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Abstract
HIGHER DIFFEOLOGY THEORY
by

EMILIO MINICHIELLO

Advisor: Mahmoud Zeinalian

Finite dimensional smooth manifolds have been studied for hundreds of years, and a massive
theory has been built around them. However, modern mathematicians and physicists are
commonly dealing with objects outside the purview of classical differential geometry, such as
orbifolds and loop spaces. Diffeology is a new framework for dealing with such generalized
smooth spaces. This theory (whose development started in earnest in the 1980s) has started
to catch on amongst the wider mathematical community, thanks to its simplicity and power,
but it is not the only approach to dealing with generalized smooth spaces. Higher topos theory
is another such framework, considerably more abstract and based heavily on categorical and
homotopical techniques. In this dissertation, these two points of view are combined. We draw
a bridge between these frameworks by using a cofibrant replacement functor of Dugger’s to
embed diffeological spaces into simplicial presheaves in a homotopically correct way. From
this we prove that the theory of bundles between these two frameworks agree. We then
port over the powerful tools of higher topos theory, such as the shape operator, to obtain
new results in diffeology. As our main result, we obtain a short exact sequence exhibiting
the obstruction to the Cech-de Rham isomorphism for diffeological spaces in all dimensions,
building on an analogous result of Patrick Iglesias-Zemmour’s in dimension 1. This work
consists of the content of two papers [Min22] and [Min24|, which make up Chapter 1 and

Chapter 2, respectively.
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Chapter 1

Diffeological Principal Bundles and

Principal Infinity Bundles

1.1 Introduction

Principal G-bundles and Cech cohomology are important tools in the study of smooth mani-
folds. However, in recent years, the desire to expand the typical objects of study in differential
geometry has led to various frameworks in which one can define a “generalized smooth space.”
In this paper, we construct a bridge between two such frameworks. One of them is diffeology,
as popularized in the textbook [Igl13]. A diffeological space consists of a set X, and a set
Dx of functions R™ — X, for varying n > 0, satisfying three simple conditions. While the
definition of a diffeological space is simple, a large number of interesting spaces outside the
purview of classical differential geometry can be given a diffeology. Every finite dimensional
smooth manifold inherits a canonical diffeology, as does the set C°(X,Y") of smooth maps
between any two diffeological spaces. In fact the category of diffeological spaces is complete,
cocomplete and cartesian closed. More precisely it is a quasi-topos [BH11]. This is of course
not the case for the category of finite dimensional smooth manifolds, and thus provides a

“better” category in which to work. Various important constructions in classical differential
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geometry have been defined for diffeological spaces, like differential forms, deRham cohomol-
ogy, fiber bundles, tangent spaces [CW15], and recently Cech cohomology [Igl20a] [KWW21]
[Ahm?23].

The second framework is higher topos theory. Here the objects of interest are oo-stacks
over the site Cart of cartesian spaces. Many constructions of classical differential geometry
can be extended to oo-stacks, with interesting applications. One such extension is the notion
of a principal co-bundle, as defined in [NSS14a] and [NSS14b]. Classical principal bundles
and non-abelian bundle gerbes are particular examples of principal co-bundles. Principal oo-
bundles allow for a robust framework wherein one can study twisted, equivariant or differen-
tial refinements of generalized cohomology theories. For more on this theory we recommend
the texts [Bun22a|, [Bun23|, [FSS+12], [ADH21], [Sch13], [BNV16], [SS21]. In this paper,
we will use the presentation of this theory by simplicial presheaves. Thus, the reader does
not need to be comfortable with the language of co-categories in order to read this paper.

The first connection between these two framworks was made in [BH11], in which Baez
and Hoffnung proved that the category of diffeological spaces is equivalent to the category
ConSh(Open) of concrete sheaves on Open, the category of open subsets of cartesian spaces
and smooth maps, equipped with the coverage of open covers. This means that diffeological
spaces can be thought of as certain kinds of sheaves. This is a very powerful point of view,
especially with respect to studying the homotopy theory of diffeological spaces [Pav22b]. In
particular, the category of concrete sheaves on Cart embeds fully faithfully into the category
sPre(Cart) of simplicial presheaves on Cart, whose objects are functors X : Cart” — sSet.
Just as some presheaves of sets are sheaves, some simplicial presheaves are co-stacks. Higher
topos theory can also be called homotopical sheaf theory, and oco-stacks are the main objects
of study. Sheaves of sets are discrete oo-stacks, and stacks of groupoids are 1-truncated
oo-stacks, see Section 1.5 for a more detailed discussion.

Embedding the category of diffeological spaces into the category of simplicial

presheaves puts diffeological spaces into a homotopical framework that is both easy to work
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with and connects powerfully with the underlying homotopy theory of simplicial sets. One

such consequence of this connection is the following theorem, which is the main result of this

paper.

Theorem 1.6.8. Given a diffeological space X and a diffeological group G, there is a weak
homotopy equivalence,

NPring (X) ~ NDiffPring(X).

where NDiffPring(X) is the nerve of the category of diffeological principal G-bundles on X

and NPriny(X) is the nerve of the category of G-principal oco-bundles on X.

Some explanations are in order. In the case where X is a finite dimensional smooth
manifold and G is a Lie group, the above result is well known, see [Sch13, Section 1.2.6]
and [FSS+12, Section 3.2.1]. The method of proof is as follows: For a finite dimensional
smooth manifold M, one chooses a good open cover U of M, and from this constructs a
simplicial presheaf C'(U) called the Cech nerve of U (see Example 1.5.7). Maps from C(U)
to the oo-stack BG are precisely G-cocycles with respect to U, and these classify G-principal
bundles on M, see [Bry09, Chapter 2.1] and [Hus+07, Section 5.4] for example. The simplicial
presheaf C'(U) is projectively cofibrant, and using the machinery of Section 1.5 along with the
classification of principal bundles using cocycles on smooth manifolds, the above Theorem is
easily proven for the special case of smooth manifolds.

However the above method of proof does not carry over straightforwardly to diffeological
spaces. For one, there exist diffeological principal bundles that do not locally trivialize over
any open cover (with respect to the D-topology) of its base space [Igl13, Article 8.9]. Thus
one is forced to look for an analogue of C'(U) which does not use any notion of open cover.
This is accomplished by a cofibrant replacement construction of Dugger’s [Dug01, Lemma

2.7], which when applied to a diffeological spaces gives the following result.

Lemma 1.5.18. Given a diffeological space X, thought of as a discrete simplicial presheaf
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on Cart, the simplicial presheaf QX given by the following coend formula

[nleA
QX :/ AP x 1T yU,, (1.1)
Upp—+—Upy—X
where the coproduct is indexed by (NPlot(X)),, the set of n-many composable morphisms
in the category of plots over X, is a cofibrant replacement for X in the projective model

structure on simplicial presheaves over Cart,

This construction can be understood in a more concrete way as follows. Given a diffeo-

logical space X, let B =[]

poePlot(x) Upo denote the diffeological space given as the disjoint

union of the domains of plots of X, and let QX; =[] foiUp, —Up, U,, denote the diffeological
space given as the disjoint union of domains of plots indexed by maps of plots of X. There
are maps s,t : QX; — B and u : B — @QX; that make [QX; == B] into a diffeological

category.

Proposition 1.5.20. If X is a diffeological space, then
QX = N[QX, = B, (1.2)

where N denotes the nerve construction.

Note that the construction of QX relies only on the plots of X, not on any choice of
open cover. Now all one needs to prove Theorem 1.6.8 is to establish an equivalence between
maps QX — BG and diffeological principal G-bundles over X. This is done in Section
1.3 by proving a bundle construction-type theorem, Theorem 1.3.15. The proof of Theorem
1.3.15 is mostly straightforward, but requires some technical care, since )X is the nerve of
a diffeological category rather than a diffeological groupoid, as in the case of the Cech nerve
C(U) in the classical proof.

The embedding of diffeological spaces into simplicial presheaves immediately yields a

notion of cohomology on diffeological spaces, which we call co-stack cohomology. If X is
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a diffeological space, and A is an oo-stack, whose k-fold delooping W" A exists (notions we
will explain in Section 1.5), then the oo-stack cohomology of X with coefficients in A is given

by the connected components of the derived mapping space
HE (X, A) = mR(X, W' A) = mosPre(Cart)(QX, W' A).

In Corollary 1.5.36 we construct an explicit cochain complex whose cohomology gives the
oo-stack cohomology of X with values in A when A is a diffeological abelian group.

There are two other examples of Cech cohomology of diffeological spaces in the literature
that we consider in this paper, the Krepski-Watts-Wollbert diffeological Cech cohomology
HY o of [KWW21] and the PIZ diffeological Cech cohomology HE,, of [Igl20a]. Inter-
estingly, each of these cohomologies is constructed by “resolving” a diffeological space X
with an appropriate diffeological category, the Cech groupoid C' (X) and the gauge monoid
B//M respectively. In Section 1.5 we compare these various notions of diffeological Cech

cohomologies and find that

A full summary of known results about these cohomology theories is given after (1.48). It is

currently unknown if all three of these cohomology theories are isomorphic in all degrees.
Now if G is a diffeological group, the oco-stack cohomology of a diffeological space X with

values in BG is denoted H! (X,G). An immediate consequence of Theorem 1.6.8 is the

following result.

Corollary 1.6.9. Given a diffeological space X and a diffeological group G, there is an

isomorphism of pointed sets

H! (X,G) = nDiffPring(X),
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where mDiffPring(X) denotes the set of isomorphism classes of diffeological principal G-

bundles on X, pointed at the isomorphism class of trivial bundles.

Thus oco-stack cohomology of diffeological spaces also encompasses nonabelian cohomol-
ogy.

It is our view that by applying tools from higher topos theory can be beneficial to the still
young subject of diffeological spaces. In particular we believe that while the machinery of oo-
stack cohomology may come from an abstract framework, it can ultimately output important
and down-to-earth results. Furthermore, higher topos theory already has definitions for
higher principal bundles (called bundle gerbes) and connections on such objects inherently
built into it. Pulling these definitions over to diffeological spaces and analyzing the results
are the subject of future work.

The paper is organized as follows. In Section 1.2, we will give some background informa-
tion about diffeological spaces. In Section 1.3 we turn to diffeological principal G-bundles. We
define G-cocycles and prove a bundle construction-type theorem, Theorem 1.3.15. In Section
1.4, we give a brisk introduction to sheaf theory, and explain the Baez-Hoffnung Theorem
[BH11, Proposition 24]. In Section 1.7, we compare several categories of concrete sheaves on
various sites, and show that they are all equivalent, proving that the category of diffeological
spaces as given in Definition 2.2.2 is equivalent to the usual category of diffeological spaces
considered in the literature. In Section 1.5, we will review the Cech model structure on sim-
plicial presheaves over cartesian spaces. Proposition 1.5.20 provides a cofibrant replacement
of a diffeological space as the nerve of a diffeological category. We compare this diffeological
category to two other diffeological categories C'(X) and B//M, which have been introduced
in [KWW21] and [Igl20a], respectively. From these three diffeological categories, we obtain
three separate notions of Cech cohomology for diffeological spaces, and compare them in Sec-
tion 1.5.3. In Section 1.6, we turn to the main result of this paper, that if G is a diffeological
group and X is a diffeological space, then the nerve of the category of principal G-bundles

on X is weak homotopy equivalent to the nerve of the category of G-principal oo-bundles
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over X.

1.2 Diffeological Spaces

In this section we give some background on diffeological spaces, all of which can be found in

the textbook [Igl13].

Definition 1.2.1. Let M be a finite dimensional smooth manifold!. We say a collection
of subsets U = {U; € M},e; is an open cover if each U; is an open subset of M, and
Uie; Ui = M. If U is a finite dimensional smooth manifold diffeomorphic to R™ for some
n € N, we call U a cartesian space. We call U = {U; C M} a cartesian open cover
of a manifold M if it is an open cover of M and every U; is a cartesian space. We say that
U is a good open cover if it is a cartesian open cover, and further every finite non-empty
intersection U;, ;, = U;, N---NU;, is a cartesian space.

