lift the solution along a timelike direction. The resulting five-dimensional
solution is given by
4Q4 y 2
dψ
h4 (y)
(U1 U2 U3 )
h

1
1
H(y) 2 
2
+ 2
dy
− G(y)dψ −
α (x − y)2 U4 (U1 U2 U3 ) 13
G(y)
i
 H(x)
2
+(U1 U2 U3 ) 3
dx2 + G(x)dϕ2 ,
G(x)
2
(U
4Qi
hi (y)
~bi ·φ
~
1 U2 U3 ) 3
e
=
. (4.9)
= 2 dx ∧ dϕ ,
,
Ui =
2
hi (x)
Ui
hi (x)

ds25 = −

Fi

U4



1
3

dt +

This is a black ring solution that has three independent dipole charges, which
was first found in [116]. The (x, ϕ) subspace corresponds to the S 2 part of
its S 2 × S 1 topology, and the S 1 is associated with ψ.
In the special case that Qi and qi are related as follows:
qi = −µs2i ,

QI = 41 µsi ci ,

si = sinh δi ,

ci = cosh δi ,

(4.10)

we find that
G(ξ) = b0 H(ξ) − ξ 2 (1 + αµξ) .

(4.11)

This specialisation enables us to take a Ricci-flat limit of the black ring
solution, by setting δ1 = δ2 = δ3 = 0, and we shall return to it in section 4.3.
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Adding electric charges

Using the reduction ansatz (93), we lift the black ring solution (4.9) to six
dimensions on the z direction. Then we perform a Lorentz boost t → c1 t +
s1 z, z → c1 z + s1 t, where ci = cosh δi , si = sinh δi . The reduction back
to five dimensions along the boosted z direction generates the first electric
charge, which is associated with the KK vector A3 . Once we apply the
discrete symmetry to interchange the gauge fields A1 and A3 (and rotate the
dilatons accordingly), the electric charge is now associated with A1 . Next,
we repeat the process of lifting to six dimensions, performing a boost with
parameter δ2 and reducing back to five dimensions in order to generate a
second electric charge. Then we dualise the 2-form potential B in (93) to a 1form potential A2 and use the discrete symmetry again to interchange A3 and
A2 , so that the second electric charge is now associated with A2 . Dualising
the resulting A2 to a 2-form potential B again, lifting to six dimensions
and boosting with parameter δ3 , we again reduce back to five dimensions.
Finally, we dualise the 2-form B to a new 1-form A2 , thereby arriving at the
black ring solution with three independent electric charges. After making a
convenient transformation of the time coordinate, and a relabelling of the
various functions in the solution, the 3-charge black ring takes the following
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form:
ds25 = −

U4
1/3
U (H1 H2 H3 )2/3

(dt + ω)2 + (H1 H2 H3 )1/3 ds24 ,

(4.12)

where
s c c Q c s c Q c c s Q s s s Q 
1 2 3 2
1 2 3 3
1 2 3 4
1 2 3 1
+
+
+
dϕ
ω = −4x
h1 (x)
h2 (x)
h3 (x)
h4 (x)
c s s Q s c s Q s s c Q c c c Q 
1 2 3 2
1 2 3 3
1 2 3 4
1 2 3 1
+
+
+
dψ ,
+4y
h1 (y)
h2 (y)
h3 (y)
h4 (y)



H(y) 2
1
1
2
2
ds4 =
−G(y)dψ −
dy
α2 (x−y)2 U4 U 31
G(y)


2
H(x) 2
2
dx +G(x)dϕ
+U 3
,
(4.13)
G(x)
and


Ui2 U4
Hi = 1 + 1 −
s2i ,
U

U = U1 U2 U3 .

(4.14)

The scalar fields are given by
~ ~

ebi ·φ =

2/3
U
Hi2 
,
Ui2 H1 H2 H3

(4.15)

and the gauge potentials are
s 1 c1 
U1 U4 
1−
dt +
H1
U2 U3
4x  c1 c2 c3 Q1 s1 s2 c3 Q2 U1 U4 s1 c2 s3 Q3 U1 U4 c1 s2 s3 Q4 
+
+
+
+
dϕ
H1
h1 (x)
U3 h2 (y)
U2 h3 (y)
h4 (x)
4y  s1 s2 s3 Q1 U4 c1 c2 s3 Q2 c1 s2 c3 Q3 s1 c2 c3 Q4 U1 
−
+
+
+
dψ,(4.16)
H1 U2 U3 h1 (x)
h2 (y)
h3 (y)
U2 U3 h4 (x)

A1 =

with A2 and A3 being obtained from A1 by cycling the indices 1, 2 and 3 on
all quantities appearing in (4.16).
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Adding background magnetic fields

We can use a similar solution-generating procedure as in the previous section
to obtain an Ernst-like generalization of the C-metric solution. Using the reduction ansatz (98), we lift the C-metric solution (4.4) to five dimensions
on the spacelike direction z. Next, we perform the coordinate transformation ϕ → ϕ + Bz and reduce back to four dimensions, where we find that
B parameterizes the strength of a background magnetic field. Applying the
discrete symmetry to interchange gauge fields, we keep repeating this procedure until we have generated a solution with four background magnetic
fields, given by
ds24

AI
ΛI

4
Y
1
=
α2 (y−x)2 I=1

r



H(y) 2
2
dy
G(y)dτ −
G(y)
!
4
Y
H(x) 2
G(x)
2
dϕ
,
+
UI
dx + Q4
G(x)
I=1 ΛI
I=1
Q4 √


