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Abstract

ON THE STOCHASTIC SEQUENTIAL AND NON-SEQUENTIAL
PRODUCTION PLANNING PROBLEM
by
Shivaji Rao
Adviser: Prof. George O. Schneller IV.
This dissertation examines a stochastic sequential and a non-sequential
capacitated production planning problem (Bitran and Yanasse,
Operations Research, 32, 5, 1984) where the demand of each period is
a continuous random variable. The stochastic non-sequential production
planning problem is at first examined with sequence independent and
then with sequence dependent set-up costs and the worst case error
determined when an approximate solution is obtained by solving the
deterministic equivalent. We prove in general that the worst case error
is not dependent on the nature of the set-up cost. Based on a result due
to Huang, Ziemba and Ben-Tal (Operations Research, 25, 2, 1977) we
identify a family of approximations for both the stochastic sequential
and the stochastic non-sequential production planning problem. We find
a problem which bounds the stochastic sequential problem of two period
from above: the upper bound coupled with Bitran and Yanasses®
(Operations Research, 32, 5, 1984) lower bound enable us to perform
worst-case analysis. Given uniformly distributed demand, this analysis
produces results with in 23% of optimality. Finally, we derive
conditions such that an order-up-to the service level policy is optimal
for the T-period stochastic sequential capacitated production planning

problem.
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INTRODUCTION

1.1 Nonsequential, Capacitated, Production Planning Problem

In a recent review of lot-sizing problems by (Bahl,Ritzman and Gupta,
1987), the authors note that future research must be directed to solve
more realistic lot-sizing problems. One of the issues, they refer to is
the incorporation of uncertainty (Stochastic Demand Distribution) and
they suggest the development of heuristics and approximations.

Further, they differentiate between the Uncapacitated and the Capacitated
Lot-size protlem. They contend, that since the Uncapacitated, single
product Lot-size problem is not NP-Complete, it is fairly tractable
(Bitran and Yanasse, 1982). The Wagner-Whitin Algorithm(1958), and

a number of heuristics, such as the, Lot-for-Lot, Modified EQQ,
Periodic Order Quantity, Least Unit Cost, Part Period Balancing and

the Silver and Meal (1973), perform well computationally.

The difficulty, they note, lies in developing reasonable solutions for the
stochastic and the deterministic version of the capacitated lot-size
production planning problem, because even the deterministic, capacitated
production lot-size problem is NP-Hard (Florian, Lenstra, Rinnooy Kan,
1980). The problem is however solvable in polynomial time for

special cost structures (Bitran and Yanasse, 1982). Approximations for
the more intractable, single and multiproduct, capacitated,
deterministic lot-size problem have recently been reported in the
literature (Bitran and Matsuo, 1986a, 1986b).
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The deterministic or the stochastic problem solved in the manner cited
above, has one major drawback, no effort is made to incorporate the
decision making behavior of the rational decision maker. It is
implicitly assumed that decisions are nonsequential in nature, which
obviously does not conform to the practical situation, where decisions

for each and every time period are revised as better forecasts for
demand are known. Thus to incorporate a realistic decision making
behavior, we differentiate between non-sequential and sequential
production planning problems. To summarize, our effort will focus on
solving the most intractable (but the most realistic) problem which is

the stochastic, capacitated, sequential, production planning problem.

To this end, its seems likely that no direct optimal solution procedires
are available, given the complex nature of these problems. A line of
research, which might be fruitful would be to examine the solution of
the nonsequential, capacitated, deterministic, production planning
problem as an approximation te the sequential, capacitated, stochastic,

production planning problem.

1.2 Sequential, Capacitated Production Planning Problem

The literature to date concentrates on solution procedures for the
uncapacitated,/capacitated, deterministic, production planning problem
{(Baker et al, 1978, Bitran and Yanasse, 1982, Bitran et al, 1984,
Bitran and Matsuo, 1986a, 1986b, Florian and Klein, 1971, Florian et
al, 1980, Jagannathan and Rao, 1973, Karmarkar et al, 1987,
Korgaonker, 1877, Love, 1973, Swoveland, 1975 and see (Bahl et al,
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1987) for other references)) and for the stochastic uncapacitated
problem, (see Schwarz (1981) for references). The stochastic
capacitated problems themselves have not often been addressed directly.
Bitran and Yanasse (1984), have developed good approximations for the
stochastic capacitated production problem where period demands are
famniliar random variables and production decisions are made non-
sequentially for T-time periods. For a particular class of sequential T-
period problems, Bitran and Yanasse produced tractable related
problems whose solution values were a lower and an upper bound to the
solution value of their stochastic, capacitated, sequential problem. The
upper bound was derived by solving a single period stochastic
capacitated problem on a rolling horizon basis, while the lower bound
was the solution to a linear deterministic equivalent problem. For a
specific typical numerical example, they found that the relative error of
the deterministic approximation to the stochastic problem was at most
3.5 %.

Exact algorithms for the sequential two-period and the T-period
problems have recently been reported in the literature: Birge (1985), El
Agiz'y (1967), and Everitt and Ziemba (1979): but for all cases at least
one of the random variables was assumed to be discrete. Since the
sequential problem is a stochastic non-linear programming problem,
other bounds and exact algorithms for variants of the problem have
recently appeared in the literature: Ben-Tal (1985), Ben-Tal and
Teboulle (1986), Ben-Tal and Teboulle (1987), Birge and Wets (1987),
For special cost structures of a two-stage stochastic program,
distribution-free upper and lower bounds have been found which can be
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made to converge to the optimal solution by evaluating them over finer
and finer partitions of the domains of the random variables, provided
that the objective functions are strictly convex on those random
variables: Ben-Tal and Hochman (1972), Huang, Vertinsky and Ziemba
(1977}, Huang, Ziemba and Ben-Tal (1977).

1.3 Worst-Case Analysis and developing performance bounds

Worst-Case Analysis of Heuristic and Approximations is motivated by
the recent work of Karp (1972, 1976) and Cook (1971) who crystallized
the growing impression that it is difficult if not impossible to devise
polynomial time algorithms for most combinatorial optimization
problems. A similar analysis is found in Karp (1986) as well.

Devising performance bounds for intractable problems, provides a
practical benefit only if they are evaluated for their efficiency. Natural
measures of bound efficiency are the relative error which is itself
bounded by the relative difference between the upper and the lower
bound. An alternative measure is a probability density function of the

relative error.

A review of the literature yields, a small sample of studies which
develop worst-case results of production planning approximations and
heuristics (Axsater, 1982, 1985, Bitran, Magnanti and Yanasse, 1984,
Bitran and Yanasse, 1984, Bitran and Matsuo, 1986a, 1986b).
Similarly bounds are developed exploiting the property of convexity of
of functions, over the domain of familiar linear operators (Huang et al,
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1977a, 1977b, Avriel and Williams, 1970, Madansky, 1960, Dantzig
. and Madansky, 1961).

1.4 Organization of the Dissertation

The purpose of this dissertation is to bridge the gap between the more
realistic (Stochastic) and the more tractable (Deterministic), versions
of the production planning problem. We shall investigate these problems
when they have variable capacity constraints and incorporate both
sequential and nonsequential decision making behavior. In the stochastic
problem, when we assume decisions are made sequentially, we exclude
fixed costs for set-up, and propose to determine a deterministic
equivalent. Given Uniform distribution the equivalent is robust and in
the worst case is found to produce results within 23% of optimality.

In addition we study a stochastic non-sequential production planning
problem, first with sequence independent and then with sequence
dependent set-up costs and determine the worst case error if an
approximate solution is obtained by splving the deterministic equivalent.
The approach is justified by noting that the literature is somewhat
sparse, containing a number of heuwristics and approximations.
Karmarkar, Kekre and Kekre (1987), did produce a number of heuristics
and approximations which solve the deterministic capacitated version in

polynomial time.

Further, we prove, that the worst case error is not dependent on the
nature of the set-up costs. We also prove that the stochastic version of

S




the non-sequential, single product, production planning problem of
(Karmakar, Kekre and Kekre, 1987) is an upper bound for a stochastic
production planning problem first introduced by Bitran and Yanasse
(1984), and the worst case behavior has an identical bound.

Based on a result due to (Huang, Vertinsky and Ziemba, 1977a, Huang,
Ziemba and Ben-Tal, 1977b), we identify a family of approximations
for the more intractable stochastic sequential, the stochastic non-
sequential production planning problemn of Bitran and Yanasse (1984)
and the Stochastic version of the problem suggested by Karmarkar,
Kekre and Kekre (1987). 1t is conjectured, since the approximations
are a consequence of the convexity of the holding cost (convex in > d),
that a family of approximations can be developed for problems with

more general cost structures with unaltered holding cost.

Finally, we derive conditions such that an order-up-to the service level
policy is optimal for the single period stochastic sequential capacitated
production planning problem. The nature of the policy is such that it is
‘myopic’ and does not consider cases when cost situations demand
production quantities in excess of the amount which merely satisfy the
service level requirements for the planning periods in question.
Further by induction, additional conditions are derived, and the results

extended to the T-period problem.




THE STOCHASTIC NON-SEQUENTIAL PROBLEM

2.1 Introduction

It is quite common in the classical economic literature to maximize the
expected utility or minimize the expected disutility, discounted to the
present, which is in effect a non-sequential approximation of a
sequential decision making process. In this chapter we concentrate on
two members of the familiy of non-sequential decision making

production problems.

At first we compare the stochastic version of the non-sequential, single-
product, production planning problem of Karmarkar et al (1987) with a

 stochastic production planning problem first introduced by Bitran and

Yanasse (1984).

Further, we determine a deterministic lower bound of the stochastic
version of the production planning problem of Karmarkar et al {(1987)
and analyze the worst case error If the solution is approximated using
the solution of the deterministic equivalent. The approach is justified
since a review of the literature yields a number of heuristics and
approximations which solve the deterministic capacitated version in

polynomial time (Karmarkar et al, 1987).




2.2 Notations for Chapter 2

v, the production cost per unit in period t.

o - production labor overtime cost per hour in period t.

h - holding cost per umit in period t.

X, - Units produced in period t.

It. - Units held in inventory from period t to t+1 (Stockouwt if It < 0)

LY - Max(l,,0)

a - Probability that stockout will occur in peried t.

O, - Overtime hours worked in period t.

Y - Demand in time period t.

C, - Regular labor hour capacity per period.

m - Labor hours required to produce one unit.

ﬁt - The number of units produced through period 1 throught to
achieve the mininum acceptable service level in period t (non-
sequential problem).

d, . - Cumulative demand for time period 1 through t.

£, - The probability density function of cumulative demand d, in
time period t.

F, - The cumulative distribution function for cumulative demand d, .

s, - The unit set-up cost for period t.

& - The sequence dependent reservation cost in period t.

g - The start-up cost in time period t.

Y, - The binary variable which signifies whether the machine is on
or off in time period t.

Zt - The binary variable which signifies whether the machine is

turned on or off in period t.




2.3 Problem Statements

2.3.1 Problem Statement I

In our first production planning problem, we make the following
assumptions: stochastic demand, non-sequential decision making
behavior, variable capacit'y limits on regular time production and more
significantly, the incorporation of sequence dependent and sequence
independent set-up costs. The assumption on set-up costs is significant
because it allows us to implicitly consider the situation, that it is
sometimes cost effective to reserve machines for production for a
successive period (Y,=1) eventhough no production is being undertaken
((6(Xt)=0) which satisfies constraint (6)), because the start-up costs of
time period t (qt) may be significantly greater than the sequence
dependent reservation costs of time period t (et). Further, we do not
include any stockout costs, because stockout costs are difficult to
estimate (Bitran and Yanasse, 1984) but instead consider a chance
constraint (costraint (2) } in our set of constraints. Thus we state the
first of our problems, where the problem and its optimal objective -
function value are denoted by (SP*) and v_(§£*1 respectively.