Let Man denote the category whose objects are finite dimensional smooth manifolds and
whose morphisms are smooth maps. Let Cart denote the full subcategory whose objects are
cartesian spaces. Given a set X, let Param(X) denote the set of parametrizations of X,

namely the collection of set functions p : U — X, where U € Cart.

Definition 1.2.2. A diffeology on a set X, consists of a collection D of parametrizations

p: U — X satisfying the following three axioms:
1. D contains all points R — X

2. If p: U — X belongs to D, and f : V — U is a smooth map, then pf : V" — X belongs
to D, and

3. If {U; C Ulies is a good open cover of a cartesian space U, and p : U — X is a

parametrization such that p|y, : U; — X belongs to D for every i € I, then p € D.

'We will assume throughout this paper that manifolds are Hausdorff and paracompact.
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A set X equipped with a diffeology D is called a diffeological space. Parametrizations that
belong to a diffeology are called plots. We say a set function f : X — Y between diffeological
spaces is smooth if for every plot p : U — X in Dy, the composition pf : U — Y belongs

to Dy. We often denote the set of smooth maps from X to Y by C*(X,Y).

Remark 1.2.3. In what follows, when we say that f : X — Y is a map of diffeological

spaces or a smooth map, we mean that it is a smooth function in the above sense.

Denote the category whose objects are diffeological spaces and morphisms are smooth

maps between them by Diff. An isomorphism in this category is called a diffeomorphism.

Remark 1.2.4. Note that Definition 2.2.2 is not the exact definition of diffeological spaces
as usually given in the literature, such as [Igl13, Article 1.5]. However it is precisely the
definition of diffeological space as defined in [Pav22a, Definition 2.7] and [SS21, Notation
3.3.15], as we will prove in Theorem 1.4.16. We will call the diffeological spaces defined in
[Tgl13, Article 1.5] classical diffeological spaces and denote their category by Diff’.

In Section 1.4, leveraging [BH11], we will explain how to think of diffeological spaces as
concrete sheaves on the site (Cart, jgo0d), namely cartesian spaces with the coverage of good
open covers. Leveraging this perspective we show that Diff is equivalent to Diff’ in Section
1.7.

However there are real advantages to using Diff over Diff’, one of them being Lemma
1.3.6, which is false for Diff’. There are other more technical advantages as well. In Section
1.5, we will consider Diff embedded into the category sPre(Cart), which can be given the Cech
model structure s|5re(Cart). If one uses jopen instead of jgooa on Cart, and U is an arbitrary
cartesian open cover of a cartesian space U, then there is no guarantee that C (U) will be
projective cofibrant. Using good open covers ensures that it is projective cofibrant, which
is necessary for much of the theory to be developed. Using jeo0q also allows us to leverage

Theorem 1.5.17 and Theorem 1.5.30, which are vital to our results.

Example 1.2.5. If M is a finite dimensional smooth manifold, then the set of parametriza-

tions p : U — M that are smooth in the sense of classical differential geometry forms a
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diffeology [Igl13, Article 4.3]. We call this the manifold diffeology of the underlying set
of M. Further a map f : M — N of smooth manifolds is smooth in the classical sense
if and only if it is smooth as a map of diffeological spaces. This implies that the functor
Dwman : Man — Diff that sends a manifold to its underlying set equipped with the manifold

diffeology is fully faithful.

Definition 1.2.6. We say that a map ¢ : X — Y of diffeological spaces is an induction if

for every plot p: U — Y there exists a plot ¢ : U — X such that p = iq.

Definition 1.2.7. We say that a map 7 : X — Y of diffeological spaces is a subduction if
it is surjective, and for every plot p : U — Y, there exists a good open cover {U; C U}, and

plots p; : U; = X making the following diagram commute

(1.3)

S+— &
“<<T><

]

Lemma 1.2.8. Let X 5 Y be a subduction, then a function Y Iy 7 is smooth if and only

if fris, and f is a subduction if and only if f7 is.

Lemma 1.2.9. If f: X — Y is a smooth map of diffeological spaces such that there exists

a section, i.e. a smooth map o : Y — X such that fo = 1y, then f is a subduction.

Definition 1.2.10. Let (X, Dy) be a diffeological space and A 'y X asubset. Then consider
the collection D of parametrizations p : U — A such that ip : U — X is a plot of X. It is
not hard to see that this collection is a diffeology, which we call the subspace diffeology

on A. Note that i is an induction when A is equipped with the subspace diffeology.

Definition 1.2.11. Let (X, Dx) be a diffeological space and suppose that ~ is an equiva-
lence relation on the underlying set X. Let X = X/~ denote the quotient function taking

a point * € X to its equivalence class [z] € X/~. Then consider the collection DX of
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parametrizations p : U — X/~ such that there exists a good open cover {U; C U} and plots

p; : U; — X making the following diagram commute

f 7, (1.4)
U

<

It is not hard to see that this forms a diffeology, which we call the quotient diffeology on

X/~. Note that 7 is a subduction when X/~ is equipped with the quotient diffeology.

The category Diff of diffeological spaces is complete and cocomplete. Suppose F' : J — Diff
is a diagram of diffeological spaces. Then a parametrization p : U — lim F’, (where we are
taking lim ' to be the limit of the underlying sets of the F}) is a plot if and only if the
composite U 2 lim F' — F; is a plot for every j € J.

Similarly a parametrization p : J — colim F'is a plot if and only if there exists a good open

cover {U; — U} and plots U; 2 F}, for each ¢, such that the following diagram commutes:

pi
Ui —— F

| s

U — colim F'

Definition 1.2.12. Given any two diffeological spaces X,Y", consider the set Diff(X,Y") of
smooth maps f : X — Y. Let Dx_,y denote the collection of parametrizations p : U —
C>(X,Y) such that the adjoint function p# : U x X — Y, defined by p#(u, z) = p(u)(x) is

smooth. This collection is a diffeology, which we call the functional diffeology.

The functional diffeology makes Diff a Cartesian closed category. We will see in Section
1.4 that Diff is in fact a quasitopos.
To every diffeological space X, we can consider the category Plot(X), whose objects are

plots po : Uy, — X and whose morphisms fy : p1 — po are smooth maps fo : U,, — Up,
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making the following diagram commute

J
Upl : >Up0
1.5
N o =
X

Lemma 1.2.13 ([CSW14, Proposition 2.7]). Given a diffeological space X, let ¢ : Plot(X) —
Diff denote the functor that sends a plot p : U — X to the cartesian space U considered as

a diffeological space with its manifold diffeology. Then X = colim g.

1.3 Diffeological Principal Bundles

In this section we introduce diffeological principal GG-bundles, and prove a bundle construction-
type theorem (Theorem 1.3.15) that gives an equivalence between the groupoid of G-cocycles
and the groupoid of diffeological principal G-bundles over a diffeological space X. This de-
velopment will be needed in Section 1.6. One does not need to know anything about model

categories or homotopy theory to understand this section.

Definition 1.3.1. A diffeological group is a group G equipped with a diffeology Ds such

that the multiplication map m : G x G — G, and inverse map i : G — G are smooth.

Definition 1.3.2. A right diffeological group action of a diffeological group G on a
diffeological space X is a smooth map p : X x G — X such that p(x,eq) = =, and
p(p(x,g),h) = p(x,gh), where eq denotes the identity element of G. We will often keep

p implicit and denote such an action by x - g.

Definition 1.3.3. Let G be a diffeological group, and P be a diffeological right G-space. A

map 7 : P — X of diffeological spaces is a diffeological principal G-bundle if:

1. the map 7 : P — X is a subduction, and

2. the map act : P x G — P x x P defined by (p, g) — (p,p- g), which we call the action

map is a diffeomorphism.
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A map of diffeological principal G-bundles P — P’ over X is a diagram

P ! y P
X

where f is a G-equivariant smooth map. A diffeological principal G-bundle P is said to
be trivial if there exists an isomorphism ¢ : X x G — P, called a trivialization, where
pry : X x G — X is the product bundle. Let DiffPring(X) denote the category of diffeological
principal G-bundles over a diffeological space X. The following properties of diffeological

principal G-bundles are not hard to prove, see [Igl13, Chapter 8|.

Lemma 1.3.4. Let G be a diffeological group and 7 : P — X a diffeological principal

G-bundle, then we have the following:

1. if f:Y — X is a smooth map, then the pullback f*P — Y is a diffeological principal
G-bundle,

2. if there is a section s : X — P, namely m o s = 1x, then P is trivial,

3. if f: P — P’ is a map of diffeological principal G-bundles over a diffeological space X,

then it is an isomorphism.

By Lemma 1.3.4.(3), the category DiffPring(X) is a groupoid for every diffeological group

G and every diffeological space X.

Proposition 1.3.5 ([Igl13, Article 8.19]). Given a diffeological group G and a diffeological
principal G-bundle 7 : P — U, where U is a cartesian space, there exists a trivialization

p:UxG— P.

Lemma 1.3.6. Given a diffeological group G and a diffeological right G-space P, a map
m: P — X is a diffeological principal G-bundle if and only if for every plot py : U,, = X,
the pullback p§P is trivial, and the map act : P x G — P xx P defined by (p, g) — (p,p- g)

is a diffeomorphism.
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Proof. (=) If m: P — X is a diffeological principal G-bundle, and py : U,, — X is a plot,
then by Lemma 1.3.4 pj P is a diffeological principal G-bundle over U,,,. Since U, is cartesian,
by Proposition 1.3.5, p{P is trivial, with trivialization ¢, : U,, x G — piP.

(<) If pjP is trivial for every plot py : U,, — X, then there exists a trivialization

©Opo : Upy X G — pi P, and thus we obtain the following commutative diagram

P
Up X G —2 ptP —" P

1 Uk Upo — X

Since this is true for every plot p, : U,, — X, then by taking U,, as a good cover of itself, pi

can be seen to be a subduction. O

Lemma 1.3.7. Condition (2) of Definition 1.3.3 is equivalent to the condition that G acts

on the fibers of 7 freely and transitively.

Proof. If act : P x G — P xx P is a diffeomorphism, then GG clearly acts on the fibers of 7
freely and transitively. Now suppose G acts on the fibers of 7 freely and transitively. The
map act : P Xx G — P Xx P is smooth. Since the action is free and transitive it means
also that the map act is a bijection. We need then only to show that the inverse function is
smooth. Namely if (¢,¢') : U — P xx P is a plot, where ¢,¢' : U — P are plots, then we wish
to show that the composite function act™'{q,¢’) is a plot of P x G. Now this is the set map
u — (q(u),diff(q(u), ¢ (u))), where diff : P x x P — G is the composite map proj,act™'. This
is a plot of P x G if it is a plot in both factors. Obviously it is a plot of the first factor, so
we need only show that it is a plot of the second factor. This is the map that we will denote

by 7, namely 7(u) = diff(¢(u), ¢'(u)). Now, let r = m7q = m¢’ denote the plot r : U — X. We
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have the following commutative cube

//— (1u,q") \
U UxG

\\\\\"h\\ / qu/
Ty
(U xG) xy (UxG) P
\k
U
UxG \

\gpq /
\ p

and (U x G) xy (U x G) 2 U x G x G. Note that (q,q¢') : U — P xx P factors as kh, where

(g,1v)

(1.6)

X

k is the map U x G x G — P X x P induced by the plotwise trivializations of P along ¢ and

¢'. Now we can see that 7 factors as

T

U=—>PxxP — PxG G

(9,9") projg
Tk /
Proja

" UxGxG——UxG

where n : U x G x G — U x G is the smooth map (u,g,9") — (u,(¢')"'g). Thus 7 is a

composite of smooth maps, and therefore is a plot. O

Diffeological principal G-bundles are a true generalization of classical principal G-bundles
in the following sense. If M is a finite dimensional smooth manifold, G is a Lie group, and
m : P — M is a classical principal G-bundle on M, then we can consider the map of
diffeological space Dman(7) : Dyan(P) — Dman(M), given by the functor Dy, : Man — Diff
from Example 1.2.5. It turns out that this map of diffeological spaces is a diffeological

principal Dyan(G)-bundle, in fact more is true.