ΛJ UJ
1
4BI QI x
~
~aI ·φ
= −
1+
dϕ ,
e
= J=1 2 2
,
BI ΛI
hI (x)
ΛI UI

2
4BI QI x
B 2 G(x)
=
1+
+ 2 I
.
(4.17)
hI (x)
α (x−y)2 UI2
ΛI
UI

The various functions appearing here are defined in (4.5). The C-metric
solution (4.4) is recovered for vanishing magnetic field parameters BI . Note
that one can tune the values of the BI so as to avoid a conical singularity, even
if one is present in the corresponding C-metric solution (meaning that all BI
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are taken to zero with all other parameters held fixed). Thus, the background
magnetic fields associated with BI play a role analogous to the cosmic string
in the C-metric itself, by providing the force necessary to accelerate the black
hole. (See [135] for a discussion of externally magnetised charged black hole
solutions in STU supergravity.)
We can Wick rotate τ → iψ in the solution (4.17) and then lift it to five
dimensions on a timelike direction using the metric ansatz (101). This yields
a dipole black ring with background magnetic fields, given by
ds25

AI




2
Λ3
H(y) 2
1
2
=
−G(y)dψ −
dy
α2 (x−y)2 U4 U 13
G(y)
2



2
H(x) 2 G(x) 2
U4
4Q4 y
dx +
dϕ
dψ
,
−
dt+
+U 3
1
G(x)
Λ
h4 (y)
(ΛU ) 3


2
1
4BI QI x
(ΛU ) 3
~bi ·φ
~
= −
,
1+
dϕ ,
e
=
BI ΛI
hI (x)
(Λi Ui )2

U ≡ U1 U2 U3 ,

Λ ≡ Λ1 Λ2 Λ3 ,

(4.18)

and i = 1, 2, 3. Note that this solution has three independent magnetic field
parameters, since in five dimensions one can get rid of B4 by performing the
reverse of the coordinate transformation that was used to generate it in the
first place.
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Global analysis of Ricci-flat solutions
D = 5 Ricci-flat metric

Before turning to the general black ring solution, we shall first study the
global structure of its Ricci-flat limit, as a warm-up exercise. If we set Q1 =
Q2 = Q3 = 0 = q1 = q2 = q3 , then the solution (4.9) becomes Ricci-flat and
takes the form
h h (x) 
h4 (y) 
4Q4 y 2
1
h4 (y) 2 
4
2
ds25 = −
dt+
dψ + 2
−G(y)dψ
−
dy
h4 (x)
h4 (y)
α (x−y)2 h4 (y)
G(y)
i
 h (x)
4
2
2
dx +G(x)dϕ
,
(4.19)
+
G(x)
where h4 (ξ) = 1+αq4 ξ. Setting qi = 0 can be subtle, due to diverging terms
in the expression for G(ξ). Instead, we substitute the above form of the
solution directly into the equations of motion in order to obtain the most
general solution for G(ξ). This is given by
16Q24 ξ 2
G(ξ) = (c0 +c1 ξ +c2 ξ )h4 (ξ)−
.
q42
2

(4.20)

We can then shift c0 , c1 , c2 to get rid of the ξ 2 factor in the Q24 term, and
shift ξ such that h4 (ξ) ∼ ξ. This results in the expression
16Q24
G(ξ) = (c0 +c1 ξ +c2 ξ )ξ − 2 4 ,
α q4
2

(4.21)

in which all the parameters of the solution are shown explicitly. Note that
G(ξ) cannot be written in this form for the general black ring solution. The
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curvature singularities are located at x = ∞, y = ∞ and h4 (x) = 0, and the
asymptotic region is at x = y.
Consider the coordinate transformations
x→

x̃−1
,
2q42

y→

ỹ−1
,
2q42

where a0 is related to Q4 by Q4 =

1√
a0 q42 .
2

√
t → − a0 (q42 t̃+ψ) ,

(4.22)

Upon setting α = 2q4 , we find

that the metric can be written as
ds25

xdy 2
1 h xdx2
2
+G(x)dφ
−
=
(x−y)2 4G(x)
4G(y)
2i
xG(y)dψ
a0 y
−
−
(dt+y −1 dψ)2 ,
y
x

G(ξ) = −a0 +a1 ξ +a2 ξ 2 +a3 ξ 3 ,

(4.23)

where the parameters (a1 , a2 , a3 ) are related to (c0 , c1 , c2 ) in (4.21) by
c0 =

a1 +a2 +a3
,
q42

c1 = 2(a2 +2a3 ) ,

c2 = 4a3 q42 .

(4.24)

Then performing the triple Wick rotation
ψ → iψ ,

φ → iφ ,

t → it ,

(4.25)

together with a0 → −a0 , we find that the metric (4.23) has the form given by
(2.13)-(2.14) in [140]. Note that the above triple Wick rotation is equivalent
to a double Wick rotation on (x, y), which corresponds to taking a3 → −a3 .

CHAPTER 4. TRI-DIPOLE BLACK RINGS IN SUPERGRAVITY

98

Since a3 = −µ2 < 0 in the black ring analysis of [140], we can let a3 = µ2 > 0
and hence
G(ξ) = µ2 (ξ −ξ1 )(ξ −ξ2 )(ξ −ξ3 ) ,

a0 = µ2 ξ1 ξ2 ξ3 > 0 .

(4.26)

We shall consider two choices for coordinate ranges.
Case 1
We can consider x ∈ [ξ1 , ξ2 ] and y ∈ [ξ2 , ξ3 ] with ξ3 > ξ2 > ξ1 > 0, so that
G(x) ≥ 0 and G(y) ≤ 0. In contrast to the point y = 0 for the solution
discussed in [140], in the present case there is no ergo-region. In fact, it
turns out that this case describes a smooth soliton which has a region with
closed timelike curves (CTC’s).
Case 2
Alternatively, we can consider
G(ξ) = −µ2 (ξ −ξ0 )(ξ −ξ1 )(ξ −ξ2 ) ,

a0 = −µ2 ξ0 ξ1 ξ2 > 0 ,

(4.27)

with x ∈ [ξ1 , ξ2 ], y ∈ [ξ0 , ξ1 ] and ξ0 < 0 < ξ1 < ξ2 , so that G(x) ≥ 0 and
there is a horizon at y = ξ0 < 0. Then y = 0 constitutes an ergo-region.
This is rather similar to the case considered in [140], even though one needs
to perform a triple Wick rotation in order to relate them.
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Following the analysis in [140], we define
ξ0 = −η02 ,

ξ1 ≡ η12 < ξ2 ≡ η22 ,

(4.28)

such that a0 = µ2 η02 η22 η32 and all ηi are positive with η1 < η2 . The φ direction
collapses at x = η12 and x = η22 . In order to avoid a conical singularity, we
must have
η0 =

√
η1 η2 ,

(4.29)

as well as the periodicity condition ∆φ2 = 2π, where
φ2 = µ2 (η2 −η1 )(η1 +η2 )2 φ .