(SP™)

T t t
* +
viSP ) =MinE 2leY, +qZ) +h{(3X -S>y, +1,)+vX +
x Y 5 etT W TR e T et e T
+°tot)]
s.t.
m)(t-DtSCt t=1,2,...,T. (1)




t
SX +Ig2h Cot=1,2, e, T. (2)
k=1

Fh) = 1-a t=1,2,..,T. (2
Y = {1 if the machine is on in period t } (3)

t 0 if the machine is shut off

7 = {1 if the machine state changes from off to on in period t }
L =

0 otherwise (4)
Z,2Y,-Y, , (5)
Yt 2 6(Xt) &)

1ifX >0
a(X,) = t (7)
t {O otherwise}
Xt, Ot 2 (8)
X= {Xi’ X2 cemy XT} (8°)

The deterministic equivalent of {SP*) is (SP) and it is obtained by
replacing

t t
+ .
E d, ht(kgi(xk -y ) +1g) by ht(kglxk + Ig - p)s where p, is equal to

¢ ¢
E =SEly) =E ).
k%yk k§1 % t

2.3.2 Problem Statement Il (Bitran and Yanasse, 1984)

We consider the problem of determining production plans over T time

periods. Production can occur at any time period and demands are
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assumed to be stochastic with known distribution functions. Any demand
that ocours when the system is out of stock is backordered. Moreover,
in our second production planning problem we only consider sequence
independent set-up costs and do not consider the realistic situation that
it is sometimes cost effective not to turn off the machine at the end of a
production run, even though a production run is not scheduled for the
subsequent time period. Thus we present the second non-sequential
problem, where the problem and its optimal objective function value

are denoted by (SP) and v(SP) respectively.
t

+
v(SP) = Min E 2_ [ s t) + tht + otOt + ht( 2 (Xr‘_ dr) + IO) ]
X Nti= r=1{
s.t.
mX-O SC t=14,2,...,T (1)
EXk + IU t=14,2,...,T (2)
Ftut) =1- a, t=1,2,...,T (2%)
1 if X >0
5X,) = { }
t 0 otherw1se (7)

The deterministic equivalent of (SP) is (DF). It is again obtained by
replacing

t + t
E dtht (gi(xk- y) + 1) by ht(kgixk + 15 - p) 5 where p,

t
isequal to E 3y, .
=l

11




2.4 Relationship between v(SP) and v(SP")

Theorem 1: IF &, 2 s, then v(SP") 2 v(SP).

Proof: Let (X, O) be any choice of vectors feasible in (SP). Then it

is feasible in (SP*), because of constraints, (1), (2), (2°), (7) and (8).
But given a random choice of a feasible solution, and substituting in
(SP*) will result in an objective function value greater than in (SP)
because ‘1’t 2 6(Xt), which reflects the fact that in (SP*) an additional
cost is incurred even though no production is undertaken in period t.
Moreover the set up cost has a sequence dependent cost component
which is incurred at the time a production run is scheduled and the
machine is turned on. Therefore for given {5”(,?_')), feasible in (SP),

T T
2 Y, +q7Z)2 >s56X) fort=1,2,...,T. QED.
t=1 t=1

2.5 Deterministic equivalent of v(SP*)_

Theorem 2: v(SP*) 2 v({SP)
t t t

. + . : .
Proof: Since h, (kgka- y) + 1) is convex 1nk§1yk, andkgiyI< is a
random variable, then using Jensen’s inequality (Ross, 1976. p. 340)

SIEh (5 Syl 23 hG i
E:h OX +15h-2>y)] 2252 hSX +15-pu)
AT I A e I
t
where p, =k21E'. (y)- Q.E.D.
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2.6 Family of Approximations

We develop a sequence of approximations, by adopting a method due to
Huang, Ziemba and Ben-Tal (1977), who compute the weighted
average of a set of partial means, by subdividing the domain (a,b) of a
convex function ,¢{p) , corivex on random variable p, at arbitarary
points, /.10=E(p), and the result is stated as Theorem 3 of the
dissertation.

Theorem 3: (Huang, Ziemba and Ben-Tal, 1877)
(a) Suppose (a,b) is subdivided at arbitrary points dy, ..., d_, where a =
dy .. €d_=b. Let I"=3 ?“m a,6(8,), denote the m-fold

i=1

d, d,
genegeneralized Jensen bound, where @ = (1 dF(p) > 0, B; = a-lf *pdF (p)
d, d,
i-1 i-1

i=1, 2, ..., m. Then assuming that the partition corresponding to k+1
is at least as fine as that corresponding to k for k = 1, ..., m-1, we
obtain 30 =31 €72 . < 3™ <E ¢(p).

(b) Suppose (a,b) is subdivided n times on the basis of the partial means

ok
of the previous subintervals. Let Jk > i;% ckid)(pki), k=0,1, ..., n,
denote the generalized Jensen bound obtained from the kth subdivision.
Then J0 < J1 < J2 £...S Jn S E ¢{p), where c01=1, p01=yoand the
ith interval the kth subdivision is denoted by [aki’bki]’

by . by,
-k _ ki
o = fa de(p) > 0,y = fak;de(p) / €4 Where

b

ki
O, 241 = f dF(P >0end e o=/,

. &F6) > 0.

13




Following Theorem 3 we state a variant of our problem (SP), as
(SP;Jn), which is obtained by replacing the expected holding cost in (SP)
by its generalized Jensen bound Jn (illustrated in Theorem 4 as

well). Thus (SP;J ) is stated as:

(SP; Jn) v(SP;J Mm E [s 6(Xt) +v X + 0 Ot + Jn]

X t=1
t t
where J is calculated by letting ¢(p) = 2 -> yk) and
k=1 k=1
t
P=2 Y
=

Theorem 4: v(SP) 2 v(SP;Jn), e 2 wea 2 v(SP;Ji) 2 v(DP)

Proof: We simply illustrate our method of proof by evaluating one
candidate problem, say v(SP;J 1) because generating relationships for
all other terms in the inequality chain is a simple task of subdividing

the domain of the random variable p.
t t

If we now calculate J, by letting ¢(p) = hy{ 2 X +1g- z yk

t t
p=> Yieo and 2 Xk + I0 = Q then J1 is written as:
k=1

Jl = [fo t Yt d)’t] UU yt t )’t)d)’t/.rg ft(yt d)’t] +
Q Q Q
[f £ WA d)’t] -[f yift )’t)d)/t/,r f (Yt d)’t]
‘“t Hy Hy
Sy=3
where y. =E Sy, = S Ely,)
b ETk ek
and

14




T T
v(SP) 2 Min 3 [s,d(X) + v X, + 0,0, +Jy] 2 Min 2 [s,6(X,) + v X, +
X t=1 Xt=1

t
+0,0, + ht(kgixk + IO - ,utﬁ =v({DP) (9)

Thus in {9) we have generated a family of approximations which span
the continuum of values between the optimal objective function value of
problem (SP) and problem (DP) respectively. What remains is the
determination of the worst-case relative error of obtaining approximate
solutions to problems (SP) and (SP*) by solving their deterministic
equivalents (DP) and (SP) respectively. This is the focus of our

attention in section 2.7.

2.7 Relative Error Analysis of (SP)

The methodology of this section which will be used again in Chapter 3 is
closely related to the analysis of Bitran and Yanasse (1984).

Let (X, O, ¥, Z) be optimal in v(SP), which is also feasible in viSPT).
Then

T t t
* < o -
viSP ) <E {tzi e, Y, + qtzt +h, (kzixk + 15 -kﬁiyk)++ v X + Otbt) }

x e
Let v(SP ) - v(SP) =A, 4 2 pu, then
’ t 2 Xk+ID

T
Asg{h (F(zxk+10)-1)(§xk+10)+h (u, - fd (dt)ddt}

15




From Theorem 2 we have A 2 0; therefore in the event that both

problems are solved at the same feasible set points, the relative error
(r.e.), one would experience is the objective function value by using the
solution of SP to approximate the solution of SP, would be bounded as

follows:

r.e.' < A/v(SP*) € A/v(SP). (10)

If followmg Bitran and Yanasse (1984) one assumes, O,2 0,
Exk'HDZ’ ;Xk+10—1-r, g Y, 20,52 20,v, =vand
h = h = r.v we obtain {11).

Tt

r>(p -fdfd)dd)

t 2y t Dt tt t

re. £ T (11)
rt%(!t-pt)+!-r-lo

which is identical to the relative error bound of Bitran and Yanasse
(1984).

Remark: It is no coincidence that the relative error bounds of the
two stochastic non-sequential problems are identical, because in
obtaining A the terms containing the set-up costs drop out and thus we

make the observaticn that the worst-case error bound is independent of

the nature of the set-up cost.

16




THE APPROXIMATIONS TO THE
STOCHASTIC SEQUENTIAL PROBLEM

3.1 Introduction

As stated in Chapter 2, the stochastic non-sequential problem is an
approximation of the sequential decision making process, and an effort
is made to obtain optimal lot-sizes {or production quantities), which

minimize the long-run total cost.

In this chapter we show that a two-period stochastic capacitated
sequential production problem can be approximated by a quadratic
program from above and by.a linear program from below in the special
case where the demand random variables are distributed uniformly and
maximum demand bounds maximum capacity and that these
approximations yield optimal objective function values and that must be
quite close to the optimal objective function values of the optimal.
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3.2 Notations for Chapter 3

Vi - The production cost per unit in time peried t.

0, - The production labor overtime cost per hour in period t.
by - Holding cost per unit in period t.

Xt - Units produced in‘time period t.

I - Units held in inventory from period t to t+1.

LY - Max (1, 0)
- Probability that stockout will occur in time period t.

Ot; - Overtime hours worked in time period t.

Yy - Demand during time period t.

C, - Regular labor hour capacity per period.

Ct - Capacity limit on overtime hours in time period t.

m - Labor hours required to produce one unit.

A, - The number of units produced in period t to achieve the

minimum acceptable service level in time peried t.
¢, -The probability density function of demand for time period t.

F ¢ - The cumulative distribution function for demand y; for time
period t.

I;_y - Inventory at the beginning of time period t.

@, - Maximum inventory in time period t.
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3.3 Problem Statement

In problems (SP) and (SP*) {Chapter 2), we had assumed, stochastic
demand, nonzero set-up costs (both sequence dependent and sequence
independent setup costs), zero stockout costs and variable capacity
limits on regular time production. In additior: we had assumed non-
sequential decision making behavior. We alter some of these
assumptions (zero set-up costs, capacity limits on both regular time as

well as overtime production levels and sequential decision making
behavior) and attempt to solve a sequential production planning problem
First presented by Bitran and Yanasse (1984) where the problem and its
optimal objective function value are denoted by (S) and v(S)

respectively.

(S)  viS) =g,y

+
g,{n) =MinE {VX +h,[X;-y,]" +0,0 +g(I)}
10 X1y1|1011111 1=1 21

t
s vt
g, (I,_,) =MinE {vtxt + ht[gi(xk y 1T +00, +g, (It)}

X

)’t“

t-1
BTq () =0

subject to the constraints:

mX, - 0, < C, t=1,2, ., T. (1)
Prob[, <O 11, ]Se, t=1,2,..,T. (2)
O, Sc, t=1,2,..,T. (3)
L=l +% -y t=1,2,..,T. (4)




X.,0 20 t=1,2,..., T. (5)

A
Also given FA) =] Otft(yt) dy, =1-a (6)

If distribution functions qu demand are known, then constraints (2) and

(4) take the following form,

>§1+ Ig 2 xit_i (7)
gixk 2, +k21yk t=2, ..., T (8)

Since we assume zero stockout costs, an alternative formulation allows
us include service level requirements instead. The service level
requirements (}\t) for each period {unlike a cumulative service level
requirement (§) in the non-sequential problem) implicitly limits the
number of backorders which is a feature often desired by managers.