Proposition 1.3.8 ([Wall2, Theorem 3.1.7]). If M is a finite dimensional smooth manifold,
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G is a Lie group, and Pring(M) denotes the groupoid of classical principal G-bundles over
M, then the functor

Dy : Pring(M) — DiffPring (M) (1.7)

that assigns to a classical principal G-bundle 7 the corresponding diffeological principal

Dman(G)-bundle, is an equivalence of groupoids.

Remark 1.3.9. In what follows we will not use the notation Dyan (M) to distinguish between

a manifold and its corresponding diffeological space, but will instead rely on context.

Classically, principal G-bundles over a smooth manifold M are classified up to isomor-
phism by homotopy classes of maps from M to a classifying space BG. There has been
some work [CW21|, [MW17] extending this result to diffeology. Since diffeological spaces are
so much more general than smooth manifolds, one must only consider numerable principal
G-bundles to classify them in this sense as in the above references.

However, there is another way of classifying principal GG-bundles over a smooth manifold
M, that produces the whole groupoid of principal G-bundles, rather than just the isomor-
phism classes, see Example 1.5.13. One goal of this paper is to extend this idea to diffeological
principal G-bundles. This will be achieved in Section 1.6. In order to classify diffeological
principal G-bundles in this way, we must understand how to construct bundles from their

cocycles and vice versa.

Definition 1.3.10. Given a diffeological space X and a diffeological group G, call a collection
g = {gg,} of smooth maps g¢, : U,, — G indexed by maps of plots fy : U,, — U, of X a

G-cocycle if for every pair of composable plot maps of X

f1 fo
Up, = Uy, — U,

it follows that

9porr = (9500 f1) - 9p1- (1.8)
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We call (2.9) the diffeological G-cocycle condition.
Given two G-cocycles, g, ¢’, we say a collection h = {h,,} of smooth maps h,, : U,, = G
indexed by plots of X is a morphism of G-cocycles h : g — ¢’ if for every map f, : U,, —

Up, of plots of X, it follows that

g}o ’ hpl = (hpo © fO) “Gfo- (1.9)

Remark 1.3.11. The definition of diffeological G-cocycles is reminiscent of classical G-
cocycles (usually written g;; for some cover U = {U; € M} of a manifold), but also seems to
have come from nowhere. In Section 1.6 we will see how one comes to this definition purely

from the framework of higher topos theory.

Let Coc(X, G) denote the category whose objects are cocycles of X with values in G and
whose morphisms are morphisms of cocycles. Composition is defined as follows. If h: g — ¢
and b’ : ¢ — ¢” are morphisms of cocycles, then let (A’ o h) denote the morphism of cocycles
defined plotwise by (k' o h),, = hy, - hy, for a plot py : Uy, — X. Let us show that (A’ o h)
is actually a morphism of cocycles. A morphism of cocycles h : g — ¢ implies that if

fo : Uy, = Up, is a map of plots, then

g}ohpl = (hpo © f0>gfo
and h' : ¢ — ¢” implies that
g./f{ohg)l = (h;n o fo)g}o

Thus

g;goh;n = (h;;O © fo)(hpo o fo)gfoh;ll.

and therefore

g}/g(h;n ’ hp1> - ((h;m ’ hpo) o fO)gfo
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This proves that (h' o h) is a morphism of cocycles. Note that Coc(X,G) is a groupoid by
taking (h™1), = h*.

Given a diffeological space X and a G-cocycle g on X, we wish to construct a diffeological
principal G-bundle 7 : P — X, such that we can recover the G-cocycle g by looking at

plotwise trivializations of P. We will do this as follows. Consider the diffeological space

P= ] UxxG. (1.10)
PpoEPlot(X)

We label the elements of P by (@py, ko), where py : Uy, — X is a plot, z,, € U,,, and
ky € G. We write (xp,, k1) ~ (zp,, ko) if there exists a map fy : U,, — U,, of plots such
that fo(z,,) = xp, and ko = gp(xp,) - k1. This relation is reflexive and transitive, but
not symmetric, so abuse notation by letting ~ also denote the smallest equivalence relation
containing ~. In other words we say that (x,,, k1) ~ (2p,, ko) if and only if there exists a

finite zig-zag of plot maps
n f’IL
(Tpys K1) 25 (g0, ho) &5 (g, 1) 2o 2 (g, hn) 255 (20, ko), (1.11)

such that fo(2,,) = T, ho = g5 (2p,) k1, f1(2g,) = 24y, ho = g7, (2g,) -1, - .., far1(Tg,) = Tpys
and ko = gy,,,(q,) - hn. By setting fy or f,11 equal to the identity one can obtain any kind
of zig-zag from one of the form above.

Let P = P/ ~, and denote its elements by (%4, ko]. There is a smooth map 7 : P — X
given by [z, ko] = po(xp,). This map is well-defined, because if (x,,, k1) ~ (xp,, ko), then

there is a finite zig-zag of plot maps connecting them as above, so

P1(@p) = @0(fo(Tp,)) = @0(240) = @0(f1(74,) = @1(T) = -+ = 4u(24,) = Gu(far1(24,)) = Po(p,)-
(1.12)

Thus 7 : P — X is well defined. We let m = Cons(g), short for construction.

As sets, we can think of P as the ob jects of a category, and a morphism in this category
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looks like

(Ipov kO) iO_> (xplv kl)

where fo : U,, — U, is a plot map such that fy(z,,) = x,, and ky = g, (2p,) - ko. Then
P = woﬁ. This might be a helpful way to think about this construction, and we will say

more about this observation in Section 1.6.

Proposition 1.3.12. Given a diffeological group G, a diffeological space X and a G-cocycle

g on X, the map 7 : P — X where m = Cons(g) is a diffeological principal G-bundle.

Proof. First let us show that there is an action of G on P. Let the action be defined by
(%, ko] - g = [@py, Ko - g]. This action is well defined, as suppose a zig-zag of the form (1.11)
identifies (z,,, k1) with (xp,, ko). Then the same zig-zag with h; replaced with h; - g will
identify (z,,, k1 - g) with (z,,, ko - ).

Now let us show that if p; : U,, — X is a plot, then there exists a G-equivariant

diffeomorphism ¢, : U,, x G — piP. First note that

pP = {(mpm [.1'1,0,/{0]) €U, xP: pl(xpl) = 7T[.1'p0,/£0]}

So given a point (x,,, [Ty, ko]) € piP, we have a commutative diagram

.’Epo U
po
AN

Tp1 x Po

N
— X

1 P1

< %

=

where * denotes the plot * =2 R® % X. We can think of this diagram as a zig-zag

Tpy

(1> Grg, ()Gt (KVhi0) < (5, gL () kia) = (py, Ki)-

Thus we can identify

["L‘m ) gxpl (*)g:c_plo (*)kO] = [xpm kO]



CHAPTER 1. DIFFEOLOGICAL AND INFINITY BUNDLES 19

Now let us define a map ¢, : pyP — Uy, X G by ©(2p,, [Ty, ko]) = (Tp,, Ga,, (*)g;plo(*)kro).
Let us show that this is well defined. First suppose that (z4,,l) ~ (xp,, ko) is identified by
a single morphism, i.e. there exists a plot map fy : U,, — Up, such that fo(x,) = z,, and

ko = gg,(x4,) - lo, then the following diagram commutes

Ctpo

* ——— Uy,

A

qul fo lpo
/

qu T> X

However, we can also think of x,, and x4, as maps of plots. Thus from the cocycle condition

(2.9), we have

I fooray) (F) = (Gfo © Tgo) (%) * Gargy (¥)-

Now let us abuse notation for the rest of this proof by writing g,, for g, (). Thus we have

Gapy = gfo(xqo) " Gy, - (1.13)

Therefore

90<xp17 [xm? ko]) = (Imvgfvpl g;plo ko) = (xpl7gmp1 g:;plogfo ($QO)ZO) = (Ipl7gxp1 g;qt lO) = So(xplv [xq07 10])

Now if (x4,l0) and (z,,, ko) are connected by an arbitrary finite zig-zag, then using the
above argument on every morphism in the zig-zag shows that ¢(z,,, [, lo]) = ©(Tp,, [Tp, Ko])-
So ¢ is well defined. It is also G-equivariant, as @(Zp,, [Tps ko] - 9) = @(Tpy, [Tpos Kog]) =
(Tp1s 9oy, G K09) = (Tpys Gap, Gy o) - G-

We define an inverse ¢, ' : Up, X G — piP by (z,,,9) = (Zp,, [2p,,g]). This is clearly
G-equivariant, and it is easy to see that ¢, o o' = 1y, «¢ and @, 0@, = 1,p. Thus P is
plotwise trivial.

Now let us show that G acts on the fibers of 7 freely and transitively. However this is
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immediate, as a fiber of 7 is in particular a pullback:

g

7 i(z) ——

i

and every constant map x — X is a plot, and we’ve already shown that for any plot this

™

<_

>

T}
pullback is trivial, and thus 77'(z) & % x G = G, which acts freely and transitively on

itself by right multiplication. Thus by Lemma 1.3.7, the action map P x G — P xx P is a

diffeomorphism. Thus by Lemma 1.3.6, P = X is a diffeological principal G-bundle. O]

Remark 1.3.13. As it is convenient for the rest of this section, we rename the plotwise

trivialization ¢, ' : Uy, x G — p;Cons(g) to @p,.

Proposition 1.3.14. Given a diffeological space X, a diffeological group G, G-cocycles g, ¢’
on X, with corresponding diffeological principal G-bundles P = Cons(g) and P’ = Cons(g')
and a morphism h : g — ¢’ of G-cocycles, there is an induced morphism% = Cons(h): P — P’
of diffeological principal G-bundles. Furthermore, for every plot py : U,, — X, if h:P— P

is a morphism of diffeological principal G-bundles, then we obtain a commutative diagram

hpg

Uy, x G » Upy X G
Sopol l‘P;o
* EPO * D/
po P > po P
ﬁ)pol ll%o (1'14>
P L , P
X

where fuy, (py, ko) = (Zpg, o () - Ko)-

Proof. Define a map h = Cons(h) : P — P’ as follows. Given a point [z,,, ko] in P, let

ﬁ([xpo, kol) = [Tpgs hpo (Tpy) - ko). Let us show that this map is well defined. Suppose that
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[Ty, k1] = [Ty, ko], we want to show that [z,,, by, (Tp, ) k1] = [2py, Ppe (T4 ) Ko]. Suppose that
(p,, k1) and (xp,, ko) are connected by a single morphism, i.e. there exists a plot map

fo : Uy, = Uy, such that fo(z,,) = z,, and ky = gy, (zp, )k1. Then as elements of P’, we have

h([po; Kol) = [Zpos Py (o) K]
= [2p0 o (o (1)) 950 (1) K]
= [%po: 9, (@1 )y (2, )] (1.15)
= [y gy (2, )]

= h([wp17k71])a

where the third equality follows from (2.10). Thus if (z,,, k1) and (z,,, ko) are connected by
an arbitrary finite zig-zag, then using the above argument on every morphism in the zig-zag
shows that E([xm, k1)) = E([a:po, ko]). Thus & is well-defined, and clearly smooth. It is also

G-equivariant, as

([ o] - 9) = T [209, Kog))
= [xpoﬂ hpo (xpo)kog] (1.16)
= [xpm hpo (xpo)ko] g

= h([2py, kol) - g-

Thus h is a morphism of diffeological principal G-bundles over X.
Now given a plot py : U,, — X, we obtain the commutative diagram (1.14) by pulling
back & along py and the plotwise trivialization ¢. We need only show that Epo (Xpys ko) =

(@po s hp (Tpo) - o). Since %po = (90;;0)71}%0901)0 we have

hpo (xpm kﬂ) = (90;70)_1/];10090100 ('Ipoa ko)
= (o)™ Py (g [0, Ko])
= (90;30)71(%00’ [mpm hpo (mpo) ) ko])

- (xpm hpo (xpo) : k0)>

(1.17)
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where we have used the plotwise trivialization from the proof of Proposition 1.3.12 and the

convention of Remark 1.3.13. O

The content of Propositions 1.3.12 and 1.3.14 can be summarized by saying that we have
a functor Cons : Coc(X,G) — DiffPring(X). Our goal now is to show that this functor is an
equivalence, namely that it is fully faithful and essentially surjective.