(4.30)

In order to avoid CTC’s at y = ξ1 , we take
t → t−

ψ
.
η12

(4.31)

Then in order to avoid a conical singularity at y = ξ1 we must have ∆φ1 = 2π,
where
φ1 = µ2 (η2 −η1 )(η1 +η2 )2 ψ .

(4.32)

In order to determine the horizon, we first need to find the asymptotic
region where t is appropriately defined. This requires that
t→

t
3

µ(η1 η2 ) 2

.

(4.33)
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Making a coordinate transformation
√

√
√
µ(η2 +η1 ) η2 −η1
x−ξ1
=
r cos θ ,
√
x−y
η1

√
µ(η2 +η1 ) η2 −η1
ξ1 −y
=
r sin θ ,
√
x−y
η1
(4.34)

and then letting r → ∞ yields
ds2 = −dt2 +dr2 +r2 (dθ2 +cos2 θ dφ22 +sin2 θ dφ21 ) .

(4.35)

On the horizon y = ξ0 = −η02 , the null Killing vector is given by
`=

∂
∂
+Ωψ ,
∂t
∂ψ

Ωψ =

√
µ(η22 −η12 ) η1
η2

,

(4.36)

and the surface gravity is
κ = µη1 (η1 +η2 ) .

(4.37)

Therefore, this solution indeed describes a black ring. This solution, in
slightly different coordinates, was first shown to describe a black ring in
[113].

4.3.2

D = 6 Ricci-flat metric

Using the reduction ansatz (93) to lift the solution (4.9) to six dimensions
yields
ds26

√
U4 
4Q4 y 2
U1 U2 
4Q3 x 2
= −√
dt+
dψ +
dz +
dϕ
h4 (y)
U3
h3 (x)
U1 U2
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h

1
1
H(y) 2 
2
√
dy
−G(y)dψ
−
α2 (x−y)2 U4 U1 U2
G(y)
i
 H(x)
p
2
2
,
+U3 U1 U2
dx +G(x)dϕ
G(x)
√
4Q1 x
U2
4Q2 y
B̂ =
dϕ∧dz +
dt∧dψ ,
e 2 φ1 =
.
h1 (x)
h2 (y)
U1
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+

(4.38)

As in the five-dimensional case, it is subtle to take the Ricci-flat limit of this
solution by setting Q1 = Q2 = 0 = q1 = q2 , since information is lost upon
setting Q1 = Q2 and then q1 = q2 . However, this can be remedied by first
taking the specialization
qi = −µs2i ,

Qi = µsi ci ,

si = sinh δi ,

ci = cosh δi ,

i = 1, 2.
(4.39)

Then setting si = 0 and renaming the integration constants yields
G(ξ) = (b0 +b1 x)h3 (ξ)h4 (ξ)+

16Q24 h3 (ξ) 16Q23 h4 (ξ)
+
.
q43 (q3 −q4 ) q33 (q4 −q3 )

(4.40)

This expression can also be obtained by inserting the form of the solution
(4.38) directly into the equations of motion. Redefining (b0 , b1 ) appropriately
results in

4Q4 y 2 1 
4Q3 x 2
ds26 = −U4 dt+
dψ +
dz +
dϕ
h4"(y)
U3
h3 (x)
1
H(y) 2 
1
2
+ 2
−G(y)dψ
−
dy
α (x−y)2 U4
G(y)
#
 H(x)

+U3
dx2 +G(x)dϕ2 ,
G(x)
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16Q24 h3 (ξ)ξ 2 16Q23 h4 (ξ)ξ 2
+
. (4.41)
q4 (q3 −q4 )
q3 (q4 −q3 )

Taking qi → 1/qi and then shifting (x, y) so that U4 (x, y) = y/x enables
one to redefine parameters such that the metric can be written as
2 x+q 

y
Q3
3
dt+Q4 y −1 dψ +
dz +
dφ
x
y+q3
x+q3

1 h x
H(y)
2
2
+
−
G(y)dψ
+
dy
(x−y)2
y
G(y)
i
y+q3  H(x) 2
+
dx +G(x)dφ2 ,
x+q3 G(x)

ds2 = −

(4.42)

where
G(ξ) = (c0 +c1 ξ)ξ(ξ +q3 )+q3−1 Q23 ξ −q3−1 Q24 (ξ +q3 ) ,

H(ξ) = ξ(ξ +q3 ) .
(4.43)

Note also that the q4 parameter is also trivial and can be absorbed. Curvature
singularities occur at x = ±∞, y = ±∞, x = 0 and y = −q3 . We can express
G(ξi ) = −µ2 (ξ −ξ0 )(ξ −ξ1 )(ξ −ξ2 ) ,

(4.44)

where ξ0 = −η02 < 0 and ξi = ηi2 (i = 1, 2) with η2 > η1 . In this parametrization, we have
Q4 = µη0 η1 η2 ,

q
Q3 = µ (η02 −q3 )(η12 +q3 )(η22 +q3 ) .

(4.45)

We can consider the coordinate ranges x ∈ [ξ1 , ξ2 ] and y ∈ [ξ0 , ξ1 ] so that
G(x) ≥ 0 and G(y) ≤ 0. Next, we make coordinate transformations
p
p
2η0 η2 η12 +q3
2η1 η12 +q3
t → t+ 2 2 2 2 φ1 ,
ψ = 2 2 2 2 φ1 ,
(η0 +η1 )(η2 −η1 )µ
(η0 +η1 )(η2 −η1 )µ

CHAPTER 4. TRI-DIPOLE BLACK RINGS IN SUPERGRAVITY

103

p
p
2η1 (η02 −q3 )(η22 +q3 )
2η1 η02 −q3
φ2 , φ = 2 2 2 2 φ2 . (4.46)
z → z−
(η02 +η12 )(η22 −η12 )µ
(η0 +η1 )(η2 −η1 )µ
In the new coordinates, the absence of conical singularities at x = ξ1 and
x = ξ2 requires that
∆φ2 = 2π = ∆φ1 .