3.4 Deterministic version of problem (S5)

Upon substituting the expected values of the random variables ly,) in
problem (S), we obtain its deterministic version. For our
analysis in chapter 3 we limit our attention to the two-period problem

and thus we consider problem (D) for T=2:
_ _ 2 t
D v = Mggtzi [v,X, + ht[kzi(xk - E(yk))]+ +0,0,]

where X = { Xy X5 }-
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s.t.

Xy 2 X (9)
Xy +Xo 2 Ay +Elyy) (10)
ru)(t-OtSCt t=1, 2. (11)
Ot < G and Xt, Ot 2 0. t=1, 2. (12)

The following theorem, proven by Bitran and Yanasse (1984), shows that
the optimal value of Problem (D) bounds Problem (S) from below.

Theorem 5: v(D) £ v(S)

In fact, they prove the result for the more general situation of T time
periods: in brief the proof strategy relies on the fact that, if each stage
of the stochastic program is convex on the random variable y,, then it is
possible to repeatedly use the inequality of Avriel and Williams {1970):
( Ez Min f(X, z} = M;Q E, f(X, z) where all expectations and minima

exist).

For the assumptions of our simple formulation for (S), the stage
convexity conditions hold. With this, and the well known inequality of
Jensen, (given function ¢, convex in z, E'.zr,b(z) 2 ¢p(E(z))) the theorem is

derived. Note that D is solvable by linear programming.

An interesting extension is determining an upper bound of problem (S).
We consider a two-period problem where in, the expected cost of the
second planning period is evaluated with respect to random variable y 1
pnor to the minimization with respect of X2 Thus we consider problem
(D ) and it is stated as:
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o L+
D ) viD )= M)én {vi)(1 + 0101 + Eyillo hl[)'(1 yl] } +
1

. +
2

s.t.

X1 2 7\1 (13)
X1 +)‘(2 2}\2 fMax Y1 (14)
m)(t-C)tSCt t=1, 2. (159)
C)t < Cya Xt’ C)t 20 t=1, 2. (16)

Note the implicit assumption that yq is bounded. For any practical
decision making purpose, y, might as well be bounded by the number of
units which can be produced in period 1 and 2 at full, regular and over
time capacity; i.e., y; £ {i/m) (C1 + C2 +eoy + c:2). Pr‘oblem(D**)
differs from Problem (S) in that, for S, the expectation is taken over
two periods, the second of which incorporates a minimization; thus (S)
is essentially a stochastic dynamic programming problem. However, in
Problem (D**), the expectations are evaluated prior to the
minimization, producing a programming problem quadratic in Y-
Further, we obtain constraint (14) by rewriting constraint (10), and
substituting E(yi) by Max Y- Such a rewrite is theoretically useful
because we are able to create an artificial upper bound by making the
the set of feasible solutions of D _a subset of the set of feasible

solutions of problem (S), in the special case when T = 2 (See Fig. 1).
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3.5 Relationship between v(D**) and v(S)

Theorem 6: v(D™ ) 2 v(S)

Proof: Problem (S) can be solved theoretically if the nested optimization
problem, g (I), is solved prior to solving the First period problem

By (IO). One inefficient way to do this is to solve g { (ID) for all possible
values of (Xi, O 1). If )CI1 ( and therefore O 1) is known, then the nested
problem reduces to a function ofﬁXz, ¥y and 02. Further, 02 is a
function of X2, if X2 is the independent variable. Hence the nested
optimization problem would simply be a function of X2 and Y4 if X1
were known. Similar reasoning on problem D allows us to modify both
S and D™™; assume that we have fixed on a specific X, call it Xij'

From the Avriel-Williams inequality we have,

Min E_ f(X s Xe:) 2 E Minf(X,, y,, X, . 17
then,

viD') = Min {Ming(X1,01)+Min(E FX5s vy Xi.))}(18)
for all Xij X1 X2 Y1 J

v = Min Min g(X,, O,) +E. (Min F(X,, y,, X .))} (19)
for all X, ; 4 X, 127107 Ty, X, AR

and from (17), (18) and (19), we have that

vD™) 2 Min {Min g(X;s O,) +E_ Min f(X,, v, X, .)} > y(S)
X LX X, J
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where the outer m1n1mizat.1on is taken over all pairs (Xi’ X2) in the
feasible set of D . This holds since taking a minimum over the larger
feasible set of problem (S) which includes that of (D**), can only result
in either a smaller minimum or no change. Thus we have arrived at an
inequality which defines the range of solution values to problem S; i.e.
viD) < v(S) £ vD™).

As D is an LP, and relatively tractable, it is reasonable to wishto know
how inaccurate it might be to approximate problem S by problem D.
Towards that end we explore other bounds and examine the relative
difference between the upper and the lower bound in sections 3.11,

which itself is an upper bound of the relative error.

We next explore some variants on the production problems presented so
far. First consider a variant of problem (D *); where in we replace the
random variable Y2 by its expected value in the cost expression of the
second planning period and evaluate the expression with respect to

y{» prior to the minimization with respect to X2.

0

* * . +
D) v{D ):hg(m{ Il (v +oio1 +h1[X1-y1] ) +
1
(voXo + 0202 +h, [x1+X2-y1-E(y2)]+)}

Min E I
X, y1lg

satisfying (9) - {12), the set of constraints for problem D).
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3.6 Relationship between (D*) and (D)

Theorem 7: v(D') 2 v(D)

First we need the following lemma:

Lemma 1: The problems below are equivalent:

(A) M1n[g(X1,O ) + Mn&) F(Xi, Xos 02)] ()(1 fixed in the evaluation

of f). *1:91 %2:07 (20)
B)  MinlgX,, Oy) + X, X Opl] 1)

2

Proof: If problem {A) is solved for all possible or admissable values of

(Xi,D 1), it reduces to a problem of minimizing over a large number of

subproblems, each a minimization with respect to decision variable X.,.

Problem (B), on the other hand, minimizes globally from the outset over
(Xi’ X2), and clearly must arnve at the same solution value.

Proof of Theorem 7: Since h, [X -yi] is convex on y,, we employ

Jensen’s inequality to obtain:
Eyl{v1 + 0101 +h [)(1 yi] } 2 {v X1 + 0101
h [Xi—E(yl)] ) (22)

Slm1lar1y, as h,[X,+X5- Ely,) - yi] is convex on y, , we have

(v2X2 + 0202 + h2[X + X2 E(y2) y1] ) 2

(voXy + 070, + hy[Xy + X, -Elyy) - Ely,)D) (23)

So ihe lemma and inequalities (22) and (23) yield,
v(D ) = Min (Eyi(le1 +0,0, +hy [Xi-y1]+) + EY1 (voXy + 0,0, +

hy[Xy + X5 - Elyz) - y4]") 2 viD) (24)
* -
Hence v(D ) is greater than or equal to v(D).
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R g *
3.7 Relationship between (B )and O )

Theorem 8: v(D**) 2 v(D*)
Proof: Since (voXy + 0202 + h, [X1+X2-y1-y2]+) is convex in y,, then
using Jensen’s Inequality y1elds,
+
Further
: +

yillo(v2><2 + 0,0, + hy[Xy X5y, E(Yz)] ) {26)

Mlmrmzxng both sides of {26) over pairs (XI’XZ) in the feasible set
*xx

of (D ‘ one gets v(D ) on the left and on the right one has the
*x : *

objective function of D minimized over a subset of D ’s feasible set;

* %
hence an expression 2 v(D ). Therefore v(D ) is greater than or equal
*
to v(D ).

3.8 Family of Approximations

An interesting consequence of convexity led us to the above theorems.
Based on the observation, other upper bound candidates for Problem (S)
seem worthy of examination. One common method of finding distribution
free bounds is based on the principle of partitioning the domain of the
random variable, operating on each of the resulting subintervals and
summing, Huang, Vertinsky and Ziemba(1877), Huang, Ziemba and Ben-
Tal (1877). The summed expression, (say J 1), obeys a Jensen-like
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inequality of the form: E¢fy) 2 J, 2 ®(E(y)), where y is a random
variable and ¢{y) is convex on y. Similarly, if ¢(y) is convex and
bounded on y € [a,b] then the classical Edmundson-Madansky inequality
(Madansky, 1960; Dantzig and Madansky, 1961) bounds ¢ = E(¢(y)) from
above. E.g., if pg is defined to be E{y,), then:

{16 wg)/to - allota) + l1ug - a1/ - oI} 2 b 27)

Replacing ¢(y) by hy [Xl-y1]+ and hy [X, +X,-y,-E y2)]+in turn, we note
that if yy is the random variable and each function is convex ony, S
[0,a], such that a 2 {X +X2} then we obtain problems B ind M, .
detailed below, for which it is clearly true that v(M) 2 v(D ) 2 v(D )2

v(D) (See Fig. 2). The solution values for problem M, D" and D are
upper bound candidates for problem (S) in the special case when T=2,
and M and D" have the virtue of being distribution free LP’s.

We derive the first member of owur family of approximations by
employing the generalized ;Iensen’s bound (J 1) on the holding cost
expressions of problem (D ). Thus we state the first of our problems,
where the problem and its optimal objective function value are denoted

_% _%x
by (D ) and v(D ) respectively.
_* _* ~ ~
VoXo +070, + oy hy (X +X5-Ely))-¥y () + 24 5y (x1+X2'E(Y2)‘§12)]

where; ¢y = f Elyy) dFy,) (o= f@ dF{y,)
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vip =S OV vl egy ypm 02 dFly/ey
In like manner, employing the classical Edmundson-Madansky Inequality
*

on the holding cost expressions of problem (D ) we obtain the second
member of our family of gxpressions. Thus we state problem (M) and
its optimal objective function value is denoted by v(M).

M) viM) = Mi)r(u{viX1+olOi+[(a-E(y1))/a]h1X1+[E(y1)/a]h1 (Xi-a) +

[Elyy)/alhg X, %X Ely,) - al}
Both problems M and f)* are subject to the constraint set (9)- (12).

3.9 Detailed Examination of Bounds v(D" ) and v(D)

We next examine the nature of our upper bound candidate, V(D*), and the
*k

proven upper bound, v(D ) [Theorem 6], for the particular case where

the demand in period two, random variable Yo, is known to be uniformly

distributed. Suppose that we are given that:

| i/b 0<y,Sb
F2 ()'2) - { 0 ot.her\%ise

With tllis p.df;the term Ey IIDEy2I11 {VZXZ + 050, + hy [x1+x2_
yi-yZ] } inD is evaluated1 as

hy § 51752 [f 12V IX (+X5y ;] dFy,) dFly,) (28)
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Substituting the p.d.f. of y, in (28) and assuming max y, < (X +X,) <
max yo, (in order to ensure X1+X2-y1-y2 convex in y2), we obtain

max y; -
hy/2b f g (X +X5my,]° dFly,) (29)

Next v(D*) is evaluated for the special case where both demands,
random variables yy and y,, are known to be uniformly distributed.