Let us first show essential surjectivity. Suppose that 7 : P — X is a diffeological principal
G-bundle. Suppose that for every plot py : U,, — X we choose a trivialization ¢y, : Uy, xG —
po P, which is a G-equivariant diffeomorphism. Let fy : U, — U,, be a map of plots. Then

we obtain the following commutative diagram

U, x G fo y Uy, X G
®p #p
;’{lP i > pESlP |
Ul,,l %I\fo/%) Ui (1.18)
P i Po
X

where ]% is obtained from fy by pullback (taking pullbacks is functorial), and ]% is defined

as fo = cp;olﬁjgopl. Given (z,,,k) € U, x G, it follows that

ﬁ)(xpw k) = (fO(Ip1)7gfo(xP1) ) k) (1'19>

for some map gy, : U,, — G. This is because both ﬁ) and ﬁ) are maps of diffeological principal

G-bundles, and therefore G-equivariant.
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If furthermore we have a pair of composable plot maps U, TN Up, Jo, Up,, then

(J/c()\fl)(xpzv k) = ((fOfl)(xm)?gfofl (ZL’m)]{?) = ((fﬂfl)(xm)vgfo(fl(xpz)'gfl (ZL’m)k‘) - ﬁ)ﬁ(xpzv k)
(1.20)

From this we obtain the cocycle condition (2.9).

Thus given a pair of a diffeological principal G-bundle 7 : P — X, and a choice ¢ of
plotwise trivializations, we obtain a G-cocycle g. Denote this cocycle by g = Ext(P, ) for
extracting the cocycle from the principal bundle. We wish to show that there exists an
isomorphism 7 : Cons(Ext(P, ¢)) — P of diffeological principal G-bundles.

Let Q = Cons(Ext(P,¢)) and let Q = [, ocpiotx) Upe X G- Let g : Q — Q denote the
quotient map. Let us define a set function 7 : Q — P as follows. Given a point [z,,, k1] € Q,
let 7([xp,, k1]) be ¥y, 0p, (2p,, k1), where 1, and ¢,, are the maps given in (1.18). Let us
show that this function is well defined. Suppose that [x,,, k1] = [z,,, ko] are connected by a
single plot map fo, i.e. that fo(xp,) = z,, and ko = gy, (2p,) - k1. Then by (1.18) and (1.19)

we have

7([2po, ko]) = Ypo@po (T4, ko)
= Vpopo (fo(p1): 910 (Tp,) - K1)
= Y Ppo fo(p1, 1) (1.21)
= Upyppy (21, K1)
= 7([2py, ka])-

Thus if (z,,,k1) and (z,,, ko) are connected by an arbitrary finite zig-zag, then using the
above argument on every morphism in the zig-zag shows that 7 is well defined. To see that
it is smooth, since ¢ is a submersion, by Lemma 1.2.8 it is enough to show that 7q = T is
smooth. But this is just the map 7 : [[, Uy, X G — P that sends (2, ko) t0 ¥p,0p, (Tp,)
and these are smooth maps, thus 7 is smooth and therefore 7 is smooth. Since 1, and
©p, are G-equivariant, it is easy to see that 7 is as well. Thus 7 is a map of diffeological

principal G-bundles, so by Lemma 1.3.4, it is an isomorphism. Therefore the functor Cons :
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Coc(X, G) — DiffPring(X) is essentially surjective.

Now let us show that Cons is fully faithful. Suppose that A and A’ are maps of cocycles
hl' i g — ¢, and let h = Cons(h) and i/ = Cons(R'). Suppose that h = h/. Then using
the canonical plotwise trivialization ¢ of P = Cons(g) and P’ = Cons(g’) we obtain two
copies of (1.14) for h and h'. Since they are equal as maps, this implies that for every plot
po : Up, = X, Epo = E;O. But by Proposition 1.3.14, Epo determines h,, and E;O determines
h,,- Thus h = h'. Thus Cons is a faithful functor.

Now suppose that P = Cons(g) and P’ = Cons(¢') and i : P — P’ is a map of diffeological
principal G-bundles. We wish to construct a map h : g — ¢’ of cocycles such that Cons(h) =
h. We obtain such a morphism h of cocycles by pulling h along the canonical plotwise
trivialization ¢ of Cons(g) as in (1.14), so that for every plot py of X, we have Epo (py, k) =
(@pgs hpy () - ko). One can check that h is a morphism of G-cocycles by chasing around the

left hand square in the following commutative diagram

P

Uy, x G P’
fo [
2 < 12
Up, x G Up, x G
Up, x G

Now we wish to show that Cons(h) = h. Let z € X, and consider the plot z : ¥ — X
that sends the point to . If we let pg = x in (1.14), then U,, x G = G. Let p = ¥, p.(eq).
Then h(p) = ¥.¢" hyle) = ¢ (ha(ec)). However Cons(h)(p) is also determined plotwise
by h,, i.e. Cons(h)(p) = VLo (hi(eq)) = hp. Since h and Cons(h) are G-equivariant, and the
action of G on 7~ !(z) is transitive, this implies that & and Cons(h) agree on 7~ !(z). Since
x was arbitrary, this implies that h = Cons(h). Thus Cons is a full functor. In summary we

have proven the following.
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Theorem 1.3.15. Given a diffeological space X and a diffeological group G, the functor
Cons : Coc(X, G) — DiffPring(X) (1.23)

is an equivalence of groupoids.

Remark 1.3.16. Any choice of plotwise trivialization ¢ with ¢, : Uy, X G = piP gives a

quasi-inverse to the functor Cons above.

Remark 1.3.17. Weaker, but somewhat similar results to Theorem 1.3.15 have been proven
in [WW14] and [Ahm23]. But notice in these papers that the correspondence was only proven
on the level of isomorphism classes, with different notions of diffeological Cech cohomology,
and they only establish a bijection of sets. We say more about the other notions of diffeological

Cech cohomology in the literature in Section 1.5.3.

1.4 Diffeological Spaces as Concrete Sheaves

A major development in the theory of diffeological spaces was made in [BH11], which showed
that the category of diffeological spaces is equivalent to the category of concrete sheaves
on the site of open subsets of cartesian spaces. Here we introduce the theory necessary to
understand this result, and to prepare the ground for Section 1.5. In Section 1.7, we will
show that the category of concrete sheaves on several various sites of interest are equivalent,
giving a justification for Definition 2.2.2. Nothing in this section is new, but it may be helpful

to those less familiar with topos theory.

Definition 1.4.1. Let € be a category, and U € €. A family of morphisms over U is a
set of morphisms r = {r; : U; — U };¢; in € with codomain U.
A refinement of a family of morphisms ¢ = {t; : V; — U},es over U consists of a

family of morphisms r = {r; : U; — U}es, a function o : I — J and for each ¢ € I a map
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fi : Ui = Vi) making the following diagram commute:

| \ %> (1.24)

If r is a refinement of ¢, with maps f; : Uy — Vi), then we write f: 7 — 2.

We wish to consider added structure to a category that generalizes the notion of a topol-

ogy. We will use families of morphisms as a generalized notion of "open cover.”

Definition 1.4.2. A collection of families j on a category € consists of a set j(U) for
each U € €, whose elements {r; : U; — U} € j(U) are families of morphisms over U.

We call a collection of families j on € a coverage if it satisfies the following property:
for every {r; : U; — U} € j(U), and every map g : V — U in C, then there exists a family
{t; : V; = V} € j(V) such that gt; factors through some ;. Namely for every ¢; there exists

some ¢ and some map s; : V; — U; making the following diagram commute:

S5
—

S

(1.25)

S—— &

< <

g

The families {r; : U; — U} € j(U) are called covering families over U. If amap r; : U; = U
belongs to a covering family r € j(U), then we say that r; is a covering map.

If € is a category, and j is a coverage on C, then we call the pair (C, j) a site.

Example 1.4.3. Let X be a topological space and let ©O(X) denote the partially ordered
set of open subsets of X. Let jx denote the collection of familes on ©O(X) such that jx(U)
is the set of all open covers of U, namely {U; C U} € jx(U) if Y, U; = U.

This collection of families is a coverage, for suppose we have fixed an open cover {U; C U}
and an open subset V' C U. Then {VNU; C V} is an open cover of V., and V NU; C U;. We

call jx the open cover coverage of X.
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Example 1.4.4. Define a collection of families jopen on Man as follows: For M € Man, let
Jopen(M ) denote the collection of open covers of M. Then jopen is a coverage. Indeed if
{U; C M} is an open cover and f : N — M is a smooth map, then {f~!(U;) C N} is an
open cover of N satisfying (2.13).

Now consider the following full subcategories
Cart — Open — Man.

Where Cart is the full subcategory whose objects are cartesian spaces and Open is the full
subcategory whose objects are diffeomorphic to open subsets of a cartesian space. The
collection of families jopen can be restricted to Open and is clearly a coverage there as well.
Notice however that if we restrict jopen to Cart, and U is a cartesian space, then an open
cover {U; C U} is a covering family for jope, if and only if it is a cartesian open cover,
otherwise it could not be a collection of morphisms in Cart. For Man and Open any open
cover will do. However if {U; C U} is a cartesian open cover and f : V — U is a smooth
map, there is no reason that {f~(U;) C V} will be a cartesian open cover. However as we
will see in Example 1.4.5, every open cover can be refined by a cartesian open cover, and

thus jopen is indeed a coverage on Cart.

Example 1.4.5. Define a collection of families jyo0,q on Man as follows: For M € Man, let
Jeood (M) denote the collection of good open covers as in Definition 2.2.1 of M. Let us show
that the good covers form a coverage. If {U; C M} is a good cover and g : N — M a smooth
map, then {g~'(U;) C N} is an open cover, but not necessarily good. By [BT+82, Corollary
5.2], this open cover can be refined by a good open cover {W,, C N} so that for every Wy
in the good open cover, there exists a U; such that W, C ¢7'(U;), and thus the following

diagram commutes:
9lg=1wp

W, —— ¢ Y(U) U,
[ [

N s M




CHAPTER 1. DIFFEOLOGICAL AND INFINITY BUNDLES 28

Thus jgood is @ coverage on Man. Similarly it defines a coverage on Cart and Open.

Definition 1.4.6. Let Smooth denote a site of the form (C,j) with € € {Cart, Open, Man}

and j € {Jopen, Jzood }- We will call any such site a smooth site.

Example 1.4.7. We note here that the collection of families jg,;, of subductions on the
category Diff of diffeological spaces is a coverage, because the pullback of a subduction is a
subduction. We will not use this observation in this section, but it will come up in Section

1.5.2 when we talk about diffeological categories.

Coverages are those collections of families with the least amount of structure with which

we can define sheaves on C.

Definition 1.4.8. A presheaf on a category C is a functor F' : C? — Set. An element
x € F(U) for an object U € C is called a section over U. If f: U — V is a map in €, and
xz € F(V), then we sometimes denote F'(f)(x) by x|y. If {r; : U; = U }ies is a covering family,
then a matching family is a collection {x;}ier, x; € F(U;), such that given a diagram in C

of the form
|

! l”j
then F(f)(x;) = F(g)(x;) for all 4,5 € I. An amalgamation z for a matching family {z;}

is a section x € F(U) such that z;|y = z for all 1.

Definition 1.4.9. Given a family of morphisms r» = {r; : U; — U} in a category C, we say
that a presheaf F': G — Set is a sheaf on r if every matching family {s;} of F' over r has
a unique amalgamation. If j is a coverage on a category €, we call F' a sheaf on (C, j) if it
is a sheaf on every covering family of j. Let Sh(C, j) denote the full subcategory of Pre(C)

whose objects are sheaves on (C, j).

Remark 1.4.10. If (C, j) is a site that has pullbacks, then we can equivalently express the

condition for F' being a sheaf as requiring that for every U € € and every covering family
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{U; = U} € j(U), the diagram:

FU) — [[; F(U;) —= [1,,; F(U; xu Uj) (1.26)

is an equalizer. This is how the sheaf condition is often presented in the literature.

Example 1.4.11. Given a smooth manifold M, the presheaf

U C*(U,M)

which we denote by either M or just M, is a sheaf on Smooth. Another important example

of a sheaf is

U QFU)

for any £ > 0. If V is a cartesian space, we will denote its image under the Yoneda embedding
by yV. This is the presheaf
U~ C™(U,V)

and as above is a sheaf. We call a site (€, j) where every representable presheaf is a sheaf

subcanonical. It is not hard to see that Smooth is a subcanonical site.