(4.47)

The absence of a conical singularity at x = ξ2 implies that ∆z = 2π. The
horizon is located at y = ξ0 . The asymptotic region x = ξ1 = y has the
geometry (Mink)5 ×S 1 , where S 1 corresponds to the z direction. The horizon
topology is S 3 × S 1 , where the S 1 lies along the φ1 direction and the S 3
corresponds to the (x, φ2 , z) directions.
In order for the asymptotic region to have the geometry (Mink)6 instead
of (Mink)5 ×S 1 , we need to decompactify the z direction, by taking Q3 = 0,
which corresponds to setting q3 = η02 . One can then attempt to avoid a
conical singularity at x = ξ1,2 by taking the periodicity condition ∆φ2 = 2π.
However, it turns that this requires that q3 = 0, and so a conical singularity
cannot be avoided.
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Global properties and thermodynamics
of black rings
Black rings with triple dipole charges

We shall now study the global structure of black rings that carry three dipole
charges and obtain the first law of thermodynamics. As it is written in (4.9),
the local solution is over-parameterized. It is advantageous to make the
reparametrization
ei
1
Q̃4
Q
,
Q
=
−
, i = 1, 2, 3,
(4.48)
, Qi = −
4
q̃4 + q̃i
4(q̃4 + q̃i )2 ζ
4q̃42 ζ
p
where ζ = q̃4 (q̃4 + q̃1 )(q̃4 + q̃2 )(q̃4 + q̃3 ), followed by the coordinate transforqi =

mation
x = x̃− q̃4 ,

y = ỹ− q̃4 ,

ϕ = ζ ϕ̃ ,

ψ = ζ ψ̃ .

(4.49)

We then drop the tilde and redefine hi (ξ) as
hi (ξ) ≡ ξ +qi ,

i = 1, 2, 3 ,

(4.50)

and h4 (ξ) = ξ. It turns out that the Ui are given by the same expressions as
before, namely
Ui =

hi (y)
,
hi (x)

U = U1 U2 U3 .

(4.51)

The scalar fields and gauge potentials are now given by
2

~bi ·φ
~

e

U3
= 2,
Ui

Ai =

Qi
dϕ ,
hi (x)

i = 1, 2, 3.

(4.52)
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The metric can now be written as
 y

1
ds25 = U − 3 − (dt+Q4 y −1 dψ)2 +ds24 ,
x
hx
1
H(y) 2 
2
ds24 =
−G(y)dψ
−
dy
(x−y)2 y
G(y)
 H(x)
i
+U
dx2 +G(x)dφ2 ,
G(x)

(4.53)

(4.54)

where
H(ξ) = ξ h1 (ξ)h2 (ξ)h3 (ξ) ,

Q22
Q21
+
G(ξ) = H(ξ) b0 +
q1 (q1 −q2 )(q1 −q3 )h1 (ξ) q2 (q2 −q1 )(q2 −q3 )h2 (ξ)
Q24 
Q23
−
.
(4.55)
+
q3 (q3 −q1 )(q3 −q2 )h3 (ξ) q1 q2 q3 ξ
An advantage of this parameterization is that q4 drops out from the solution
completely. We have also set α = 1 without loss of generality.
We are now in the position to study the global structure of the solution.
The asymptotic region is located at x = y. Curvature singularities arise
when either hi (x) or hi (y) vanishes or when either x or y diverges. Thus,
we should arrange that the ranges of the coordinate x and y are confined to
intervals that are specified by adjacent roots of G(ξ), within which the hi (ξ)
are non-vanishing. It is therefore more convenient to express G(ξ) in terms
of four roots, namely
G(ξ) = −µ2 (ξ −ξ1 )(ξ −ξ2 )(ξ −ξ3 )(ξ −ξ4 ) .

(4.56)
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Here we let b0 = −µ2 < 0. The charge parameters Qi and Q4 can be expressed
in terms of µ and the four roots as
Q2i = µ2 (qi +ξ1 )(qi +ξ2 )(qi +ξ3 )(qi +ξ4 ) ≥ 0 ,
Q24 = µ2 ξ1 ξ2 ξ3 ξ4 ≥ 0 .

(4.57)

As with the Ricci-flat metrics discussed in the previous section, the signs
of G(x) ≥ 0 and G(y) ≤ 0 should be such that the metric has the proper
signature. Without loss of generality, we consider x ∈ [ξ3 , ξ4 ] and y ∈ [ξ2 , ξ3 ].
The reality of Q4 leads to two possibilities. The first one is where 0 <
ξ1 < ξ2 < ξ3 < ξ4 . After a careful analysis, we find that the absence of naked
curvature power-law singularities, together with the reality condition on Qi ,
implies that the solution has an unavoidable naked conical singularity. This
conclusion may not be too surprising, given that we would otherwise have
a rotating black hole without an ergo-region. The natural location of the
ergo-region is y = 0, which leads to the second case, for which
ξ1 < ξ2 < 0 < ξ3 < ξ4 .