Suppose that we are given that:
l/afor 0 Sy, <a 1/bfor0 sy, sb
Fylyy) = { 0 otherwise f2ly2) ={ 0 otherwise

With these p.d.f’s the term E II hy X +X2-y1-E(y2))+ becomes
/2a) [X +X~H-{b/ 2)]2 and EXP["BS::IOTI E hy (X¢-y )+ reduces to
2 2 1II 117y

hy (X4 )/ 2a. Hence the objective function simplifies to:
* _ ] 2 2

viD ) = M;?{[(h2+h1)/23] (X, %) + (hy/28) (X, %) + (hy/2a) (X X,) +
- [bl‘12/2a]))(1 + (v2-[bh2/2a]))(2 + 0101 + 0202}

Likewise, in (D**), making the assumption that max Yy s )(1+X2 <
*k
max yo, v(D ) is written as:

%% . %1 X1
viD ) = M;?{lei + 0101 + h, [ le 0 dF(}'i) - fO yidF(yi)] + V2X2

max y4
+c>202 +(h2/2b)[(X1+X2) +f y 2dF(y1) 2(X +X2)p 1]} (30)
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which further simplifies to o
1 |
M;?{vixi +0,0 +hy [Xif0 dFly,) - fD yidF(yi)] + VX, + 0,0, +

2 2 2
(hy/2B)[(X, +X.) o, “+u 2(X1+X2)py1]} (31)

If we further assume that ‘the demand for period 1, random variable y {2
is uniformly distributed, between 0 and a and that K = rnax(X1+X2) <
max y, = b, then v(D ) becomes the following:

v(D") = Min gz(vx +0,0,) + {(h, /28) (X,)% +
=ML M T o Ty !
(h,/6b) [3 (X +X)% + 2% - 3a(X1+X2)]}} (32)

again under the constraints (13)- (16) of (D**) listed at the beginning
of this chapter. Therefore, we have shown that for uniformly

~ distributed demands, the two problems D" and D" reduce to
manageable quadratic forms. To illustrate, suppose without loss of
generality, that h 1=hy=h, v,=v,=v and a=b. Then the objective function
of problem (D ) that we seek to minimize over the set of constraints,

{13)-(16), can be rewritten as:

{ [X, (v~ h/2) + X, v h/2) + Xiz(h/a) + X22(h/2a) +
X, Xy (h/al] + 0,0, + 0,0, + ha/6 } (33)

As in Bazaraa and Shetty (1977), this quadratic programming objective
function is in the standard matrix notation form:
Z(X) = (%) + (1/2) (XHX)
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such that AX B, h20,a) 0, H is positive definite and is given by:
2h/a h/a
H=
h/a  h/a
Therefore a finite optimal solution can be obtained in a finite number of
iterations. Finally, we can use the well known Lemke Fixed Point
Theorem to transform these quadratic problems in the standard form
into linear complementary problems of the form:
w -'Mz = q, w'z = 0 where w, z 2 0 and
0 -A b y u
M= q= w = and z =
At H c v X
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3.10 Relative Difference Analysis

In order to determine the efficacy of our bounds (and bound candidates)
on problem (S) we investigate the worst case relative difference between
v(D*) and v(D) and between v(D**) and v(D). The latter analysis is
immediately significant, as Theorems 5 and 6, imply that the relative
error incurred by approximating Problems (S) by Problem (D) is less
than or equal to the relative difference between v(D**) and v(D) (if the
solutions of (D) and (S) occur at the same feasible space point). The
former will be relevant only if we can confirm our conjecture that
v(Df) is a sharper upper bound for v(S): if not in general, at least for
some large class of problems. At the end of this chapter, we shall
discuss the more realistic situation where the solutions of (D) and (S)
do not occur at the same feasible space point. Reversing the order, we
look at v(D") and v(D) First.

Let (X, O) be optimal in Problem (D); then (X, ©) must be feasible in

Problem (D ), and we can write:

~

* . " o X4 ~
viD') Sv(X, + oibi +h [XIF, X1 - hifo y Ely ) dyy + v X5 +

0,0, +hy[Xy + X, - Ely,)]F5[Xy + X, - Ely,)] -
x1+x2-E(y2)

2’4 Yif(}'i)d)’i (34)

and so
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~

X
V(D™ - v} € hy [X,JF,[R,] - 1) +hy{Elyy) - fob v Fly,)dy,) +

[hy (R + X, - Ely, ) FplRy + Xy - Elyy)] - 1)] +

X, +x~-Ely,) -
ho{Ely,) - 101 2772y Flydy,) @3s)

Define A to be the left hand side of (35) and recalling Theorem 7 we
have 0 € v{D*) -.v(-D)= A. Furthermore, the relative difference (denoted
r.d) of D" and D obeys the ineguality r.d < A/vD") € A/viD). We let Y
= E(yi) i =1, 2, and evaluate A/v(D) to determine the worst case

relative difference we get:

rd. = 2 (36)

Throwing away negative terms in the numerator and positive terms in
the denominator, and using the following facts (equations 37-41), we can
simplify (36) to {42).

Fi[xil -1<0 and Fz[xi + X2 - ;'2] -1<0 {37)
Xy 2N (38)
A 2 ;'t’ {since, in practice, service levels exceed 50%) {39)
X1+X22y1+>\22y1+y2 (40)

0,20 (41)
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Hence we obtain,
A

- { - Yy
rd. € hi{yi - 0 )’if()’l)d)’i} + hz{)'i - 0 Yif()'l)d)'i} (42)
v1X1 + v2X2 + h1 [XI] + h2[X1+X2] - hlyi- I'xz[y1 + y2]

If the two periods are quite similar in cost and service level
constraints, we can assume further (following Bitran and Yanasse,
1984), that v {=Vo=Vs h1=h2=h=rv., where r is a carryover cost,
@, =a,=a. These. simplify (42) further, and upon cancellation of the

common factor v, we get {43):

M Y1
rl2y, - fg v fly My, - fg v Fly,)dy,]
r.d. € (43)

(}\2 + 511) + r‘(}\i - ;11) + r()\z - ;12)

In the event that we know the period demands are distributed uniformly,
with distributions as in (297), then various expressions in {43) simplify

still further: namely ;11= a/2 and ')'/22 b/2

A (a/2)

1/a [y ly,dy, = (hy)'/2a t/afg  yydy, =a/8 (44
i/a fDMdy1 =1-a=\/a Ay =bil - a) (45)
Thus (43) becomes,

4 < rla - a/2(1 - a)® - a/8] (46)

b(l -a)+a/2+rla(l -a) -a/2+b{! -a)-b/2]
From (39) and (45) we see that we can replace b{l - a) by its lower
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bound, (b/2), and, after some manipulation, inequality {(46) becomes:

r.d. S {a/(a+b)} r [7/8 - (t0)%/2) (47)
1/2+r{1/2 - a)

If we follow Bitran and Yanasse (1984), setting r = .025/month and «

= .05, then {47) reduces to r.d. < [a/(a+b}}(.0207212). Since a £

(a+b), then the worst case relative difference cannot be larger than

1.036%.

The analysis for v(D**) begins with the observation that if (;(,E)) is
optimal in {D”), which is problem (D) with constraint (10) replaced by
constraint (14) of (D* ), and we let v(D*) indicate the optimal solution
to (D7), and ‘we write the corresponding objective function value as

v(iD"), then (X O) is feasible in (D* ) (See Flg 1) Let v(D X D)
denote the ob jective function value of D at (X, O), and we shall obtain
in Theorem 9 the worst case relative difference v(D X O)-v(D") With
the aid of several lemmas we shall use Theorem 9 to prove Theorem
10, which will pr‘ovxde an upper bound on Vo X O) v({D). Since

v(D) £ v(S) S v(D ) < v(D X O) the relative difference window
between v(D ,X,D) and v(D) contains the relative difference window of
v(D**) and v(D). To this end we present lemmas 2 through 4.

Lemma 2 If §d=v (D - v(D) then
viD™; X,0) - viD) § viD™5X,0) - vD)

v(D) v(D) v(D)
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Proof: The proof is immediate from the definition of d.

Remark: In our analysis of (D**), when y, was bounded, we assumed

K = max(X +X2) £ max yp = b, this creates an additional problem in
our analysis of (D), because the constraints of (D7) and (D ) are
identical, and in (D), we make no such assumptions. Moreover, if max
Y2 £ K, then the convex set of the set of constraints of (D) will not be a
subset of the convex set of the set of constraints of (D). Hence in
Lemma 3 and Lemma 4 we add this to our set of conditions.

Lemma 3: v(D?) 2 v(D). (See above remark).

Proof: If we observe Fig. 1, we notice, that the convex set of the set of
—_— *%

constraints of (D ) is a subset of the convex set of the set of

constraints of (D), and hence the result is immediate.

There are two simpler cases with arguments which parallel what
follows; these two cases involve A, + 91 SAy SA, +maxy, and

A { 2 Ao + max y, and would only produce worst case relative difference
of 4 less than or equal to the worst case relative difference produced

by our analysis of Fig. 1. So we shall continue to work with the case of
Fig. 1.

Lemma 4: vD ) 2 v(D"), if max y, 2 max (X,+X,) =K
Proof: The result is a consequence of the repeated use of Jensen’s

inequality (with identical set of constraints). Where Ey h, [X, - y1]+ 2
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In section 3.9 when Yq and y, were bouﬁded, (D**) had to satisfy the
inequality max y, < (X1+X2) < max y,. This condition in Theorem 9 is
not violated, because of constraint {14) and our remark in the previous
page which makes the inequality redundant. Thus we state Theorem 9

without any additional conditions.

Theorem 9: If random variable y,, is uniformly distributed between
(0,b), h1=h2=h,' and 0 £ Yy < b, but we do not know how it is
distributed, then the worst case relative difference (r.d.), between
VD :X,0))- v{D?) is bounded by

2+2b,u +b2+a 2]
Yy

A
1 9
hlu. -f yydF(y )] +(h/2b)[KZ-2K (u, +b)+p
yg T gl V1 Y1 Y4 Yy

ity )+ By )+ Ry (5/2)
where K = max{)(1 + X2} = (1/m)({€y +C5 + ¢y +0))

Proof: We start with V(D**) as given in (31) and observe that, if (3(,6)
—_— - *
is optimal in (D7), which has the constraint set of (D *) then it is

feasible in D** as well. Therefore:
A%k~ o

viD X,0) =

~ ~

21 A A Xy X4
_E{ X + 0 O}-*- hi[)(ifD dF(yi) - fO yidF(yi)] +

v 12 2 2 Y 1w
» (h2/2b)[(X1+X2) + ayi + pyi - 2(X1+X2) pyi] (48)
nd so
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Lt I - 2 - X1
viD X,0) -v(D?} = hixi [Fi(Xl)-il-hl[foyldF(yl)-pyi] +

L2, 2, 2 Ve -
(hy/2b)[(X, +X) “4a v,y -2(X1+X2)(,uy1+b)+2b(,uy1+y2)] (49)

Define A to be the right hand side of (49) and we have

0= v(D 3 X O) v(D") £ A”. Furthermore, the relative dlfference
(r.d.) of (D X D) and (D) obeys the inequality r.d. < A’/V(D X D)
< A7/vD?) € A”/v({D). Thus evaluating A”/v(D),and using the
following facts (equations (50)-(57)},to determine the worst case

relative difference, we obtain (58):

Fi(xl) -1=<0 (50)
X1 2 }\1 (51)
X1+X2 p-1 >\2 + 'uyi (Constraint of problem D) (52)
otOt 20 (53)
X1+X2 <K (54)
Yy = b/2 (55)
h1=h2=h (56)
VySVoEV (57)

2 2
+
Yy #Yi ]

v()\2+py1) +h(A, - ,uyi) +h(A, - (b/2)) (58)

A

g 2 2
hlu., -f s, dFly ) ]+h/2b) [K2-2K(n, +b)+2by_ +b%+a
rd. < Yygl Y4 Yy

Q.E.D.

38




From Lemma 2 we see that, we have yet to fulfill our objective of
determining the bound on our relative difference window (v(D ;X,E)) -
v{D)). In Theorem 10 we derive a bound on &, and a sum of the two

bounds shall then result in obtaining a bound on our relative difference

window.