We wish to single out those sheaves that are in some sense a set with extra structure.
Definition 1.4.12. A site (C, j) is concrete if:

1. it is subcanonical,

2. it has a terminal object ,

3. the functor C(x, —) : € — Set is faithful, and

4. for every covering family {U; — U}, the family of maps C(x,U;) — C(x,U) is jointly

surjective, namely the map [[, C(x,U;) = C(x,U) is surjective.
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It is not hard to show that all of the smooth sites are concrete.

Definition 1.4.13. If (C,j) is a concrete site and F is a presheaf, then we call F(x) its

underlying set, and for any U € C there always exists a map

ov : F(U) — Set(C(x,U), F(x))

defined by ¢y (z) = (u — F(u)(z)). We say a sheaf F' is concrete if for every object U € C,
the function ¢y is injective. Let ConSh(C, j) denote the full subcategory of concrete sheaves

on a concrete site (C, 7).

Example 1.4.14. For any smooth manifold M, the sheaf M on Smooth is concrete. This is

equivalent to saying that for every U € Smooth the function

ou  C(U, M) — Set(U(x), M(x))

is injective, which is the same thing as saying that the set of smooth maps from U to M is
a subset of all set functions from U to M.

Note that the sheaf QF is not concrete on Smooth. Indeed if U € Smooth, then ¢y takes
the form

v+ A (U) — Set(U(x), ()

but QF(x) = {0} is the zero vector space, thus Set(U(x),{0}) = x is the singleton set. Since

in general QF(U) is nontrivial, this shows that Q is not concrete.

Theorem 1.4.15 ([BH11, Proposition 24]). The category Diff’ of classical diffeological spaces

is equivalent to the category of concrete sheaves on Open with the open cover coverage,

Diff’ ~ ConSh(Open, jopen)-

However, the proof of [BH11, Proposition 24] can be applied nearly word for word to
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prove the following.

Theorem 1.4.16. The category Diff of diffeological spaces as defined in Definition 2.2.2 is

equivalent to the category of concrete sheaves on Cart with the good open cover coverage
Diff ~ ConSh(Cart, jg0d)-

Remark 1.4.17. In Section 1.7 we will prove Diff ~ Diff’ by showing that ConSh(Cart, jgo0d) =
ConSh(Open, jopen)-

Theorem 1.4.16 allows us to make a perspective shift. Constructions made in Diff can be
compared with already defined notions of sheaves. For example a differential k-form w on a

diffeological space X [Igl13, Article 6.28], is precisely a map
X 5 0F

of sheaves on Cart. This viewpoint on diffeological spaces, namely as concrete sheaves on
Cart, will also be the starting point for Section 1.5, where we consider the fully faithful
embedding of presheaves into simplicial presheaves. Since concrete sheaves are in particular
presheaves, this means that there is a fully faithful embedding of diffeological spaces into

simplicial presheaves, where we have a powerful homotopy theory to leverage.

1.5 Smooth Higher Stacks

1.5.1 Model Structures on Simplicial Presheaves

For this section, we assume the reader is comfortable with simplicial homotopy theory as in

[GJ12] and model categories as in [Hir09].

Definition 1.5.1. Let sSet denote the category of simplicial sets, and sPre(Cart) the category
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whose objects are functors X : Cart”” — sSet and whose morphisms are natural transforma-

tions. We call such functors simplicial presheaves.

There is a fully faithful embedding Set — sSet, which we denote by S +— ¢S, where
(¢S),, = S for all n > 0, and all of the face and degeneracy maps are the identity on
S. Similarly there is a fully faithful embedding Pre(Cart) < sPre(Cart), which we also
denote by F' +— ¢F, such that (°F)(U) = °F(U) for all U € Cart. We call simplicial
presheaves of this form discrete simplicial presheaves. This functor has a left adjoint
7o : sPre(Cart) — Pre(Cart), defined objectwise by

(moX)(U) = coeq ( X(U)o & X(U)1 ),

and a right adjoint (=)o : sPre(Cart) — Pre(Cart) defined objectwise by Xo(U) = X(U)o.
Note that limits and colimits in sPre(Cart) are computed objectwise.

There is also a functor (—). : sSet — sPre(Cart) defined objectwise by X.(U) = X for
every U € Cart. We call simplicial presheaves of this form constant simplicial presheaves.
The category of simplicial presheaves on Cart is simplicially enriched. Let X and Y be
simplicial presheaves, then let sPre(Cart) (X, Y') denote the simplicially-enriched Hom, defined

degreewise by

sPre(Cart)(X,Y"),, = sPre(Cart)(X x AL, Y).

Compare this with the simplicial mapping space for simplicial sets, namely if X and
Y are simplicial sets, then let sSet(X,Y’) denote the simplicial set defined degreewise by
sSet(X,Y), = sSet(X x A" Y).

If K is a simplicial set and X is a simplicial presheaf, then let X* denote the simplicial
presheaf which is defined objectwise by (X¥)(U) = sSet(K, X (U)). Then sPre(Cart) is

tensored and cotensored over sSet in the sense that for simplicial presheaves X and Y and
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simplicial set K, there is the following natural isomorphism
sPre(Cart)(X x K,,Y) = sPre(Cart) (X, YX).

The category sPre(Cart) admits many model structures. Here we will discuss two of
them. Say a map f: X — Y of simplicial presheaves is an objectwise weak equivalence
if f: X(U)— Y(U) is a weak equivalence of simplicial sets for every U € Cart. Similarly a
objectwise fibration is a map f : X — Y of simplicial presheaves such that f : X(U) —

Y (U) is a Kan fibration of simplicial sets for every U € Cart.

Theorem 1.5.2 ([BK72, Page 314]). There is a cofibrantly generated, simplicial model struc-
ture, which we call the projective model structure or Bousfield-Kan model structure
on sPre(Cart), whose weak equivalences are the objectwise weak equivalences, and whose

fibrations are the objectwise fibrations.

Remark 1.5.3. In fact, the projective model structure makes sPre(Cart) a combinatorial

model category, see [Lur09, Section A.2.6].

Remark 1.5.4. There is a Quillen equivalent model structure on simplicial presheaves where
the cofibrations and weak equivalences are objectwise, which is called the injective or Heller
model structure. See [Bla01] for an overview of the different model structures on simplicial

presheaves.

As is often the case with model structures, while the descriptions of weak equivalences and
fibrations in the projective model structure are convenient, the cofibrations of the projective
model structure are less simple to describe. However, the following result gives a sufficient

condition for a simplicial presheaf to be cofibrant.

Theorem 1.5.5 ([Dug01, Corollary 9.4]). A simplicial presheaf X is cofibrant in the projec-

tive model structure on simplicial presheaves if

1. X is degreewise a coproduct of representables, i.e. X,, = []..; yU, for every n > 0,

i€l
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2. X is split, in the sense that as a functor X : C? — sSet it factors through the cate-
gory sSet,; whose objects are simplicial sets and whose morphisms are those maps of

simplicial sets that map non-degenerate simplices to non-degenerate simplices.
We say that X is a projective cofibrant simplicial presheaf.
Corollary 1.5.6. If U € Cart, then “yU is a projective cofibrant simplicial presheaf on Cart.

Example 1.5.7. If M is a finite dimensional smooth manifold, and U = {U; };¢; is a good

open cover, then consider the simplicial presheaf C (U) defined in degree n by

CWn= 1] vWun---n0,),

10;--+ytn

with face and degeneracy maps given by inclusions of open sets. Since U is a good open
cover, C (U) is a projective cofibrant simplicial presheaf. We call it the Cech nerve on .

There is a canonical map

C) S M,

of simplicial presheaves on Cart. However this map is not an objectwise weak equivalence in

general.

If U € Cart, and U = {U;}ier is a good open cover of U, then we can consider the
canonical map

cC(U) & yU.

Let C denote the class of such maps as U varies over Cart and U varies over good open covers

of U.

Definition 1.5.8. Let sPre(Cart) denote the left Bousfield localization of the projective model

structure on sPre(Cart) at the class of maps C. We call this the Cech model structure on

sPre(Cart).
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The Cech model structure is described in greater detail in [DHI04, Appendix A]. Since
sPre(Cart) is a left Bousfield localization of the projective model structure, it inherits the
same cofibrations, and therefore cofibrant objects. We call its weak equivalences the Cech
weak equivalences. Note that any objectwise weak equivalence of simplicial presheaves will
be a Cech weak equivalence.

We call the fibrant objects of this model structure oo-stacks on Cart. They can be

characterized as follows.

Proposition 1.5.9. A simplicial presheaf X on Cart is an oo-stack on Cart if and only if it
is projective fibrant (objectwise a Kan complex), and if for every U € Cart and good open

cover U of U, the map
sPre(Cart)(yU, X) — sPre(Cart)(C(U), X), (1.27)

is a weak equivalence of simplicial sets. We say that X satisfies Cech descent.
Proof. This follows from the definition of left Bousfield localization. O

By a simplicially-enriched version of the Yoneda Lemma, sPre(Cart)(yU, X) = X (U).
We wish to better understand the right hand side of (1.27). To do this we will exploit the

following result.

Lemma 1.5.10. Let X be a simplicial presheaf. Then
[n]eA°P
X = / Al x ‘X,

where the colimit is taken in the category of simplicial presheaves, A” is the constant sim-

plicial presheaf on A™ and “X,, is the discrete simplicial presheaf on the presheaf X,,.

Proof. This follows from the corresponding fact for simplicial sets [GJ12, Lemma 1.2.1]. [



CHAPTER 1. DIFFEOLOGICAL AND INFINITY BUNDLES 36

Thus we have

5 [n]eAoP
c(u) = / AL T wUi.i-

10...%n

This implies that

sPre(Cart)(C(U), X) %’/ sPre(Cart)(A? x H YUig.ins X)

%/ H sPre(Cart) (inO...imXAn)
] 4o..i
(1.28)
= [ ] ssex (8", X(U.0.)
[n] 20...In
%J/ sSet <A", H X(Uio...in)> .

This kind of limit is special enough to have its own name.

Definition 1.5.11. Let F' be a cosimplicial simplicial set, namely a functor F' : A — sSet.

Then let Tot(F") denote the simplicial set given by the end

Tot(F) / sSet(A", F™),
[nleA

where sSet(X,Y') denotes the simplicial mapping space between two simplicial sets X and Y,
namely sSet(X,Y), = sSet(X x A™Y). For a cosimplicial simplicial set F', Tot(F') is often

called the total object or totalization of F.

A more convenient way of looking at Tot(F’) is as the simplicial mapping space csSet(A, F'),
where A denotes the cosimplicial simplicial set [m] — A™. In other words, an n-simplex of
the simplicial set Tot(F') is a map of cosimplicial simplicial sets A x A™ — F. The full data

of such a map is a commutative diagram of the form

n > 1 n 2 n
Al AIA —>A1<A
5 _—>
Fo Ft'—— & F?
—> —>



CHAPTER 1. DIFFEOLOGICAL AND INFINITY BUNDLES 37

where each arrow is a map of simplicial sets, and we’ve hidden the codegeneracy maps for
clarity in the diagram.

Thus X is an oo-stack if and only if X is projective fibrant, and the canonical map
X(U) = Tot (X(C(U))) (1.29)

is a weak equivalence of simplicial sets, where X (C(U)) is the cosimplicial simplicial set
defined degreewise by X (C(U)), = 1., X(Ui. i,). This concrete description has a pleasing

abstract description as well.
Proposition 1.5.12. If X is a projective fibrant (objectwise Kan) simplicial presheaf, U €
Cart and U is a good cover of U, then

Tot (X (C(U))) =~ holimpyea X (C(U)), (1.30)
where the right hand side is the homotopy limit of the cosimpicial diagram of simplicial sets
X (C(U)), taken in the Quillen model structure on simplicial sets.