(4.58)

This ensures that the ergo-region at y = 0 lies in the range y ∈ [ξ2 , ξ3 ]. The
metric has no naked power-law curvature singularities provided that
hi (x) > 0

for

x ∈ [ξ3 , ξ4 ] ,
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for

y ∈ [ξ2 , ξ3 ] .
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Now we ensure that the solution does not have conical singularities. The null
Killing vectors with unit Euclidean surface gravity at x = ξ3 and x = ξ4 are
given by
`x=ξ3 = α3 ∂φ ,

`x=ξ4 = α4 ∂φ ,

(4.60)

where
p
2 ξ3 (ξ3 +q1 )(ξ3 +q2 )(ξ3 +q3 )
,
α3 =
µ2 (ξ3 −ξ1 )(ξ3 −ξ2 )(ξ4 −ξ3 )

p
2 ξ4 (ξ4 +q1 )(ξ4 +q2 )(ξ4 +q3 )
α4 =
.
µ2 (ξ4 −ξ1 )(ξ4 −ξ2 )(ξ4 −ξ3 )
(4.61)

The absence of conical singularities then requires that α3 = α4 . This condition and (4.59) can be shown to be simultaneously satisfied for the appropriate choice of parameters. As an example, consider ξ1 = −2, ξ2 = −1, ξ3 = 1
and ξ4 = 2, for which the absence of conical singularities requires
(q1 +2)(q2 +2)(q3 +2)
= 1.
2(q1 +1)(q2 +1)(q3 +1)

(4.62)

This can be solved, for example, with q1 = 2, q2 = 3 and q3 = 4. All the
qi ≥ −2, so that Qi ≥ 0, hi (x) > 0 and hi (y) > 0. Thus, there are no
singularities in the region of interest.
Once we have established that α3 = α4 and that the charge parameters
Qi are real, there are no further conditions on the parameters. The absence
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of a conical singularity at y = ξ3 tells us the appropriate period for the
coordinate ψ, and the horizon condition gives the temperature and entropy.
However, the algebraic expression for α3 = α4 is rather complicated to solve,
which means that quantities such as mass, charges and temperature can be
quite complicated.
To proceed, it is convenient to rewrite the roots as
ξ1 = −η12 ,

ξ2 = −η22 ,

ξ3 = η32 ,

ξ4 = η42 ,

(4.63)

with η1 > η2 > 0 and η4 > η3 > 0. The avoidance of naked conical singularities requires that
p
η4 (η12 +η32 )(η22 +η32 ) (q1 +η42 )(q2 +η42 )(q3 +η42 )
p
= 1.
η3 (η12 +η42 )(η22 +η42 ) (q1 +η32 )(q2 +η32 )(q3 +η32 )

(4.64)

We define a new set of coordinates, given by
Q4 a
φ = a φ2 ,
ψ = a φ1 ,
t → t− 2 φ1 ,
η3
p
2
2
2
2η3 (q1 +η3 )(q2 +η3 )(q3 +η3 )
a=
.
µ2 (η12 +η32 )(η22 +η32 )(η42 −η32 )

(4.65)

Then the periods of φ1 and φ2 are both 2π. Note that the shift in t ensures
that only the spatial coordinate φ1 collapses to zero size at y = ξ3 , and hence
we avoid naked closed timelike curves (CTC’s).
On the horizon at y = ξ2 , the null Killing vector is
` = ∂t +Ω+ ∂φ1 ,

Ω+ =

η22 η32
.
a(η22 +η32 )Q4

(4.66)

CHAPTER 4. TRI-DIPOLE BLACK RINGS IN SUPERGRAVITY

109

The (Euclidean) surface gravity is given by
κ2 = −

µ4 η22 η32 (η12 −η22 )2 (η22 +η42 )2
.
4(q1 −η12 )(q2 −η22 )(q3 −η32 )Q24

(4.67)

For the solution to describe a black object with a horizon, we must have
κ2 < 0. It is worth checking that this condition can indeed be satisfied. As
an example, we take
ξ1 = −2 ,

ξ2 = −1 ,

ξ3 = 1 ,

ξ4 = 4 .

(4.68)

An acceptable set of qi with i = 1, 2, 3 must satisfy (4.64) and all have
qi > −2. Such solutions do in fact exist; for instance,
q1 = 37 ,

q2 = 94 ,

q3 =

68971
27389

.

(4.69)

For this choice of parameters the Qi are real, hi (x) and hi (y) are positive
definite in the regions of concern, κ2 < 0 and χ is real. Thus, a well-behaved
black ring exists. The temperature and entropy are given by
p
π 2 a2 Q4 (η42 −η32 ) (q1 −η22 )(q2 −η22 )(q3 −η22 )
κ
T =
,
S=
.
2π
η2 η33 (η22 +η42 )

(4.70)

When η1 = η2 , the temperature vanishes, corresponding to the extremal
limit.
The asymptotic region is located at x = ξ3 = y. To see this, we make the
coordinate transformation
√
x−ξ3
= b r cos θ ,
x−y

√

ξ3 −y
= b r sin θ ,
x−y
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µ2 (η12 +η32 )(η22 +η32 )(η42 −η32 )
,
4η32 (η32 +q1 )(η32 +q2 )(η32 +q3 )
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and then we take r → ∞. The asymptotic geometry is five-dimensional
Minkowski spacetime, with the metric written as
ds25 = −dt2 +dr2 +r2 (dθ2 +sin2 θdφ21 +cos2 θdφ22 ) .

(4.72)

From the asymptotic falloffs of the metric, we can read off the ADM mass
and the angular momenta as
M=

1
1
1 
π 3
−
−
−
,
8b2 η32 η32 +q1 η32 +q2 η32 +q3

(4.73)

and
Jφ1 =

πaQ4
,
4b2 η34

Jφ2 = 0 ,

(4.74)

respectively. The dipole charges are given by
Di =

1
8

Z
Fi =

1
πaQi
4



1 
1
.
−
qi +η32 qi +η42

(4.75)

The only quantities left to determine are the dipole potentials ΦDi , which
i
requires the dualization of Aiµ to Bµν
. Since Fi ∧Fj = 0, we do not need to

worry about the F F A term in the Lagrangian when performing the dualization. We find
~ ~

ebi ·φ ∗Fi =

aQi
dt∧dφ1 ∧dy ,
(y+qi )2

Bi = −

aQi
dt∧dφ1 .
y+qi

(4.76)
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The 2-form potential difference between the horizon and the asymptotic region is then given by
ΦDi = aQi



1 
1
.
−
qi −η22 qi +η32

(4.77)

Having obtained all of the thermodynamic quantities, it is straightforward
to verify that the first law of the thermodynamics,
dM = T dS +Ω+ dJφ1 +

3
X

ΦDi dDi ,

(4.78)