Theorem 10: Under the assumptions and conditions of Lemma 2 to
Lemma 4, the worst case relative diference of d is bounded by:

rd. € [Max Yy~ )_/1](‘/ + 2h) + 20m(>\2+Max yq) - 20C

VA5 + () + hA(+As- o ¥4) (59)
where VEV =V, h=h1=h2=rv, 0=0, =0, and C=C 1:(:2,

Proof: Let (X,0) be the optimal solution for problem (D) and recall that
(X,0) is the optimal solution for problem (D7). From Fig. 1 depicting
the nested convex_feasible sets of both these problems, and from the
conditions, }\2+ §11 2}\1, max y- 2 }\2 +max y,, we obtain:

Noting that both (D) and (D) are linear programming problems, with
identical objective functions, we can conclude from inspecting Fig. {
that there are exactly two possibilities for (X,0) and (X,0); namely

39




either (Case 1): ;( =L= (}\2 + max Yqs 0)

and X =L"=(A; +yy, 0) 61)
or (Case 2): X=M={Ay, >\2 - >\1+ maxy, )

and  X=M"=A; A5 -2y +y)

Now we note that one or the other of the first two terms in the R.H.S.
of {60) is zero. Moreover the remaining term is either {v+2h)[max y,-
yq] or (v+h)[Max y,- y,], and, since h > 0, clearly the first of these is

larger.
Moreover,
Max (O, O) =mMaxy, -y,) - C (62)

Max (O, C)z) =m (Maxy, -y) -C

Substituting (61) and (62) into (60) and recalling the expression for
v(D)in equation (58)’s denominator, yields (59). //
Summarizing, the relative error in approximating v(S) by v({D) is
v(S) - v(D) and we can find a worst case upper bound for it from

v(D)
Theorems 9 and 10. Fig. 2 summarizes the relationships between
optimal objective function values for production problems met in this
dissertation, and from it we can deduce that.

o 2 VIS) - VD) v -vD) vD5X,0)-v(D)
R < < =

v(D) viD) v(D) -
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vD X0 -vD) 8 AT 4
viD) v  vD) v

Given the assumptions of Theorem 9, and K=max{X 1+X2} then;

A :
] 2 2
.e. S {h - dF + (h/2b){K - 2K +b} + +2
r.e. < { [.U),i '[[J Yq ()'1)] (h/ )[ (py1 ) Fyi byyi

2 2 2 ~
+b + + + (v+2h)[M -
+ 20[m(>\2+Maxy1) -Cl} {v(}\2+py1)+h(}\1+)\2-py1-yy2)} (63)

In the special case where we know both period demands are distributed
uniformly with distributions as in (29)7, so that equations {44) holds as
well, (63) simplifies to (64):

re. <{(h/2)(a- iz/a))+(h/2b) [K*-2K ((a/2)+b)+ab+b +(a 73)]] +
(v+2h)(a/2) + 20(m(A,+a)-C)} + {viAy+{a/2)) + h(A;+Ao-((a+b)/2)))
(64)

If equation (45) holds also, and we make the realistic assumption that
service levels will always be set above 50%, we can further simplify
(64) to (65).

{a/2)[3+(1/0)-(1-ay) ] + (1725 K 2K ((a/2)+b)+abtb +(a /3)] +
(2o/h) (m[b{1-ap)+a]-C)} + {{1/r) b(t-ay)+(a/2))+((at+b)/2)-a-ay)}
(63)

Should the two production periods be so similar that a=b, and « {=ay=a,
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and whén we define (N=(K/a)) then (65) becomes;

{a/2)[{L/r) - (1-q)2+((16,/3)+N2-3N) + {20/h) (ma({2-a)-C)
(a/r)[(3/2)-a] + a(1-2a)

(66)

Now the assumption made in L.er;xmas 2-4 that K £ b implies that 0 £ N
£ { which means that 10/3 £ N -3N + (16/3) £ 16/3. Further, casting
out the negative term, - C, in the numerator simply enlarges bound (66},

and allows cancellation of a in what remains, and we are left with

(172)[{t/) - (1-a)" + (10/3)] + (2om/h} (2 - a)
(1/0((3/2)-a) + (1 - 2a)

(67)

Finally, when we test our bound with the values of the typical numerical
example given by Bitran and Yanasse, (1984, p. 1016), [h=.4, 0=9.5,
a=.05, m=.2, v=19.0], inserted in {67), we get a value of .4135.

If we reinstate the negative term - 20C/ha which we cast out of equation
(66), assume a=2 (average monthly demand of 9248 units) and that the
limit on overtime hours is 4800 hours, (since Bitran and Yanasse
postulate 2400 regular labor hours monthly and we assume 2 more
shifts to be the maximum), then the value of our upper bound on the

relative error improves to .2373.

It is reasonable to ask how one can be sure (S) and (D) will take on their

optimal objective values at the same point in their common feasible set,
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of course, the answer is that one cannot be sure (In fact, if their |
solution points were identical, it would obviate the need for much of the
analysis of this Chapter). Thus there is the very real risk that if the
decision maker chooses point (5'()5, optimal for (D), to use in problem
(S), the result may be an objective function value much greater than
v(S). However, the decision maker facing the 2-period version of
production problem (S) will face it repeatedly; as a consequence several
benefits may arise from considering the relationships we have

developed in this chapter.

(1) As (D) is easily solvable, we can use the optimal value, v(D) and the
bound on the relative error to form a “target winfiow" within which v(S)

must reside.

(2) (3'()1—:) may yield an objective function value close enough to this
“target window" to satisfy the decision maker outright, and

(3) this chapter has provided several other problems (e.g., the candidate
upper bounds, (f)*), (D*), (D**) and (D)) which offer the decision maker
alternative feasible set points to try for problem (S), and experience
over time with using them in (S) may lead to useful heuristics such as
"Find (y()D and move from it a certain distance in the direction of

(X) D"‘* to regularly obtain a satisfactory decision outcome for problem

(S) o

43




THE OPTIMAL. SOLUTION OF THE STOCHASTIC SEQUENTIAL
PROBLEM

4.1 Introduction

In this chapter we discuss methods to determine the optimal solution of
a stochastic sequential problem. Our approach hinges on the use of a
Familiar dynamic recursion scheme, based on a relationship between
beginning inventory (It- j), maximum inventory (w,) and the demand

incurred during the time period (yt) in question.

We present conditions when an order- up-to policy (ordering upto the
service level requirement, Ay} is optimal and derive exact expressions
for representative real-life stochastic sequential problems. Our

method of proof hinges on the use of a dynamic recursion scheme where
the objective function from period to period is evaluated on the basis of
a combination of the state variable (It- 11 and the decision variable (&)_,
Wes We follow the notations introduced in chapter 3, in addition to new
notations introduced exclusively in this chapter.
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4.2 A Procedure to obtain an Optimal Solution of Problem (S)

Problem (S) of chapter 3 in the special case when T=2 iz-salvable if we
can discretize X, (first period production) and y, (first period demand)
and roll back in a decision tree to obtain the optimal cost of production.

The decision tree can be solved if the nested optimization problem

: +

M;? Ey2 [v2)(2 + ozmax{mXZ-Cz, 0} + h2 (X1+X2-y1-y2) ] (1)
2 ‘

has a solution.

Further, a solution to (1) can be found, if the term Ey (X1+X2-y1-y2)+

has a closed formed solution. Notice this term is a function which

considers only the positive component of a linear expression; therefore

at first we must specify the condition for which X1+X2-y1-y2 will be

positive, it is y, SXy+ X5 -yy-

We find optimal values of X2, for two known demand situations; first
assuming y, is a triangular distribution and then assuming Y2 has a

uniform distribution.
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4.3 Periad 2 demand (12] is a triangular distribution

The p.d.f is gi\éen by
(4/bz)y2 if 0 <y,<b/2
plyp) = (4/b){b-y,) if (b/2) €y, <b (2)
0 elsewhere

For evaluating E_ [X,+X5-y,-y ] we have three possible cases. In
yp 1727172

Case A, we consider 0 < 2 < X1+X2-y1 {b/2, in Case B, we
consider 0 £ X, +X,y,<y, £ b, and finally in Case C, we consider b £
X +XoY4 < Yz In addition we assume X1+X2-y1 2 0, which implies,
Xy2 yi-X1 The expected value is obtained by multiplying the solution
of the integrals (3)-(5) by 4/b
Case A:

X(+Xayy
J R+ Xay17¥a) v2 95 3)

0
Case B:

b/2 Xy +Xomy¢
X Xayyyad va drp + [ By #Xgyyg) Brypd dy @)

Case C:
b/2 b
F X ¥gyryg) vp drp +f 054y va) Bryad dy (5)

Let w =X, +X5-y, and glw)= Ely2 [w - y;] then g5 (I, ) in our sequential
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problem is written as M;? [vo X5 + 0,0, +h, glw)]. Rewriting our

2
cost component gz-(Ii) as above, allows us to make one observation, that
an optimal policy minimizing g{w) minimizes g7 (Ii) as well because
g{w) is the only non-linear cost component in the total cost structure.

0 if w<0 )
(2/3b%) w if 0<w<b/2 }
gle) =% 20 /b-w- (2/3b9 @ +b/6  if b/2Sw<b [ (6)
w-b/2 if weab y

4.3.1 Structure of (2/36%)w

Assume for notatmnal  purposes, that Il--)(1 Yy then w=I 1+>(2 Further,
if we graph (2/3b )w we find at w=0(or Xz- —Ii), g(0)=0, w=I (or
X2—0) g(Ii) 2/3b Ii and w=b/2(or Xz—b/2 11) g(b/2)=b/12. Hence
g{w) for 0 £ w £ b/2 (or -1 1 < X2 £b/2-1y), is a strictly increasing

function in .

4.3.2 Structure of 2w /b+b/6-w-(2/3b)w

If we graph 2wz/b+ b/6 - w - (2/3b2)w3, we find at )(2=b(1-(1/\_/2))-11
and )(2=b(1+(1/\_/2))~11 the slopes are zero, g(b(1 - {1/V2))) = b{(3-
2V2)/6) and g(b{1 + (1/V2))) = b{{3+2V2)/6) ,glw=b/2)=b/12,
g{w=b)=b/2. Thus the function g(w), in the region b/2

Sw<sbor ((b/2)-I1 < X, S b-1,); is strictly increasing in w and X2.

47




4.3.3 Structure of w - (b/2)

(w - (b/2)) is a linear function in «w and XZ’ thus it is for w 2 b or
X2 2 b-l 10 strictly increasing in w and X,. Further, g{w=b)=b/2.
Finally g(w) is continuous with breaks at points, b/2, and b.

4.3.4 Evaluation of the service level constraint )\2
For evaluating >\2 we recall (6) which is written as:
A

Substituting the p.d.f. of y, (triangular distribution) and assuming a, <
0.50, (6) from chapter 3 is rewritten as:
. b/2 Ay
Fo0h) =(4 /b ){j'oyz dy 4 o) dyz} =1-a, )

After some algebraic manipulations, (7) is rewritten as:
2 2
Ay -2bAy +b ({1 -(ay)/2)) =0 (8)
Upon solving (8), A, is found to equal either Ay =b(1+ \_/(0‘2/2)) or
b{1- \_/(cx2/2)). Since b{ 1 + \_/(a2/2)) is greater than b (maximum
dermmand) then >\2 =b{1 - \_/(cx2/ 2)) is the only admissable value. Using

the admissable root of (8) the condition X,y 2 )\2-)(1+y1 becomes:

X5 2 (1 - V(ey/2)) - 1, (9)
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Lemma 3: - I1 {b/2 - I1 S b{l - \_/(cr2/2)) - I1 <£b- I1

Proof: Let A =- Ii; B=b/2 - Ii; C=b(l - \_/(cr2/2)) - I1 and D = b-Ii.

The proof follows from the observation that b 2 03 @, < 0.5 and
expression C evaluated in the limits of @, (0 and 0.5) has values b -

11 and b/2 - I1 respectively.

4.3.5 Optimal policy

Since A { B £C £ D, for all positive values of C, the optimal policy is
an order-up-to the service level (A,) policy, and is written as:

271 0O elsewhere
Notice the policy is myopic and does not consider cases when cost
situations demand production quantities in excess of the amount which
merely satisfy the service level requirement {A,) for the periced in
question. However in a two-period problem the optimal order-up-to the
service level policy of the second period need not have a look ahead

component. Similarly in a T-period problem, it suffices to consider an

order-up-to the service level (A} policy as optimal in the Tth period.