Proof. By [Hir09, Theorem 18.7.4], Tot (X (C(U))) — holim, X (C(U)), is a weak equiva-
lence if X(C(U)) is a Reedy fibrant cosimplicial simplicial set. By [Gla+22, Lemma C.5], if
X is projective fibrant, then X (C(U)) is Reedy fibrant. O

Thus by Proposition 1.5.12, if X is a projective fibrant simplicial presheaf, then it is an

oo-stack if and only if the canonical map

X(U) — holima ( IT, X( U) — —— IL; X(Uy) g [T XUij) -~ ) (1.31)

is a weak equivalence of simplicial sets.
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If X =°F is a presheaf of sets, then sPre(Cart)(yU,°F) = F(U), and

sPre(Cart)(C'(U), °F) = Pre(Cart)(moC(U) = eq (HF = HF i ) :

The right hand side is the usual equalizer one sees in the definition of a sheaf of sets. Note
that if f:°X — ¢Y is a map of discrete simplicial sets, then f is a weak equivalence if and

only if it is an isomorphism of sets. Thus “F' is an oo-stack if and only if the canonical map

—>eq(HF :;HF ,]),

is an isomorphism of sets for every U € Cart and good open cover U. In other words, for
discrete simplicial presheaves, being an oco-stack is equivalent to being a sheaf.
Suppose that G : Cart” — Gpd is a (strict) presheaf of groupoids, then it is well known

that G is a stack, in the classical sense, if and only if the map

—
6(0) ol ( T1,6(U) == 11, 6(03) = T, G W) ).

is an equivalence of groupoids, where the right hand side is a homotopy limit of groupoids
as described in [Carll, Section I.1.7]. Now consider the nerve functor N : Cat — sSet.
Then NG is a simplicial presheaf that will be projective fibrant, and it will be an oco-stack
if and only if GG is a stack in the classical sense. Thus the notion of co-stack simultaneously
generalizes the notion of sheaf and stack, and provides all of the power the homotopy theory
of simplicial sets has to offer.

The main example of (oo-)stack we will consider in this paper is the following.

Example 1.5.13. Suppose G is a group object in Sh(Cart), which we will call a sheaf of

groups. Consider the presheaf of groupoids on Cart that sends a U € Cart to the groupoid

BG((U) = [G(U) = x|,
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where both source and target maps are the unique map to the singleton set. Thus there is
a single object in this groupoid, and for every s € G(U), there is an isomorphism from the

unique object to itself. We visualize morphisms in BG(U) with diagrams like the following

We define composition in this groupoid using the opposite of multiplication in G. In other

words we have

This convention might seem strange, but we have chosen it to agree with [Sch13, Section
1.2.5.1], which was consulted often in the formulation of this paper. Note that in other
conventions [FSS+12] we must simply swap G with G, the opposite of the presheaf of
groupoids, or the presheaf of groupoids with one object and morphisms the sheaf of groups
with multiplication defined by ¢ -°» h = hg. It is important to note that the key equations
(2.9) and (2.10) of Section 1.3 will be altered by changing this convention.

Now if GG is in particular a Lie group, then we can consider it as a sheaf of groups on
Cart. Then BG(U) will be the groupoid [C*(U, G) = %]. Now since all principal G-bundles
are trivial on Cartesian spaces, it is easy to see that there is an objectwise equivalence of
groupoids

[C>®(U,G) = *] ~ Pring(U),

where Pring(U) denotes the groupoid of principal G-bundles on U. Indeed, every object of the
right hand groupoid is isomorphic to the trivial bundle U x G — U, and the automorphisms
of a trivial bundle are in bijection with maps U — G. In [Carll, Section 1.2] it is proven
that Pring is a stack (in the classical sense) on Man and Cart. The argument above proves
that BG is also a stack (in the classical sense) on Cart. However BG is not a stack on Man.
If we take the nerves of these presheaves of groupoids NBG and NPring, then since they

are nerves of classical stacks on Cart, they will be co-stacks on Cart, and they are objectwise
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weak equivalent as simplicial presheaves. See [FSS+12, Section 3.2] for more details.
We often drop the nerve N from the notation of our oo-stacks, and we call BG the

delooping stack of G.

Remark 1.5.14. Note that in the above example, strictly speaking Pring is a not a presheaf
of groupoids, because if U Lv % Wisa pair of composable morphisms in Cart, then
we obtain functors Pring (1) AN Pring(V) EAN Pring(U) given by pulling back the principal
bundles. However if P € Pring(W), then (gf)*P # f*¢*P, but there is an isomorphism
(9f)*P = f*g*P. Thus Pring is called a pseudofunctor Pring : Cart”” — Gpd, where Gpd is
the 2-category of groupoids. There is an elegant theory [JY20, Chapter 10] relating pseudo-
functors with categories fibered in groupoids, both of which can be used to develop the theory
of stacks of groupoids [Vis07]. However, the homotopy theory of presheaves of groupoids,
pseudofunctors, and categories fibered in groupoids are all equivalent in the sense of [Hol08,
Corollary 4.3]. Furthermore, the notion of being a 1-stack is independent across the three
models. Thus in what follows we elect to use presheaves of groupoids, as they are the simplest

to connect with the theory of simplicial presheaves by applying the nerve functor objectwise.

One of the most useful aspects of simplicial model categories is being able to define

homotopically invariant mapping spaces.

Definition 1.5.15. If X and A are simplicial presheaves, then define
R(X, A) = sPre(Cart)(QX, RA) (1.32)

where QX is a cofibrant replacement for X and RA is a fibrant replacement of A in the Cech

model structure. We call R(X, A) the derived mapping space of X and A.

A key property of derived mapping spaces is their invariance under weak equivalence.

Indeed suppose there is a Cech weak equivalence f : X — X', then the canonical map

R(f,A):R(X", A) - R(X, A)
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is a weak equivalence of simplicial sets, similarly for a Cech weak equivalence g : A — A’

see [Hir09, Chapter 17].

Proposition 1.5.16 ([FSS+12, Page 23]). Given a Lie group G, and a finite dimensional

smooth manifold M, there is a weak equivalence of simplicial sets

NPring(M) ~ R(M,BG), (1.33)

where NPring(M) denotes nerve of the groupoid of principal G-bundles on M.

Now if G is a diffeological group, and X is a diffeological space, we can consider them both
as simplicial presheaves on Cart, and compute R(X, BG). It would be hoped that this would in
some way reproduce diffeological principal G-bundles, in analogy to Proposition 1.5.16. One
main goal of this paper is to prove that this is indeed the case. But first we must investigate
R(X,BG). If X was cofibrant, and BG were fibrant in the Cech model structure, then
R(X,BG) would be computable. However diffeological spaces are not projective cofibrant
in general (though cartesian spaces are). Thus we must find a projective cofibrant simplicial
presheaf QX which is Cech weak equivalent to X. This will be the subject of Section 1.5.2.

However, it is indeed the case that BG is fibrant, thanks to the following wonderful

theorem.

Theorem 1.5.17 ([SS21, Lemma 3.3.29], [Pav22a, Proposition 4.13]). Let G be a sheaf of

groups on Cart. Then BG is an oco-stack on Cart.

Thus if G is a diffeological group, then it is in particular a sheaf of groups on Cart, and

therefore BG is an oco-stack.

1.5.2 Resolutions of Diffeological Spaces

Here we discuss three ways of "resolving” a diffeological space into a diffeological category.
One of which, QX comes forth immediately from the projective model structure on simpli-

cial presheaves. The other two, which we denote C'(X) and B//M, appear in [KWW21] and
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[Igl20a] respectively, and are interesting in their own right. We compare these three reso-
lutions as diffeological categories, and examine their resulting notions of diffeological Cech
cohomology in Section 1.5.3.

Let us start by describing the resolution Q)X for a diffeological space X. Since slsre(Cart)
is a combinatorial model category, a cofibrant replacement functor @) exists. However, we
are in the lucky situation that there is a cofibrant replacement functor () with a relatively

simple form.

Lemma 1.5.18 ([Dug01, Lemma 2.7]). Given a diffeological space X, thought of as a discrete

simplicial presheaf on Cart, its cofibrant replacement QX is given by the simplicial presheaf

[nleA
QX = / A" x I1 yU,, (1.34)

Upp,——Upy—X

Let us examine this coend formula in more detail. In degree k, we have

QX)) = 11 yU,, (1.35)

(fk,1 ,,,,, fo):Upk—)"-—)UpO

where the coproduct is taken over the set (NPlot(X))g, namely the set of & composable
morphisms in the category of plots over X. We will let N = (NPlot(X))s.

The face maps are given as follows:

(

(fk—l(xpk)yfk—2,---,f0) 1 =0

di(mpk?fk—lvfk—%"'afo) = (xpkafk—lw'-7fk—i—1fk—i7~-7f0> O<i<k (136)

\(xpkafk—lw"afl) 1= k.

Degeneracies insert identity maps.
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For convenience, we will denote the coproduct over all plots as

= (QX)O = H Upo‘

poEPlot(X)

Notice that there is a canonical map

given by 7I'(p0, mpo) = pO(xpo)'
This map induces a map 7 : QX — °X of simplicial presheaves and [Dug01, Lemma 2.7]
proves that this is an objectwise weak equivalence, and thus a Cech weak equivalence. By

construction we also have the following isomorphism of presheaves on Cart.

Lemma 1.5.19. If X is a diffeological space, then the map 7 : QX — °X induces an
isomorphism of presheaves on Cart

QX = X, (1.37)
where 7 : sPre(Cart) — Pre(Cart) is defined in Section 1.5.

Proof. This follows from the fact that every presheaf is a colimit of representables, see the

discussion above [Dug01, Lemma 2.7]. O

In low degrees, this simplicial presheaf/simplicial diffeological space looks like:

%
B =1l,ep t(X Upo I Uy, Uy Uni H f fo Up,
pocHle A Jo:Up1 Uy —> Upy —2Upy —2Upy
where the maps f; : U,,., — U, are understood to be morphisms in the plot category

Plot(X).
In fact, QX is completely determined by QX; and )X, in the following sense. Let
N : DiffCat — sDiff denote the nerve functor from diffeological categories (categories internal

to the category of diffeological spaces) to the category of simplicial diffeological spaces, defined
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degreewise by

NOk - Ol Xt,Co,s Cl Xt,CO,S e Xt,Co,s Cl)

where the iterated pullback is taken k-times, where each C) x; ¢, s Ci denotes the pullback
with respect to the target and source maps respectively.

For a diffeological space X, the first two spaces and maps between them in X, namely
[QX; = B] forms a diffeological category. It also is a presheaf of categories. The source,
target and unit maps are defined by the simplicial structure, but we recall their definitions
here. The source map s : QX; — B is defined by s(x,,, fo) = z,, and its target map ¢ :
QX1 — B is defined by t(z,,, fo) = fo(xp,). The unit map u : B — QX is defined by u(z,) =

(7, 1y,). The composition map ¢ : QX1 xp QX — QX is defined by c([x,, f1], [Ty, fo])
(@p,y, fo o fi). With this structure it is not hard to see that [QX; = B] is a diffeological
category/presheaf of categories. In fact QX is completely determined by this diffeological

category in the following sense.

Proposition 1.5.20. If X is a diffeological space, then

QX = N[QX; = QX,l, (1.38)

where we are thinking of QX as a simplicial diffeological space or a simplicial presheatf.

Proof. Let ¢ : QX — QX1 Xxp QX xXp - - xp QX; be the map defined as follows. Sup-
pose that (z,,, fi—1,..., fo) € QXj. By induction, define z,, |, = fr_1(xp,) and z,,_, =

Ji—n(zp,_,.,) for 1 <n < k. Then set

cp(xpm fk—la cee 7f0) = (["L‘pm fk—1]> [ka—n fk—2]7 cty [:Epla fO])

This map is smooth, as it is built out of projection maps. Now define ¢ : QX; xg QX; Xp
- X QX1 — QX as follows. A point of QX7 xg QX1 X --- Xp QX; is a collection of
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pairs {[z,, , fn—1]}1<n<k such that f,_1(z,,) = z,, ,. Thus set

@D([iﬁpk, fk—1]7 [mpk—lﬁ fk—Q]a sy [xpnfO]) = (xpk-a fk—la <. 7f0)'

It is not hard to see that this map is smooth, and that ¢ and v are two-sided inverses for

each other. O

Lemma 1.5.21. If X is a diffeological space, then we can consider the coequalizer in Diff of

[QX1 = QX,] and this is isomorphic to X, namely

X=coeq| [ U= JI Ul (1.39)
Uplf—0>Up0 po€Plot(X)
Proof. This is just a restatement of Lemma 1.2.13. n

Remark 1.5.22. Note that the coequalizer given in (1.37) is taken in the category Pre(Cart),
which has different colimits than ConSh(Cart). Therefore it does not immediately imply
Lemma 1.5.21. However, by combining the two results we have proven that my(QX is isomor-

phic to the coequalizer of QX; = X, in the category of diffeological spaces.