1
Φ D
2 Di i

(4.79)

i=1

is obeyed. The Smarr formula is given by
M = 32 T S + 32 Ωφ1 Jφ1 +

3
X

.

i=1

Interestingly enough, the Smarr formula is actually valid even without imposing the condition (4.64) that ensures the absence of naked conical singularities.
After performing the various changes of variables discussed in this section, the solution can be written in terms of the eight parameters: µ, qi
and ηI , where i = 1, 2, 3 and I = 1, . . . , 4. However, the solution is overparameterized by two trivial parameters. While the µ parameter can be
absorbed by a “trombone” scaling of the metric and other fields, the second extra parameter is more subtle. Although the five-dimensional theory
has only two scalars, the solution has three scalar charges qi , one of which
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is therefore trivial. Thus, removing µ and q3 , we are left with six nontrivial parameters: q1 , q2 and ηI . After imposing the condition (4.64) to avoid
naked conical singularities, we are left with five parameters associated with
the mass, one non-vanishing angular momentum, and three dipole charges.
These dipole black rings were first found in [116].
The horizon geometry has the metric
ds23

 (x+q )(x+q )(x+q )  13 h
(q1 −η22 )(q2 −η22 )(q3 −η32 ) x
1
2
3
=
dx2
(q1 −η22 )(q2 −η22 )(q3 −η22 )2
µ2 (x+η12 )(x+η22 )3 (η42 −x)(x−η32 )
a2 µ2 (q1 −η22 )(q2 −η22 )(q3 −η32 )(x+η12 )(η42 −x)(x−η32 ) 2
+
dφ2
(x+q1 )(x+q2 )(x+q3 )(x+η22 )
a2 Q24 (η22 +η32 )2 2 i
+
dφ1 .
(4.80)
η22 η34 x

Since x ∈ [η32 , η42 ], it is clear that the horizon topology is S 2 ×S 1 . With nonvanishing dipole charges, the black ring solution does not have a limit with
a spherical horizon.
The black ring solution has an Extremal Vanishing Horizon (EVH) case
for which the near-horizon geometry has an AdS3 factor and is contained
within the large class of near-horizon geometries that have been studied and
classified in [136, 137, 138]. According to the proposed EVH/CFT correspondence, there is a two-dimensional CFT description of the low-energy
excitations of the black ring in this case [139].
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Electrically-charged black rings and naked CTC’s

We shall now study the global structure of the black ring solutions with three
dipole charges and three electric charges, which was obtained in section 2.2.
Note that these solutions generalize those found in [122], for which only two
out of the three dipole charges were independent parameters.
As before, it is convenient to make the reparametrizations (4.48) and the
coordinate transformations (4.49). Furthermore, we make a redefinition of
the time coordinate,
t = t̃−

s c c Q
e c1 s 2 c3 Q
e 2 c1 c2 s 3 Q
e 3 s1 s2 s3 Q
e4 
1 2 3 1
+
+
+
ϕ̃
q̃4 + q̃1
q̃4 + q̃2
q̃4 + q̃3
q̃4
c s s Q
e 2 s 1 s 2 c3 Q
e 3 c1 c2 c3 Q
e4 
e s 1 c2 s 3 Q
1 2 3 1
+
+
+
ψ̃ . (4.81)
+
q̃4 + q̃1
q̃4 + q̃2
q̃4 + q̃3
q̃4

We may now drop the tilde, and redefine hi (ξ) as in (4.50). The functions
Hi take the same form, namely
 yU 2 
Hi = 1+ 1− i s2i ,
xU

(4.82)

where Ui and U are given by (4.51). The scalar fields retain the same form
given by (4.15). The metric is now given by
ds25 =

 y

1
2
2
−
(dt+ω)
+H
H
H
ds
1 2 3
4 ,
U 1/3 (H1 H2 H3 )2/3
x

where ds24 is precisely the same as (4.54) and ω is
ω = −

s c c Q c s c Q c c s Q s s s Q 
1 2 3 1
1 2 3 2
1 2 3 3
1 2 3 4
+
+
+
dϕ
h1 (x)
h2 (x)
h3 (x)
x

(4.83)
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c s s Q s c s Q s s c Q c c c Q 
1 2 3 2
1 2 3 3
1 2 3 4
1 2 3 1
+
+
+
dψ .
+
h1 (y)
h2 (y)
h3 (y)
y

114
(4.84)

The gauge potentials are
A1 =

s1 c1  U1 U4 
1−
dt+
H1
U2 U3
1  c1 c2 c3 Q1 s1 s2 c3 Q2 U1 U4 s1 c2 s3 Q3 U1 U4 c1 s2 s3 Q4 
+
+
+
+
dϕ
H1
h1 (x)
U3 h2 (y)
U2 h3 (y)
x
1  s1 s2 s3 Q1 U4 c1 c2 s3 Q2 c1 s2 c3 Q3 s1 c2 c3 Q4 U1 
−
+
+
+
dψ, (4.85)
H1 U2 U3 h1 (x)
h2 (y)
h3 (y)
U2 U3 x

with A2 and A3 being obtained from A1 by cycling the indices 1, 2 and 3
on all quantities appearing in (4.85). Note that, aside from the coordinate
transformations and reparametrizations, the Ai obtained above are related
to those in (4.16) by gauge transformations.
It is of interest to note that the dipole charges are magnetic and are
associated with the (x, ϕ) directions. Adding the electric charges has the
effect of producing angular momentum in the ϕ direction as well. However,
this also has the undesirable side effect of producing naked CTC’s. To see
this explicitly, it is useful to note that ds24 is identical to that in the previous
subsection and G(ξ) can be expressed by (4.56) with (4.58). The null Killing
vector associated with the collapsing circles at x = ξ3 and x−ξ4 are given by
`x=ξ3 = α3 ∂φ +β3 ∂t ,

`x=ξ4 = α4 ∂φ +β4 ∂t .