4.4 Period 2 demand (y2] is a uniform distribution

The p.d.f is given by

1/b O<y,<b
Ply 2) = { 0 otherwise }
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For evaluating Ey [X1+X2-y1-y2]+ we aga_*i_n assume m=>(1+>(2-y1 and
I;=X,-y,- Also Bfine glw) = Ey [w - y5]". Further, g{w) is equal to
zero, if w is less than zero. This"is justified because, no holding costs
are incurred if negative inventory is experienced. For evaluating the
expectation we have two possible cases. In Case A, we consider w £b
and in Case B, we consider w > b. The expected value is obtained by

solving for the integrals (10)-(12).

Case A:
w
(478§ (@ v5) dv (10)
Case B:
b
(/b S lo-ypdyy (11)

Then g(w) is written as:

2[] if w<0
glw) = w /2b if 0Lw=b
w-b/2 if wab

4.4.1 Structure of g{w)

When w is less than the maximumn possible demand (b); g{w) is a
quadratic expression, symmetric around the origin, with minimum at
w=0or X2 = -Ii. Atw=bor X2 =b -Ii, g{w) = b/2. Further g{w)
is an increasing function in w and in X2 in the region 0 < w £ b. When
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w 2 b, g(w) is a linear expression, increasing in w, the minimum at
w=borX,=b-1I, and gl{w) = b/2.

4.4.2 Evaluation of the service level constraint }\2

For evaluating }\2 we recall (6) and upon substituting the p.d.f of Y2

(uniform distribution) (6) is rewritten as:

A
: 2
Fo(A,) = (1/b) f[(]iyz =1-a, (13)
Upon solving (13), >\2 is found to equal b{1 - a2). Thus :
X5 2bli -ay) - 1y (14)

I_.emmaG:-I1 < b{l -02) —I1 Sb-I1
Proof: The proof follows from the observationthat b2 0 and 0 < o, <
1.

Let A=-1 B=b(1-a2)-liandC=b-Ii.

[E

4.4.3 Optimal Policy

Since A { B <C, and if A 2 0, then it is optimal to order-up-to the

service level (A-). The policy is written as:

0 elsewhere
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4.5 Period T demand (yT) is represented by any continuous p.d.f.

For solving (S) a T period stochastic sequential problem we undertake in

period T to evaluate the expression:

Min E, [%Xk ’ ﬁlyk -yl (15)
X, YTk=1 * k=1
T T-1 T-1

Let =k§1>~<k -kgiyk and I, = 2 (X - ¥, )s then (15) can be
rewrittenas E_ [ w - yT] +, Further, the expectation is evaluated by

solving (16).

w w- w

4.5.1 Structure of E. [w - yT]_
’T

The expectation is an increasing function in w in the region w 2 0. This

follows from the fact that:

w w
Limit [ dF{yp) =1 ; Limit [y dF(yp) = pp and Limit (w - pp) =@
W= w—row w—+w

Further, differentiating (16) with respect to wrand invoking the Leibnitz
rule for differentiation (Protter and Morrey, 1966) (See Appendix C):

w @
d | O{w - yploplypldyr =S 0d)-r(yT) dy= Fplw) 2 0 because w 2 0.

dew
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4.5.2 Optimal Policy for period T

The optimal policy is determined by one critical variable A Iy
which is also the upper bound on the chance constraint. Since g{w) is
an increasing function in w and XT, then the optimal policy is

charaterized by:

Condition ‘ Optimal Policy
Ar-ip, 20 Xp=Ap-lpy (17)
elsewhere Xt =0
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4.6 Optimal Policy for period T-1

In this section we obtain the optimal policy for period T-1, given that
the optimal policy in period T is an order-up-to policy (section 4.5).
Further we do not impose any restricting conditions on the probability
density function (p.d.f.). We assume in general, that the p.d.f. has finite
mean and assume capacity constraints on regular and overtime

production.

4.6.1 Dynamic Recursion Scheme

The T-period sequential stochastic problem is hard to solve due to the
nested optimization structure and the variability of the feasible solutions
of the sequential decision problems with the demand observed in
previous periods. The solutions for the inner programs are computed
assuming known production and demands of previous periods. Hence they
are function of these quantities. To this end we define:

w =1 g +X t=1,2,3,..., T. (18)
It.-l =Wy Yy t=1,2,3, ..., T. (19)
gn*an-i) = Eyn-i gl ) n=1,2,3,...,T. (20)
Balnq) = l\/)l(in Fl, g X)n=1,2,3,..,,T. (21)

n
= ot
Fllgs XY = Eyn{ VXato O, thle -y) +g (D} (22)
n=1,2,3, ..., T. :

In our dynamic recursion scheme, g, 1) is the minimum expected
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cumulative cost rolling back from period T to n, where the cumnulative
expected cost component is denoted by Fn(ln-i’ Xn). Since the minimum
expected cumulative cost is obtained after minimizing over Xn {decision
variable), gn(.) is a function of only the state variable unlike fn(.). Thus
the dynamic recursion scheme eliminates a single decision variable
from our set of T decision variables (Xi’ X2, X3, aey XT) at each step,
because the minimization is undertaken with the aid of an optimal

policy (a linear transformation) which is known a priori.

Remark: Since gn(ln-i) = M';? fn(In-i’ ;(n) =f (In 12 X ) and X

(optimal X ) by our optimal pBlicy is either equal to O (wn=In_ 1) or

AT (@ =A);5 thus we r'epr‘esent gn(In_ 1) alternatively as either

FU 4,0 = gn(In-i) orf (I 4, A L )=g (A)forn=123,..,T.

Remark: In order to establish the optimal policy in period T-1, we need
to discuss the impact the capacitation assumption might have on the
optimal solution. Since th -0, = Ct. and Dt £ ¢, in equations (25),
(26), (28) and (29), values of Xp=Ar- Wr_y tyry) 2 (CT+CT)/m
are infeasible and thus in general values of Xt = (}\t Sw g T Y 1) 4
€, + Ct) /m are infeasible. '

Since we prove in 4.5 that the optimal policy in the Tth period is an
order-up-to policy, the optimal XT has the following structure:

_ A g EAp 2 Iy
><T “1 o elsewhere } (23)

and FT(IT-i’ XT) for n=T is defined as the expected holding and produc-
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tion cost in period T. Where fT(IT_ T Xp) is written as:

w
T
vpXt + ngax{ mXT~CT,D} +h.rf [(JwT - yp) oplypdyp if wp 20
VTXT + onax{mXT-CT,D} : if wp< 0 {24)

To determine the expected holding cost of period T-1 and the expectation
of the sum of the production and holding cost of period T, we define

Fr_g U s XT)- just as we did for period T. wy_y is the sum of the
inventory at the beginning of period T-1 (I ) and the amount you
produce in period T-1 (Xp_y)- Further as a consequence of wr_ and
YT-13 IT- { can experience a range of values, which will in turn
determine the value of X and w. Let us then prove three lemmas to

help us in our effort.

Lemma 7: Under the condition wr_y Z A7
o = {‘*’T—i‘YT-i 0 <ypy < wpy )‘T'}
AT if yT'i 2 wT_i = AT-
Proof: By definition lo_y=wr 4 - y1_¢- If WT_y Z Ap and yr_ 1=0, then
Ity 2 A and X1=0 and the inequality is preserved until y_, <
Wr_q AT, and thereafter Ip_, <A and as a consequence of {23)
XT:'}‘T-IT-i and szkT.

Lemma 8: Under the condition 0 < Wr_y ¢ }\T.

W = A if 0 <yr g < .
Proof: By definition IT—isz- 17YT-1 If YT. 12 @4" }\T, then I 4 <
A and as a consequence of (23) Xp = Al and wp=Aq.
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*
Lemma 9: BT (IT_ 1) = EyT-i gT(IT-i) = Ey Min FT(IT 1 T)'

T-1 X
this expression differs under two cases: when wp_ { 2 Ap it is equal to:

(AT (@Y
| T{ITi Tt

0 @Y1y Yperlyp dyT}d’T-l (y7.q)dyr_g

el

A
+[ [VTO‘T Wr_gtyp_q) + *‘Tf Ty opypdyplpy by dyry +
Wr_y-Ar

tor/f {”‘ Apwrytyry) - CT} 7.1 brp-g vy
(Cp/m)twr Ay (25)

and when 0 < wr_y < >‘T it is equal to:

© A
f D[VT(}‘T'("T-i"'yT-l) +he [ O&T'YT) oplypdyplery yp g ddyr g +

©
+ oy [ imA o ytyrg) - Cploq g by g ddyp g

Proof: The expressions {25) and (26) are obtained by the repeated use of
Lemma 7 and Lemma 8, after substituting (24) in (20) and (21) for
n=T.

To illustrate our method we derive (25). From Lemma 7, for
0= YT-1 < Wr_ 1-}‘T’ WT=WT_1 YT 15 and XT—O. Thus substitut ing the
values of W and XT in (24) and recalling {20) we obtain:

W “Ap [ Wy )
T-17T[ “T-177T-1
hr f {f @ gyr-gyplérlp) dyT}d’T-i byp-g2dyr.y

0 0
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Similarly, for Wr_gYT-4 < yT_ { £ w, wT:}\T, and XTz}\T-wT_ {YT-10
and substituting the values of W and XT in (24) and recalling (20) we

obtain:

© A
T
[ [vpp-wptypy) + by [ 7 pypoplypddypler g (yp_gddyr g +
wT_i'AT 0

(s ]
torf {”‘ Apwrytyry) - CT} br-y p_y gy

Further from (22) fr_, (I 5, Xp.y) is written as:
v Xy + o1y max{mXr_y-Cq_y,0} +

W
T'l ’ . *
M g7y ey Oy gt Bp gy (27)

Also from our set of constraints of Problem S, W, 2 }‘t for t=1, 2, 3,
«esy 1. As a result, Wp_¢ must satisfy an additional constraint, W 12
}‘T-l' Finally, substituting (25) and (26) in {27) we obtain
b
Wr_y & Ay it is equal to:

“T-1
N T L AL B ML L S S

_1 U.2s X.y)s but the expression differs under two cases: when

Prod. Cost in Holding Cost in Period
Period T-1. T-1.
op_ymax{mXy_-Cr_y,0} +

Overtime Costs in Period T-1.
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Wr_y-AT @rogYT

hr ), { fo @y yrgyp) érbp) dYT}q”T-i(YT-i) dyr.y +

Holding cost in Period T as a consequence of the decision in Period
T’J-(IT_J 2AT)- A
+00 T
f [VT(.XT-&)T_i'i'yT_i) + hT f D\T')’T) ¢T(YT) d)'T] d)’r_l (YT-i)dyT-l
W4 =A 0
T-1°T
Production Cost in Holding cost of Holding }‘T units in
Period 7. Period T.

o
tor [ imp-wp g4y )-Cpd bpy byp g ddyry
Overtime costs in period T. (28)
and when 0 € wp_y SApitis equal to:

w
T-1
V1o X1y + Py S g yrg) Oy Dpgddypy
Prod. cost Holding cost in period T-1.

in period T-1.
top_max{imX_,-C_,,0} +

Overtime cost in period T-1.
) >‘T

H Mppergtypg) + by f Apoyp) oplypdyr] opy bp g dyry
Prod. cost in Holding cost in Pericd 7.
Period T.
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®
op [ imApewr g +yp_y) - Cpb dp_y gy ddypy (29)
Overtime cost in Period T.

From (18) and (19), we observe that w, is positively related to X, and
I, 1 respectively, thus in the minimization of ftut- T Xt)’ the first
derivative of f,{l, ;, X,) shall remain unchanged if it is differentiated
with respect to Wy instead. We define the condition of stationarity

to mean that ViV TV and 0;=0}.4 =0 fort=1, 2, ..., T. Now we
state the first of several Theorems leading upto owr claim that the
optimal policy for any period ¢ is an order-up-to policy.