Now as discussed in Section 1.5.1, if X is a diffeological space and G is a diffeological
group, then we can consider the simplicial set R(X, BG). By Theorem 1.5.17, we know that
BG is fibrant, thus

R(X,BG) = sPre(Cart)(QX, BG) = sPre(Cart)(N[QX; = B|, N[C*(—,G) = #]).

In Section 1.6 we will show that this simplicial set is weak equivalent to the nerve of the
groupoid of diffeological principal G-bundles on X.

The fact that QX is the nerve of a diffeological category is interesting, as it allows us to
compare it with other diffeological categories using the homotopy theory developed in [Rob12]

for categories internal to a site. The site in this instance is the category Diff of diffeological
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spaces with the coverage of subductions, see Example 1.4.7. This homotopy theory provides
us with a notion of weak equivalence f : X — Y of diffeological categories, see [Robl12,
Definition 4.14], which if both X and Y are diffeological groupoids, coincides with the notion
of weak equivalence of diffeological groupoids considered in [Wat22] and [Sch20].

If we consider X as a diffeological category [X = X| with all structure maps being the
identity, then the canonical map [QX; = QX,] — [X = X] of diffeological categories is not
a weak equivalence, as it is not fully faithful.

However, there is another diffeological groupoid we can consider. Given a diffeological
space X, we can consider the canonical map m : B — X as mentioned above. This can be
made into a diffeological groupoid C'(X) by setting C(X)o = B and C(X), = B xx B, with
the source and target maps being the obvious projection maps. We will call this the Cech
resolution of X, as a diffeological groupoid. It is not hard then to check that the canonical
map C(X) — [X = X] of diffeological groupoids is indeed a weak equivalence.

If we then take the nerve of C(X ), we obtain a simplicial diffeological space, which we

can also consider as a simplicial presheaf.

Proposition 1.5.23. The natural map C'(X) — °X of simplicial presheaves is a Cech weak

equivalence.

Proof. 1t is easily checked that the map 7 : B — X is a local epimorphism, as it is objectwise
a surjection. Thus [DHI04, Corollary A.3] proves that C'(X) — ¢X is a weak equivalence in

the Cech model structure on simplicial presheaves. O]

Therefore we have a zig-zag of Cech weak equivalences of simplicial presheaves

C(X) =X « QX.

However C'(X) will not be cofibrant in the projective model structure on simplicial

presheaves in general. Thus for our purposes, QX is the preferable resolution of X, while for
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the purposes of those interested in diffeological groupoid theory, C'(X) might be the more
preferable resolution.
The final resolution we will discuss is that of the gauge monoid that appears in [Igl20a].

Given a diffeological space X, its nebula B = [] (X) U, is a diffeological space, and we

pEPlot

can consider the set of smooth maps f : B — B such that the following diagram commutes:

B f s B
X

It inherits the subspace diffeology from the functional diffeology on C*°(B, B). Notice that
M acts on B by B x M % B, where p(b,m) = m(b).

We can therefore consider the diffeological category B//M = [B x M = B], where the
source map s : B x M — M is given by s(b,m) = b, and the target map ¢ : B x M — M is
given by t(b, m) = m(b).

There is a map § : QX — B//M defined as the identity on objects and on morphisms by
3(xpys fo) = (2,0 fo) where 0 fy denotes the map dfy : B — B that is the identity on every
component U, except for p = p;, in which case ¢ fo|y,, = fo. It is not hard to check that this
defines a map of diffeological categories.

In the reverse direction, there is a map res : B//M — QX defined to be the identity on
objects and on morphisms by

res(zp, m) = (2p, m|u, ).

res

It is not hard to see that the composition QX RNy //M — QX is the identity, namely that
QX is a retract of B//M.

There is a map q : B//M — C(X) described in [KWW?21, Page 26] which is the identity
on objects and on morphisms is defined by ¢(z,,m) = (z,,m(x,)). This defines a map of
diffeological categories. It is also easy to see that gdres = q.

To summarize, we have the following diagram of maps of diffeological categories, all of
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which are the identity on objects, but none of which are fully faithful.

QX . ros ' B//M
g (1.40)

qod

C(X)

The diffeological categories C'(X) and B//M are used to construct Cech cohomology

groups for diffeological spaces in [KWW21] and [Igl20a].

1.5.3 Diffeological Cech Cohomologies

Here we will describe three notions of Cech cohomology for diffeological spaces that results

from the material in Section 1.5.2.

Remark 1.5.24. In what follows we will always consider chain complexes and cochain com-

plexes to be non-negatively graded, with differentials going down and up respectively.

Let A denote a diffeological abelian group. In [Igl20a], Cech cohomology of a diffeological
space X is defined? as follows. First consider N(B//M), the simplicial diffeological space

defined as the nerve of the diffeological category defined in section 1.5.2. Then
ANB/ /M)y, _ ABXMX’“ _ Coo(B X Mxk’A)

is precisely the diffeological space of smooth maps B x M*¥ — A. If we forget the smooth
structure, then C*°(N(B//M ), A) is an abelian group by pointwise addition. Thus we obtain
a cosimplicial abelian group

AB E— ABxM ! ABXxMxM
—> —>

2Modulo some details, Iglesias-Zemmour defines diffeological spaces with open subsets of cartesian spaces
and uses a generating family of open balls, but they are clearly equivalent constructions. He also only restricts
to discrete abelian diffeological groups.
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and from this one can obtain a cochain complex as follows.
If K is a cosimplicial abelian group, then we can define a cochain complex C°K called

the associated cochain complex by

(CYK)" = K", d: (C°K)" — (C°K)", d=Y (-1)d".
i=0
This definition extends to a functor C°° : cAb — CoCh, where cAb denotes the category of
cosimplicial abelian groups and CoCh is the category of cochain complexes. Further there is
a functorial direct sum decomposition as cochain complexes C°K = N“°K ®& DK, where
DK is the subcomplex consisting of degenerate simplices, and the inclusion N°K — C“°K
is a cochain homotopy equivalence of cochain complexes. We call N°K = C°K/D“K the

normalized cochain complex of K. This is a dual version of what is called the Dold-Kan

correspondence, which is an adjoint equivalence
N :sAb=Ch: T,

where N is the normalized chain complex functor and if V' is a chain complex, then I'V is

defined degreewise by

where the index is over all surjections ¢ : [n] — [k] in A. See [Wei95, Section 8.4] and [GJ12,
Section III] for details.
The Iglesias-Zemmour Cech cohomology of X is then defined as the cohomology of this

cochain complex:
I, (X, A) = H* (N [AB/IM]) 2 f1* (00 [ABIP1])

Similarly, let NC(X) denote the nerve of the Cech groupoid defined in Section 1.5.2. If

A is an abelian diffeological group, then as above we can map NC(X) into A to form a
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cosimplicial abelian group, and taking the cohomology of the associated cochain complex

gives us the Krepski-Watts-Wolbert Cech cohomology [KWW21] of X with values in A:
Ay (X, A) = H* (N [AC0]) = f1* (=0 |490) ).

We will now construct a cochain complex using the cofibrant replacement QX of a dif-
feological space X. Given an abelian group A and a non-negative integer n, there exists a
simplicial set K (A, n), called the nth Eilenberg-Maclane space, which has trivial homo-
topy groups in all degrees except for n, which has 7, (K (A,n)) = A. One can construct this
simplicial set using the Dold-Kan correspondence. Namely consider the chain complex A[k],
defined by

A ifn=k
(A[k]), = . d=0.

0 ifn#k
Since I'(A[k]) is a simplicial group, it will be a Kan complex, equipped with basepoint * such

that

A ifn=%k
T (D(A[]), %) =

0 ifn#k.
Remark 1.5.25. For future reference, if V' is a chain complex, then let V[k] denote the
chain complex such that V'[k],, = V;,_x, so that we identify an abelian group A with the chain

complex A[0], and then (A[0])[k] = A[k].

Now we will define co-stack cohomology for simplicial presheaves. This theory, which we
call oo-stack cohomology, is very well developed, and generalizes many examples of cohomol-

ogy found throughout mathematics, see [Sch13], [Lur09], [BNV16].

Definition 1.5.26. Let X be a projective cofibrant simplicial presheaf and A an co-stack.

Then the zeroth co-stack cohomology of X with values in A is given by

H’ (X, A) = mR(X, A) = mysPre(Cart)(X, A). (1.41)
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Note that in the above definition, A is an arbitrary oo-stack. Thus HY (X, A) is an
example of nonabelian cohomology. However, in order to define H;O, we must ask for more
structure on A, namely that it be an co-stack, and that A also be a group object in sPre(Cart),
namely that A(U) be a simplicial group for each U € Cart and given a smoothmap f: U — V,
the map A(f) : A(V) — A(U) is a map of simplicial groups. We call group objects of

sPre(Cart) presheaves of simplicial groups.

Definition 1.5.27. Given a simplicial group G, let WG denote the simplicial set with

WGO = X
(1.42)
WGn:Gn_l XGn_Q XKoo XGQ
with face and degeneracy maps given by
(
(gn—Q""v.gO)) ifi=20
di(gnfla cee 790) =
(di*1<gn*1)7 <. 7d1(gn*i+1>7 n—i—1 " dO(gn*iL In—i—2, - - - 7g(]>>7 if 1 <i<n
\
(
(17911—17--'790)7 le:O
Si(gn—la s 790) =
(8i=1(gn-1),---50(Gn—i)s L, gn—i-1,-- -, 90), if1<i<n.

\

Simplicial sets of the form WG classify what are called principal twisted cartesian prod-
ucts or PTCPs in [May92]. The combinatorial structure of WG may look complicated, but
it has other equivalent descriptions that are more motivated, see [GJ12, Chapter V] and

[Stel2].

Lemma 1.5.28 ([GJ12, Corollary 6.8]). If G is a simplicial group, then WG is a Kan

complex.

If °G a discrete simplicial group, i.e. a group, then W°G = N[G = %], the nerve of
G thought of as a groupoid with one object. Thus |W°G|, the geometric realization of the

delooping, is weak homotopy equivalent to the classifying space BG.
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Now if A is a presheaf of simplicial groups, then we can apply W objectwise, and we
obtain a functor W : sPre(Cart,sGrp) — sPre(Cart), where sPre(Cart,sGrp) denotes the full
subcategory of presheaves of simplicial groups. Further, by Lemma 1.5.28, W A is projective

fibrant, i.e. objectwise a Kan complex.

Lemma 1.5.29. Let GG be a sheaf of groups on Cart. Then the delooping stack of Example

1.5.13 is isomorphic to its delooping as a presheaf of simplicial groups
BG =2 WG,

So suppose that A is an oco-stack on Cart, and further, that it is a presheaf of simplicial
groups. Then we get a new simplicial presheaf W A, and it is projective fibrant. We therefore

define the first oco-stack cohomology group of a simplicial presheaf X with values in A to be
H! (X, A) =2 1R(X,WA).

In order to be able to compute this, it would be convenient to know that W A is fibrant in
the Cech model structure, i.e. is an co-stack. This follows thanks to the following wonderful

theorem.

Theorem 1.5.30 ([SS21, Proposition 3.3.30], [Pav22a, Proposition 4.13]). If A is an co-stack

on Cart that is also a presheaf of simplicial groups, then W A is an oo-stack on Cart.

Thus if A is an co-stack, then for any simplicial presheaf X, H? (X, A) is well defined,
and if A is also a presheaf of simplicial groups, then H 1 (X, A) is also well defined. To obtain

higher cohomology groups, we must ask for higher deloopings of A to exist.