(4.86)
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The absence of CTC’s requires that
β3
β4
=
,
α3
α4

(4.87)

in which case we can shift t → t+γφ, for an appropriate constant γ, such that
the null Killing vectors do not involve the newly-defined time. For black rings
with dipole charges but no electric charges, β3 = 0 = β4 and hence there are
no naked CTC’s. By contrast, we find that for black rings with both dipole
and electric charges, the condition (4.87) cannot be satisfied and the solutions
have naked CTC’s. This parallels the situation for the five-dimensional black
hole solutions studied in [140], for which naked CTC’s appeared when the
electric charges were nonvanishing. Turning on two independent angular
momenta might result in black ring solutions with dipole and electric charges
but without naked CTC’s.

4.4.3

In background magnetic fields

We shall now consider some of the global properties of the solution with
external magnetic fields, with the metric (4.18). This solution asymptotes to
a five-dimensional Melvin fluxbrane, which is a higher-dimensional analog of
Melvin’s four-dimensional flux tube solution and describes the self-gravity of
the background magnetic fields [134].
We use the same parameterizations as in section 4.1, with G(ξ) given by
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(4.56) and with the coordinate ranges x ∈ [ξ3 , ξ4 ] and y ∈ [ξ2 , ξ3 ]. In order
to avoid a conical singularity in the (x, φ) subspace, we must have
3
Y
i=1

ξ4 +qi +Bi Qi (ξ4 −q4 )
ξ3 +qi +Bi Qi (ξ3 −q4 )

s

ξ3 +qi
ξ4 +qi

!
=

(ξ4 −ξ1 )(ξ4 −ξ2 )
(ξ3 −ξ1 )(ξ3 −ξ2 )

s

ξ3
,
ξ4

(4.88)

along with the appropriate periodicity for ψ.
First consider the case where 0 < ξ1 < ξ2 < ξ3 < ξ4 . While it is not
possible to satisfy the condition (4.88) and the reality condition on the charge
parameters Qi at the same time for vanishing Bi , both conditions can be
satisfied simultaneously when the Bi are turned on. A sample solution is
given by
B1 = −1 ,
µ = 0.2 ,

B2 = −2 ,
q2 = 1 ,

B3 = −3 ,
q3 = 1.5 ,

ξ1 = 1 ,

q4 = 2.5 ,

ξ2 = 2 ,

ξ3 = 3 ,

q1 = 2.09789 .

ξ4 = 4 ,
(4.89)

Thus, at the expense of altering the asymptotic geometry, turning on background magnetic fields can have the effect of removing conical singularities
for black rings, in much the same way as it does for Ernst solutions [141, 131].
Background magnetic fields also enable us to have multiple branches of
solutions. For instance, in the case where ξ1 < ξ2 < 0 < ξ3 < ξ4 with
vanishing Bi , a sample solution is given by
ξ1 = −2 , ξ2 = −1 , ξ3 = 1 , ξ4 = 2 , q1 = 2 , q2 = 3 , q3 = 4 .

(4.90)
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Note that if only q1 were to be left unspecified then the condition (4.88)
would uniquely determine its value in terms of the other parameters. On the
other hand, for nonvanishing Bi , sample solutions are given by
B1 = 1 ,

B2 = 2 ,

µ = 1,

q2 = 2 ,

B3 = 3 ,
q3 = 3 ,

ξ1 = −2 ,
q4 = 4 ,

ξ2 = −1 ,

ξ3 = 1 ,

ξ4 = 2 ,

q1 = 2.03367 or 0.975202 . (4.91)

Due to the presence of the Bi , using the condition (4.88) to solve for q1 in
terms of the other specified parameters yields two different solutions, both
of which satisfy the reality condition on the charge parameters Qi .

4.5

Conclusions

We have constructed black ring solutions in five-dimensional U (1)3 supergravity, carrying three independent dipole charges, three electric charges and
one non-vanishing angular momentum. We have also presented black ring solutions with three background magnetic fields. These various solutions have
been obtained by lifting the Euclidean C-metric solution of four-dimensional
ungauged STU supergravity [133] to five dimensions on a timelike direction,
and then using solution-generating techniques involving dimensional reductions to add electric charges or background magnetic fields. We find that
adding the electric charges gives rise to black rings with naked CTC’s.

CHAPTER 4. TRI-DIPOLE BLACK RINGS IN SUPERGRAVITY

118

We expect that the solutions without the background magnetic fields
should arise as special cases of the black ring solutions obtained in [128] if
one of the angular momenta is set to zero. We have expressed this specialization in a form that is sufficiently compact that its various physical
properties can be investigated explicitly. In particular, its global structure
has been analyzed and the conditions determined in order for conical singularities and Dirac string singularities to be absent. Expressions for its
mass, dipole charges, electric charges and angular momentum have been obtained, as well as the temperature and entropy. Moreover, we have analyzed
the thermodynamics, finding that the Smarr formula is obeyed regardless of
whether or not conical singularities are present. By contrast, the first law of
thermodynamics is obeyed only in those cases where conical singularities are
absent.
The four-dimensional Ernst-like generalization of the C-metric solution
obtained in this chapter can be Wick rotated to a Euclidean instanton that
describes the pair creation of black holes in magnetic fields. This generalizes the one-parameter family of instantons in [142, 143, 131] to multiple
parameters. This substantially enhances the families of explicit examples for
the creation of maximally entangled black holes, which have recently been
proposed to be connected by some kind of Einstein-Rosen bridge [144].
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The exact time-dependent C-metric solution constructed in [145] can be
embedded in STU supergravity which, in the ungauged limit, can be lifted
to five dimensions. It would be interesting to analyze the global structures
of these five-dimensional solutions, especially with the prospect of finding
time-dependent black rings.
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A. Dimensional Reduction Ansatz in D= 4, 5,
6
We present the Kaluza-Klein dimensional reductions that have been used to
relate the four-dimensional C-metrics with the five-dimensional black ring
solutions, as well as for the purposes of generating electric charges and background magnetic fields. We start with the D = 6 theory whose Lagrangian
is given by
√

2
1
1
e−1
6 L6 = R6 − 2 (∂φ1 ) − 12 e

2φ1

Ĥ 2 ,

(92)

where Ĥ = dB̂. Consider the reduction ansatz
ds26 = e

− √1 φ2
6

ds25 +e

√3 φ2
6

(dz +A3 )2 ,

B̂ = B +A1 ∧dz ,

(93)

where
~

F2 = e−b2 ·φ ∗H ,

H = dB −A1 ∧A3 .