Theorem 11: FT- 1 (IT-Z’ XT- 1) is an increasing function in Wr_y and the
optimal policy in period T-1 is

w = {"T-i “lpg AL IT-2}
T-1 0 elsewhere
if IvT + onI < (FT_ 1’(IT-2"XT- 1)'*'{F’ositive component of the Slope}.
Note under the assumption of stationarity, theorem 11 has no restricting

conditions.
Proof: Differentiating (28) with respect to Wr_y and invoking the
Leibnitz rule (Protter and Morrey, 1966) we obtain:

(vp_g-vy) + mlopy-op) + hp (Fr g (wp g) +
Wr_y-AT
+hr Frler-yypog) epog b gddypy +
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Similarly differentiating (29) with respect to Wr_y yields:
(31)

(vy.yvy) * mloy_j-op) + by Py (g ) +
o.T.mF'.]._1 ( [CT/m]+wT_ { -)\T) (31).

Thus from (30) and (31) it is easy to see that for all positive values of

WT_y» fT- { (IT-Z’ XT- 1) is an increasing function in wy_, and as a
consequence the optimal policy is an order-up-to policy in period T-1.
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4.7 Optimal Policy in Period ¢-1given optimal policy in period ¢

In this section we prove that if the optimal policy in gny period ¢ is an
order-up-to policy then the structure of the policy remains unchanged in
period ¢-1{under certain conditions). The result is significant, because
in essence by mathematical induction it is easily proved that the optimal

solution of Problem S is attained at X 1:)\ {-

4.7.1 Structure of the Optimal policy in period ¢

Given that the optimal policy in period ¢t is an order-up-to policy, we can
make the following assertion:

A-L JIEA DT
x_:{t t-1 7 tJ}

t 0 elsewhere

Further, from (22) we can define for any n, Fn(In_ {2 Xn) which is
again different under two cases: when W, 2 A g 1t st

Wy,
v X+ onmax{mxn-Cn,D} +h fo(wn-yn) ¢ ly )y, +
wn.kn+1 ©
+ fo gn+1((“)n—yn)qbn(yn)dyrz +/ _ gn+1(}‘rr+-1)¢n(yn)dyn
n n+i
{(33)
it is:

and when 0 Swn<>‘n+1

w
n
vX,t onmax{an-Cn,O} +h [ 0(wn—yn) ¢y Jdy, +
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®
IO Ent1 (Am-J)r’bn(yn)dyn (34)

Reasoning as before and substituting n=t-1 in (33)-(34), f,_ (L oe X _4)s
which is again different under two cases: when w,_, 2 Ap, it is written

asa
We_1
Vg Xy they fo(“’t-i' Vo109 g O gy g +
ot_imax{mXE-i-Ct_l,O} +

We 1Ay
fogt“t-J)d’t-i(Yt-i)dyc-i +

©
[ g ey b gy, g
W1 (35)
and when 0 = wey < A, it is written as:
“t-1
Ve-1 Koy TPy fo(wt-i'yt-i)d’t—i(yt-i)dyt-i +
ot_imax{th_i-Ct_i,O} +

[+ 4}
AL IV LA
0 (36)

Since our primary aim is to minimize f‘t_ 1 (I _os Xi_ 1), we can rewrite
(35) and (36), from our definitions (20)-(22) and (27), as:
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(1Y)
t-1
Vi1 %oy F o gmaximX, -Gy, 0} + ht-ifo(“’t-i'yt-i)d’t-i(Yt-i)dyt—i +

g (0, - (37

To evaluate gt*(lt 1), we substitute n=t in {33} and (34) and derive the
expressmn for f (It {3 t) On deriving f (It {3 t) we assert that
A (I 1) has five alternative formulations which are presented in
Lemma 10. {For a detailed account of the proof refer to Appendix A of

the dissertation).
*
Lemma 10: g, (I_ 1) has five alternative formulations when the

relationships among w,_ 12 }\t y and }‘t are outlined.
Case 1: Wy _y 2 A7 }\t, g (I,_y) is expressed as:

Dot At W1 ©i-1 V-1t
fo [h fo (-1 V-1 YA ) +fogt+1(°"t—1'>'t-1‘>'t)dF ) +

@
[ By Pep 1FOID g by g)dyy g +
©p-1 Vi1 Mt

Dy 7N @ gVpog
iy (@ gy g yddFly) + f Brrt Pop ORIy 4 by gy g +

c"t—i')‘t+1

©
f v (Ao _y+y,_q) +o, max{m Aoy +y, 4)-Cs O} +

Wy Ay
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A
t ©
ht 'ro(kt'yt)dF(yt) + ngH_l (}\t-i-i)dF (Yt)] d)t-i (yt-i)dyt-i (38)

Case 2: )\t Sw_y < )\t 417 gt*{It_ 1) is expressed as:

@pg7Ay Doy Vi-g - ®

f 0 by 0(“’t-1'yt-1'yt)dp(yt) * fogt+10‘t+1)dF oy g ddy g +
A

© t
{ [vt{}\t-wt_1+yt_i) +o, max{m (}\t-wt_ 1 V- 1)-Ct,C]} +htf0(}\t-yt)dF(yt) +
W1y

«©
f -+ Oy g 2F by g Oy gDy (39)

Case 3: 0 < W _y < >\t < }‘t+i
®
f D[Vt(')‘t-wt— 1% 1) + otmax{m ()\t-wt_ 1 - 1)-Ct, 0} +

Ay

®
+ ht f Do\t')’t) dF ()’t) + f OgH. 1 O\t + i)dF (yt)]d)t- { ()'t_ 1)d)'t_ 1 (40)

Case 4: A S}\tsw

t+1 t-1

WAy @it Vit @1 Vo1 Mt
/ 0[ hy {](“’t-i'yt-i'yt)dp(yt) +J Ogt+1(“’t;-1'>'t-1)dF ) +

w
By P 1 F OO g b g My g
Dot Vi1 Mt
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+ f [vt}\ ¢ wt_1+yt_1) + 0, max{m(}\t - W, 1+yt_1)-Ct, D} +
t 17t

A M- >‘t+1

+ h f O‘t Il + f By g % gD +
+J gt+1(}‘t+1)dF(Yt)]¢t-1(Yt-i)dyt-i' @4
ARt

Case 5: 0 < Wy <A and }‘t 2 >‘t+1'

©
{ O[Vt(}\t-wt_ 1+ytf P otmax{m Aw_1+¥.4) - G 0} +

Ay MMy

thJ (}‘t YAl +J gy (o gy g A ) +

<
+f gt+1(At+1)dF(yt)]d>t-1(yt-i)dyt-i (42)
A A

Theorem 12: If the optimal policy in period ¢ is an order-up-to policy or
a one bin policy given by

{ A -l g 1B It-J}

X = 0 elsewhere

t

and assuming It-2 as fixed, then ft— 1 (Ie_9 Xt- 1) is an increasing
function in W9 and the optimal policy in period £-1 is an order upto
the service level (}\t_ 1) policy, which is:

&b




X,y = { Mg Tz Ay 2 L }
0 elsewhere

under the following set of conditions:

Case 1: If >‘t < }\t +1 < @_qs then the structure of the policy is as
stated above if:
Vg V) + mlog gop) + B gy gleg o)+ viFy glwg -2 +

+ Dtht-J((Ct/m) + Wp_g - )\t) +

©e-1 et Do V-1 Me4 1
+J D[htF @Y + e+ (@p 17Yg 17y dF v +

©
* ey Oy P bl0y ylyg )y g +
Qe 1Ye-1 Mot

De 1M R
+J [*;( Felog 17¥e 1) + 1 Bry g Ay dF(y)]0p g by, g)dy, g +
“e-17M+1 0

© w

+ f
W1

t

is greater than zero.

Case 2: if A S W g ( )\t +1° then the structure of the policy is as stated
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above if:
(Ve_gved + mlog g0 +hy (Fy glw, ) +vFy gl A +
otht-J ((Ct/m)+wt_1->\t) .+

@e- 1M ©
| +f[[1htFt(wt-1'yt-1) +f0gc+1 Ay 1dF Gyl g by, )y g +

© ©
- A A A (44)
D1 7Ae
is greater than zero.
Case 3: If 0 S w, 4 < Ap < Ap, ¢ then the policy is as stated above if:
(vt_J-vt) + m(ot_J-ot) + otht_J((Ct/mHmt_J-}\t) +

©
+ IU [IUgt+1 (At+1)dF(yt)]¢t-1 ()'t_J)d)'t_J {45)
is greater than zero.
Case 4: if Ayt S )\t £ w,_4 then the policy is as above if:
(vt_J-vt) + m(ot_I-ot) + VtFt-J (wt_J-}\t) + otht_J((Ct/met_J-}\t) +

W47y
+hy gFpglug )t fo[htFt(‘*’t-J'Yc-J)] e Ve gddyp g +

&8




W,_17Ay
+f 0[ Opl@p g Yo g A B 1 (@ Y g) - By Py g) +

Qg 1Ve-1 Mt
+/ Bert 1Vt pdFlyg + e Ber1 Py JIF byl g lyg gddyg g +

A
@y yt-J t+1
o M1

+f [ fgc+1 (‘*’c 1Y)y + f gt+1'0‘c+1)dF(Yt)]d’t 1129y g

“t-3 A" MMt (46)

is greater than zero.

Case 5: If 0 < W,_q CApand A, 2 A, then the policy is as above if:

t+1
(vp_g~vg) + mlo,_g-0) +hy 4F, gl g) +omF, (((Cp/ml+ew, y-A) +

© At )\t-H

f ”gt+1 (wp_ 1Y g)dFly) +f gt+1'0‘t+1)dp(yc)]d’t 1 g pldy, 1 (47)
A >‘{:+1 | (47)

is greater than zero.

Proof: Expressions (43)-(47) are obtained by differentiating expressions
(39)-(42), invoking the Leibnitz rule (Appendix C) of differentiation,
with respect to w,_;. {(For a detailed account of the proof refer to
Appendix B of the dissertation).

Remark: The following terms are always positive from Cases 1 through

5. They are:

Vet (production cost in period ¢-1), O¢. 1 (marginal overtime labor cost

in period t-1)ss hy_(F, 1l 1) (expected holding cost in period ¢t-1), ,
t . I(wt 1~ ) (partial expected production cost in period £}, and o m
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Ft— 1 ((Ct/m)+o.>t_ J?\t) {expected overtime cost in period ¢).

We have in this chapter examined the total cost structure of problem
(S), derived an order-up-to the service level policy, which is at first
proven to be optimal in the one period problem. Later, the result is
extended to determine conditions under which the policy is optimal in
period T-1, given that it is optimal in period T. Finally, in our last
induction step, we determine conditions under which the policy is
optimal in period t-1, given that it is optimal in any period t. Notice the
order-up-to the service level O\t) policy is "myopic" and does not

have the look ahead capability. If we are to create policies with a look
ahead feature we have to then determine order levels (Yt)’ for each
individual period as we go along in the dynamic recursion scheme,which
are greater than >‘t' Devising such an algorithm is an avenue for future

research.
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CONCLUSION

5.1 Conclusion

In chapter two, we examined the stochastic non-sequential production
planning problem, at first’ with fixed set-up costs and then with sequence
dependent set-up costs. We proved in general that the stochastic version
of the problem suggested by Karmarkar et al. (1387), bounds the
stochastic production problem first introduced by Bitran and Yanasse
(1984). and their respective deterministic equivalents exhibit

identical worst case behavior. In chapter three, we examined the more
intractable, but the more realistic sequential production planning
problem. We focused our attention on the two period problem, and
assumed zero fixed set-up costs, and using Jensen’s inequality, and a
result due to Huang et al. (1977a, 1977b), derived a family of
approximations which spanned the spectrum of values between the bounds
of the problem. We also examnined the worst case difference between the
lower and the upper bound and obtained a worst case error no greater
than 23% of the optimal solution. Finally in chapter four, we obtained
an optimal policy for a version of the one period stochastic sequential
production planning problem, and extended our analysis by mathematical
induction to derive conditions such that an order-up-to the service level

is optimal for the T-period stochastic sequential problem.
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5.2 Opportunities for future research

The next logical step is examining the stochastic sequential production
planning problem with non zero fixed set-up costs and monotonically
increasing period holding costs as a function of Wy - It is conjectured,
that the optimal policy will be a non-stationary, (s,, St) , type of policy.
Where the cost expressions from period to period will exhibit K-

quasiconvexity (Porteus, 1971).