(94)

This yields the Lagrangian for the bosonic sector of five-dimensional U (1)3
supergravity, given by
e−1
5 L5

=

~ 2− 1
R5 − 21 (∂ φ)
4

3
X

~ ~

ebi ·φ F̂i2 +LF F A ,

(95)

i=1

~ = (φ1 , φ2 ) and the dilaton vectors ~bi are given by
where φ
√
~b1 = ( 2, − √2 ) ,
6

√
~b2 = (− 2, − √2 ) ,
6

~b3 = (0, √4 ) ,
6

(96)
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which obey
3
X

~bi ·~bj = 4δij − 4 ,
3

~bi = 0 .

(97)

i=1

Next, we perform a dimensional reduction to the four-dimensional U (1)4
theory.2 Reducing on a spacelike direction with the metric ansatz
− √1 φ3

ds25 = e

3

ds24 +e

√2 φ3
3

(dz +A4 )2 ,

(98)

yields
e−1
4 L4

=

~ 2− 1
R4 − 21 (∂ φ)

4
X

4

~

e~ai ·φ F̂i2 ,

(99)

i=1

~ = (φ1 , φ2 , φ3 ). The dilaton vectors ~ai are given
where we are now taking φ
by
√
~a4 = (0, 0, − 3) ,

~ai = (~bi , √13 ) ,

(100)

and they satisfy the conditions in (4.3).
Alternatively, we can reduce on the timelike direction with the metric
ansatz
ds25 = e

− √1 φ3
3

ds24 −e

√2 φ3
3

(dt−A)2 ,

(101)

which gives
e−1
4 L4
2

=

~ 2− 1
R4 − 12 (∂ φ)
4

3
X
i=1

1
~
~
e~ai ·φ F̂i2 + e−~a4 ·φ F 2 .
4

(102)

Note that we are truncating out the three axions that would arise in the reductions of
the three five-dimensional gauge fields. This truncation is consistent with the equations
of motion provided that we restrict our attention to solutions for which F i ∧F j = 0.
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If we perform a Hodge dualization on the Kaluza-Klein vector, namely
~

e−~a4 ·φ ∗F = F4 ,

(103)

then the kinetic term changes sign and the four-dimensional Lagrangian can
be expressed in the more symmetric form given by (99).

B. Solution generating techniques
There are several classic solution generating techniques in GR and string
theory. There are two of them that are frequently used in this thesis: KaluzaKlein (KK) reduction and string dualities. We review them below.

B1. Kaluza-Klein reduction
Originally KK reduction was proposed as a way of unifying GR and electromagnetic force into a 5-dimensional gravity theory. Though the requirement
of a nontrivial scalar renders this proposal implausible to direct phenomenology, it has become an important tool in string theory and higher-dimensional
gravity theories. Here we review the simplest case of KK reduction by compactifying (D+1)-dimensional GR on an S 1 cycle. The 5d theory contains
only gravitational field and the equation of motion is
R̄µν = 0,

(104)
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where here and hereafter we refer to D+1 dimensional fields with bars and
D-dimensional fields with no bars. Impose the condition that the solution is
an S 1 -bundle, and the solution ansatz can be written as
ds̄2D+1 = e2aφ ds2D +e2bφ (dz +Aµ dxµ )2 .

(105)

z is the S 1 coordinate and xµ (µ ∈ {0, 1, 2, D−1}) is the D-manifold coordinate. Also note that the D-dimensional fields (the metric, gauge field and
scalar) only depend on xµ . The higher-dimensional EOM can be rewritten
as
R̄µν
R̄µz
R̄zz



1
1
= e
Rµν − ∂µ φ∂ν φ−aηµν φ − e−2Daφ F 2
2
2

1 (D−3)aφ ν −2(D−1)aφ
e
∇ e
Fνµ
=
2
1
= (D−2)ae−2aφ φ+ e−2Daφ F 2 ,
4
−2aφ

(106)

with
1
,
a= p
2(D−1)(D−2)

b = −(D−2)a .

(107)

Therefore the higher-dimensional EOM become that of the lower dimensional
theory with additional field content. An important fact is that, in order to
make the reduction consistent, (107) has to be satisfied. In application, when
a theory can be viewed as KK reduction from a higher-dimensional theory
it is called a KK theory. Also note that the example can be generalized to
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i) adding extra fields to the original theory and ii) replacing the S 1 with
other manifolds. The latter is usually quite complicated when the compact
manifold has nontrivial higher homology groups (i.e. S n ).

B2. String dualities
String theory has some unique and intrinsic dualities which relate two different string theories. Among them, T-duality is a very powerful tool to
generate solutions. If we assume the spacetime background has a compact
S 1 dimension, then by exchanging the Kaluza-Klein momentum with the
winding mode and reversing the S 1 radius one can leave the string state
spectrum intact. It therefore exchanges one string theory with a bigger cycle
to another one with smaller cycle. From the spacetime point of view, this
transformation changes the metric, gauge fields and scalars if they depend
on the S 1 direction. In this thesis we will mostly consider T-duality in type
II theories which exchanges IIA and IIB and swaps various field contents.
As low energy effective theory of string theory, the corresponding SUGRA’s
also inherit T-duality. One then can apply T-duality to a solution that has
a S 1 direction and obtain another solution in dual theory. When there are
more than one S 1 cycles in the original solution, one can extend this program
further by adding an SL(n, R) transformation, where n is the total number of
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S 1 ’s. For example, if one starts with a solution of IIA SUGRA that has an T 2
submanifold, one can T-dualize to a solution in IIB, SL(2, R) transform and
then T-dualize back along a new S 1 direction to IIA. As a consequence, the
resultant solution automatically satisfies the EOM of IIA and are different
from the original one.
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