Another, line of research is examining the types of policies which are
optimal when the conditions of Theorem 12 are not satisfied or the
slopes in Case 1 through 5 are not positive. Again, it is conjectured, an

order-up-to Y policy will be optimal, where Yt 2 Ay

Certain problems in finance, for example the cash management problem
the pension fund management problem etc., are similar to problem (S).
It is conjectured since an order-up-to the service level policy is

optimal, a similar policy may be optimal for the cash management and

the pension fund management problem as well.
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APPENDIX A

Detailed proof of Lemma 10

Lemma 10 (p. 60): gt*(It_'l) has five alternative formulations when the
relationships among w, _ 1," Ay and )\t are outlined.

Remark: In our endeavour we present the derivation of the most
detailed expression (Case 1), because all others are easily derived once
the method of proof is outlined.

Proof: From (20) and (21) gt*(lt-i) =E Min ft(xt’ Lq)s

1 X,

and ft(xt’ It- 1) is derived by substituting n=t in {33) and (34). We also
outline in general a Procedure to derive the partial expectations and we
demonstrate its utility by deriving Case 1, which is a sum of three
partial expectations denoted by a, § and y respectively.

Procedure

Step 1: Identify the breakpoints in the range of Y;.q over which the
partial expectations of Min i"t (X, It- 1) are evaluated.

t
Step 2: Fory, € [c, d], identify the corresponding range of I {-

Step 3: On identifying the corresponding range of It- {2 determine the
optimal value of Xy where the optimal policy is given by (1).

A - if A, > 1

t elsewhere

Step 4: Determine the value of Wy by substituting values of It—i and X,
in the expression w, = Xt + It— 1

75




Step 3: Choose expression (33) if w, 2 A, and (34) if w | <A .

Derivation of Case 1

Case ! of Lemma 10 is obtained if the condition, W, _y 2 >‘t +1 pS ?\t is
satisfied. The condition implies, that the expectation is not uniformly
evaluated over the range of Yi-1 € [0,0] but instead, it is a sum of
three partial expectations, denoted by a, § and y where

yt_i € [Os wt i' t+1]’ Yt i € [ t 1—)\t+1’ &)t_i'}\t] and
Yy € [w,_{-A, o] respectively.

Derivation of expression a: Since y, 4 € [0, w,_,-A (], following the

procedure, correspondingly It 1 £ [c‘)t T +1] Further, A try ? }\t,
hence Xt =0 (step 3) and }‘t+1 < w, fw £y (w = It 1)(step 4). Thus
we choose expression (33) (step 5) to deter‘mme the first of the partial

expecations, which is written as:

W g Ay @y Vieg W1 Vp-g Ar
f 0 lhy 0 (@ 4-yp Y dF by + S Dgt+1(“’t-i'yt-i'yt)dp(yt) *
o
f gl‘,+1 (}\t+1)dF{yt)]¢t-i(yt-i)dyt-l (a)
W1 Vi1 At

Derivation of expression 8: Since y, ¢ € [wt_ EATRE wt_i-At] (step 1),
L €A, s A (step 2), X,=0 (step 3), w=I,_ 1 (step 4), and we
choose expression (34) (step 5) because W < )\t 1 Thus the second of

the partial expectations is written as:
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WAy @Yoy

[ b f CRE LA AR gm(>\t+1)dF(yt)]q!>t 1 Wpg g B)

Wy_y >‘t+1

Derivation of expression y: Since y,_ { € [wt 1 t’ o] (step 1), I - 1
[As - @] (step 2), X, =A T,y (step 3), w=A (step 4), and we choose
expression (34) (step 5) to derive expression Y:

©
{ [vt(}\t-wt_1+yt_1) + otmax{m(kt-wt_1+yt_1) - Ct’ 0} +

@ 1A
>\t ®
h f ] (AcydFly,) + f Bt (A (vl b My (y)

And it is easy to see expression (38) {p. 60) is the sum of expressions

a, 8 and y.
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APPENDIX B

Detailed proof of Theorem 12

Theorem 12 {p. 62): If the optimal policy in period t is an order-up-to
the service level (A,) policy and assuming [, oas fixed, then

F_y (It-2’ X 1) is an increasing function in w;_q» and the optimal policy
in period t-1 is an order-up-to the service level (A, 1) policy under five
separate set of conditions.

Remark: Just as we derived the most complex of expressions in
Appendix A we do the same in Appendix B and obtain the first
derivative of Case ! of Lemma 10, with respect to w,_4 by invoking the

Leibnitz rule outlined in Appendix C.
Proof: We begin, by making the observation that g*(y_y) in Casel
- L l'

Proo——

Froo- - - - - it

{(Appendix A), is the sum of three different partial expectations (a, §
and y). Further, from (37}, ft-i(It.-Z’ Xt- 1) is written as:

w
-1
Vig Koy topgmaximX, -Gy, Ob + by f 0(‘*’t-1'>’t-1)¢t-1 (Vp-1)dy,-g +

*

g ) (1)

Thus differentiating Feoq T Xi_q) with respect to w,_, we obtain:

(/)
t-1
Vi-g F oMt ht—ii{ fo(“’t-i'yt-i)d’t-i(Yt-i)dyt-i } td (@)/dwy_y +

dwt_ 1

+d (8)/dw,_y +d(y)/dw,_,. (2)
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Differntiatiﬁg the first of the expressions in (2) under the integral sign
and invoking procedure 2 (Leibnitz Rule) of Appendix C, we obtain:

ui(x) =Wy _qs uo(x) =0,x= Wiy t = Vi1
Fio 8= hy_y (1Y 101 1) (step 1); Filx, uy ()uy "0 = 0 (step 2);
u, (x) “oy -

Fix, uD(x))uo’(x) = 0 (step 3); 11( )f (0o O = hy_y 04y by 41
u
u (x) 0
(step 4); and (d/dw .y f F(x, t)dt =h,_(F(w, ;) (step 3).
uo(x)

Similarly, we invoke procedure 2 (Appendix C), and obtain the first
derivative of expressions a, f§ and y (Appendix A) respectively.

First derivative of o

U 0= ey gm Auyys Ul 20y x = @0 gp 29y
t-17Vt-1 t-17Yt-1 "M+ o
Fix, t) = ht fo(wt_ 17Vt- 1")'t) qbt(yt)dyt +J Ogt+ { (wt_ 1 Vt- 1'yt) ‘bt(yt)dyt +

[+ o]
[ By Ao byddy oy o by ) (step 1)

wt—i-yt-1-§t+1
H-i
@
fogt+1 t+1)¢t()'t)d)'t]d>t_1( t-1" '}\t+1) (SteP 2); (3)

Fx, Uy (x))uu’(x) =0 (step 3);
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uy (x) WMy Qg Vi
! ot %= [ e 670wy q) f lop 1% gy ydy +
0 W1 Y1 A

(O/0wy ) f By (@1 Ve YO by, +

(s 03
(678w, 1) [ By Py O )Y 10y O g )y g (step 3)
Dt Vo1 Pt )
In step 4 we observe the partial deriavative of f(x, t) is obtained by
differentiating three nested integrals, denoted in the order as they

appear as a, b and c respectively.

i) Partial differentiation of integral ‘a’

Again invoking procedire 2 of Appendix B we obtain:

up b =@ gy s ug =0, x =0 g b=y,

Flx, t) = hlw, -y v o, y,) (step 1);

f(x, 1y {x))ui"(x) =0 (step 2); f(x, uo(x))uo’(x) =0 (step 3);
uy (x) “-1 V-1

f F,i(x’ t) dt = ht f d)t(yt) dy, = h, Ft(wt_i-yt_i) (step 4);
up (x) 0

and the final answer is ht Ft(wt_ 1Yy} (step 5)  (3)

Partial differentiation of intepral ‘b’

Invoking procedure 2 we obtain:

ugx) = W V-t un(x) =0, x = W _qs L=y and

Flx, t) = gyl ¢ 1'%’9 o, (y,) (step 1);

Bl g (RN "X =gy gy () b0y gy gy (step 2);
f(x, Uy (x))uO'(x) =0 (step 3);
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fylotidt= [g e ¥ gy o ly)dy, and
uglx) *

u, (x) _
(drdewy ) 1f((")’ tat = By Pey g B0y 1 VA g)
un (x |
@1 Y1 Mt |
J Bert (@ Ve YOy, (step O) (6)

Partial differentiation of integral ‘c’

up %) = 0, uplx) = @y 4 Vg Ay gs X T @y E= Y

flx, t) =g Ao by (step 1);

Flxy uy (xNuy “(x) = 0 (step 2)5 Fix, ugNug™(x) =g (A by (e -
Ye-1 Ay (Step 3

Ly (x) ®
£ (x)f',i(x, tydt = | By Apyqltlydy, (step 4);
0 D1 Vo1 Pt

[0 ¢]
and (d/dw,_g) [ gy g Oy ) lddy, = - gy g Dy P (o 1oy A )t
W1 Vi1 Mt
[04]
[ By O gl lypdy, (7)
Wit Vit Aot

Continuing with our differentiation of expression ‘a’, and substututing
equations {5), (b) and (7) in (4) to complete step 4 of procedure 2, the

resulting expression is:
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WAy W1 Vi1 Mt s
f D[ht Filog ) +f Bt (W1 Yp-1 Y0 by, +

©
[ Bt Py g 1oy by g My (®)

@y g Y1 Mt

The first derivative of « is obtained by substracting the result obtained
from step 3 {which equals zero) from the sum of the result obtained
from step 2 (equation (3)) and step 4 (equation (B)).

Similarly, the expressions § and y are differentiated to obtain the

expression of Case { {Theorem 12).
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APPENDIX C

Leibnitz’ Rule for differentiation under the integral sign

Theorem (Protter and Morrey, 1966)

Suppose that f and d&f/dx are continuous in the rectangle R:{a € x < b,
c St £d}, and suppose that uo(x), uy (x) are continuously differentiable
for a £ x < b with the range of u and u, in [c, d). If ¢ is given by

uy {x)
o) =f 1 Fix, t)dt
u(x)
then
Ui {x)
" (x) = f[x, y (x)]ui"(x) - f[x, uo(x)].uo’(x) +f : )f 1(x, t) dt
u (x)°’

o
where d)'(x) = e (x) /dx; f,i{x’ t) = d&f(x, t)/dx; ui"(x) = 6u1 (x)/dx and
ug"x) = 6up (x) /.

In summary, a procedure is outlined to apply the leibnitz rule:
Procedure 2

Step 1: Identify ui(x) and g {(x), x, t and f(x, t).

Step 2: Substitute t by u, (x) in f(x, t) and multiply the expression
by the first derivative of u, (x) with respect to x.

Step 3: Substitute t by U (x) in f(x, t) and multiply the expression by the
first derivative of Un (x) with respect to x.

Step 4: Obtain the partial derivative of f{x,t) with respect to x, and
integrate the expression over R € [“0 (x), uy (x)]-

Step 5: Subtract the result obtained from step 3 from the sum of the
results obtained from step2 and step4.
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