Definition 1.5.31. Let A be an co-stack that is also a presheaf of simplicial groups. If WA
is a presheaf of simplicial groups for all 1 < k£ <mn — 1, and X is a simplicial presheaf, then
let

H' (X, A) = mR(X, W" A) (1.43)



CHAPTER 1. DIFFEOLOGICAL AND INFINITY BUNDLES 93

denote the nth co-stack cohomology of X with values in A.

It is thus important to know under what conditions will these higher deloopings W' A

exist.

Lemma 1.5.32. If A is a simplicial abelian group, namely A is a simplicial group and Ay
is an abelian group for all k, then WA will be a simplicial group, and further it will be an

abelian simplicial group.

Proof. Tt follows from the isomorphism WA = TN A of [Ste12, Lemma 5.2] and the discussion
of T in [AM66, Section III] that W A is a simplicial group, and that it is abelian is clear from

the formula (1.42). O
Thus if A is a simplicial abelian group, W" A exists for all k.

Lemma 1.5.33 ([Jar97, Section 4.6]). Let A be a simplicial abelian group. Then there is

an isomorphism of chain complexes
NWA= (NA)1]

where (VA)[1] is the chain complex N A shifted up by 1, i.e. (NA[1])r = (NA)_1.

Lemma 1.5.34. If A is an abelian group, thought of as a discrete simplicial abelian group

€A, then W" A exists for every k > 0, and there exists an isomorphism
W'eA = T(A[kK)
Proof. We proceed by induction. For the base case, we have

NWeA = (N°A)([1]).
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But N¢A = A[0] as is easily checked, and (A[0])[1] = A[1], so NW€¢A = A[1], thus
CNWeA2WA~TA].

Now suppose W' lea = T A[k — 1]. Then by Lemma 1.5.33

NW (W’HCA) ~ (NTA[k — 1)) [1]

but NT'Alk — 1] = Alk — 1] since N and I" form an adjoint equivalence, thus:
N (Wk_ch> ~ NT*eA = Ak — 1)([1]) = A[A]
taking the adjoint gives
W'eA =T A[K].

]

Now if A is an abelian diffeological group, then it is an co-stack on Cart, since it is a sheaf

on Cart, and therefore a discrete presheaf of simplicial groups. Thus by 1.5.34 and 1.5.30,

W" A exists, and the nth co-stack cohomology of a diffeological space X with values in A is
given by

H" (X, A) = mosPre(Cart)(QX, W" A) = 1y Tot(W" [A(QX)]), (1.44)

where Tot is the totalization of Definition 1.5.11, A(QX) is the cosimplicial abelian group
which in degree k is given by C*(QX, A), and W [A(QX)] is W applied to A(QX) de-
greewise. Now W' [A(QX)] = I'A(QX)[n]] by Lemma 1.5.34.

Proposition 1.5.35 ([Jarl6, Lemma 19]). If A is a cosimplicial abelian group, then

moTot(TA[k]) = H*(N©A) (1.45)
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where ['A[k] denotes the cosimplicial simplicial abelian group obtained by considering the

abelian group A’ as a simplicial abelian group I'( A‘[£]).

So substituting for the cosimplicial abelian group A(QX) in Proposition 1.5.35 we have
the main result of this section, which provides a concrete way of computing the oo-stack

cohomology of a diffeological space with values in an abelian diffeological group.

Corollary 1.5.36. If X is a diffeological space, and A is an abelian diffeological group, and

we consider the cochain complex
COlA(QX)] = AP & 4@ &, pQX= 4y

then the nth oo-stack cohomology of X with values in A can be computed by C*[A(QX)],
namely

HY (X, A) = HL(N“[A(QX)]) =2 HL(C*[A(QX).

This explicit description of oo-sheaf cohomology will be useful in comparing the various

Cech cohomologies.

Proposition 1.5.37. For a diffeological space X, and a diffeological abelian group A, the

oo-sheaf cohomology and Iglesias-Zemmour cohomology agree in degree 0:
]:IIODIZ(X7 A) = HSO(X’ A).
Proof. The set of 0-cocycles in co-sheaf cohomology is the set
H° (X,A)={r:B — A|if f: U, — U, is a map of plots then 70 §f = 7},

where 0f denotes the map 0f : B — B that is the identity on every component except
for U,, where it is f. Equivalently it is the set of smooth maps 7 : B — A such that

if (xp,, fo) € QXy, then 7(fo(xp,)) = 7(xp,). The set of O-cocycles in Iglesias-Zemmour
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cohomology is
HY (X, A)={o:B— A|if m € M,then s om = o} .

Equivalently it is the set of smooth maps o : B — A such that if (z,,,m) € B x M, then
o(m(zp,)) = o(x,,). Notice that H%,,(X, A) C HO (X, A), since every §f is an element of
M. Now if 7 € HY (X, A), and (x,,,m) € B x M, then 7(m(z,,)) = 7(z,,), because mly,, is

a map of plots. Thus H (X, A) C HY,,(X, A). O

Note that
mosPre(Cart)(QX, “A) = Pre(Cart)(moQX, A) = Pre(Cart)(X, A) = Diff(X, A), (1.46)
where the first isomorphism follows from the adjunction described in Section 1.5, and the

second isomorphism follows from Remark 1.5.22.

Corollary 1.5.38. If X is a diffeological space, and A a diffeological abelian group, then

Proof. This follows from (1.46), Proposition 1.5.37 and [KWW21, Proposition 4.6]. O

Now recall the map god : QX — C(X) from (1.40). This induces a map on cohomology
which we will denote by (¢6)* = ¢ : Hippw (X, 4) — HS(X,A). In degree 1, ¢ has the
following explicit description on cocycles. Namely if 7 : C’(X )1 — A is a cocycle, then

(07)(@p1s fo) = T(2p1 folwp,))-

Proposition 1.5.39. For any diffeological space X and abelian diffeological group A, the

map ¢ : Hjeyw (X, A) — H (X, A) is an isomorphism.

Proof. Let us show that ¢ is surjective. Suppose that o is a 1-cocycle for the cochain complex
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A®X This means that if f;, f, are composable maps of plots, then

U(fl(xp2)v fO) = 0('%)27 fOfl) - J('quza fl)

Now if (z,,, fo) € QXi, then notice we have the following commutative diagram of plot maps

*
xp/ XO(:EPI)
U fO

> Upo

p1
X

which implies that if o is a 1-cocycle that o(xy,, fo) = o(*, fo(zp,)) — o(*,2p,). So consider

the map 7 : C(X); — A defined as follows. If (x,,y,) € C(X)1, then let 7(z,,v,) =

o(*,yq) —o(x,2,). Then (o7)(z),, fo) = o(xp,, fo) for every (x,,, fo) € QX;.

Now we wish to show that ¢ is injective. Suppose 7,7" : C(X); — A are 1-cocycles such

that there exists some « : B — A such that for every (z,,, fo) € @Xi,

T(xpn fO(xm)) - T/<xp17f0($1)1)) = O‘(fo(mpl)) - O‘(mm)'

Then if (2,,y,) € C(X);, we have the following commutative diagram of plot maps

SN
N

where z = p(z,) = q(y,), and we use z to refer to the point * in the plot z : ¥+ — X. Now

*

Up Ve

since 7 and 7’ are 1-cocycles, it follows that

T(Tp, Yg) = 7(2,Y¢) — (2, 1), T (T, yg) = T(2,Y4) — T(2,7p).
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Therefore
T(@pYg) — T (p, yg) = (7(2,99) — 7(2,2p)) = (7'(2,99) — 7'(2, 7))
= (1(2,44) — 7'(2,99)) — (7(2,7p) — 7' (2,2))
= (a(yq) — a(z)) — (alzp) — a(2))
= a(y,) — alzy).
which means that 7 and 7’ differ by a coboundary in ACK ), 50 ¢ is injective. O]

From (1.40) we obtain the following diagram of abelian groups for every k£ > 0

o*

<
S

]:Ifo(X7A) > HIIEIZ<X7A)

1.48
m / (1.48)

Higyw (X, A)

We summarize everything we know about this diagram
1. In degree 0, all of the above maps are the identity by Corollary 1.5.38,
2. In degree 1, the map (¢d)* is an isomorphism by Proposition 1.5.39,

3. The map 6* is a retraction, namely d*res* = 1 so res* is injective and 6* is
P ) Yy HE (X,A)»

surjective for all k£ > 0,
4. We have res*6*q* = ¢* for all k£ > 0, thus the above diagram actually commutes

5. The map ¢* is injective for k£ = 1 by [KWW21, Lemma 6.9]. Notice that this can also
be seen by noting that since (¢d)* is an isomorphism for & = 1, and res* is injective,

and since res*d*q* = res*(¢d)* = ¢*, then ¢* is injective for k = 1.

It is not currently known if any of the above maps are isomorphisms for all £ > 0.
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1.6 Principal Diffeological Bundles as Principal Infinity

Bundles

Principal Infinity Bundles were defined in [NSS14a] and [NSS14b]. In this section, we compare

this abstract notion to diffeological principal bundles.

Remark 1.6.1. The following two definitions are needed only for Definition 1.6.4 and are

not used elsewhere in this paper.

Definition 1.6.2 ([DHI04, Section 3]). A map f: X — Y of simplicial presheaves on Cart
is a local fibration if for every U € Cart, there exists a good open cover {U; C U} such that
for every element U; of the good open cover, there is a lift in every commutative diagram of

the following form.
A} — X(U) — X (U;)

R (L.9)
A" L Y (U) —— V(T

Note that an objectwise fibration of simplicial presheaves is a local fibration. We say that

a simplicial presheaf X is locally fibrant if the unique map X — * is a local fibration.

Definition 1.6.3 ([DI04, Theorem 6.15]). A map f : X — Y of simplicial presheaves on
Cart is a local weak equivalence if for every U € Cart, there exists a good open cover
{U; C U} such that for every element U; of the good open cover, there is a dotted arrow in

every commutative diagram of the following form,

OA™ —— RX(U) — RX(U;)
j T lRf (1.50)

A" s RY(U) —— RY(U;)

where R is a fibrant replacement functor for sSet and the top left triangle commutes strictly,

while the bottom right triangle commutes up to a homotopy relative to 9A™ — A™.
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Note that an objectwise weak equivalence is a local weak equivalence, and [DHI04] proves

that Cech weak equivalences are local weak equivalences.

Definition 1.6.4 ([NSS14b, Definition 3.79]). Let G be a presheaf of simplicial groups acting
on a simplicial presheaf P by p: P x G — P. Then a map 7 : P — X is a G-Principal

oo-bundle? if:
1. 7 is a local fibration,
2. The action of G on P is fiberwise, namely p(g, —) sends fibers to fibers, and

3. the map
PxG—PxxP

given by

(p.9) = (p, p(p, 9))
is a local weak equivalence.

A map P Iy prof G-principal co-bundles over X is a map that is G-equivariant and commutes

with the bundle projections. Namely, it is a map fitting into the following commutative

diagram:
PxG [xlc s P'x G
/| v
f /
P >y P

Let Pring (X)) denote the category of G-principal co-bundles on X.

It is clear that if 7 : P — X is a diffeological principal G-bundle, then it is a G-principal

oo-bundle, when we think of X, G and P as discrete simplicial presheaves. This is because all

3In [NSS14b], what we call principal co-bundles are known as weakly principal G-bundles. Also, they only
define this for simplicial sheaves, but there are no problems extending the definition and all of the theorems
in that paper to simplicial presheaves.
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maps between discrete simplicial presheaves are local fibrations, and all diffeomorphisms be-
tween diffeological spaces are local weak equivalences. Note that DiffPring(X) is a groupoid,
while in general Pringy (X) is not a groupoid. So while these categories are not equivalent, we

will prove that their nerves are weak homotopy equivalent.
Proposition 1.6.5. Let X be a locally fibrant simplicial presheaf and G a presheaf of
simplicial groups. Then, there is a weak homotopy equivalence of simplicial sets

R(X,BG) ~ NPrinZ (X). (1.51)

Proof. First if X and Y are locally fibrant simplicial presheaves, then combining [Low15,

Lemma 6.4] with [Low15, Theorem 3.12] and [DK80, Corollary 4.7] proves that

R(X,Y) ~ NCocycle(X,Y)

where Cocycle(X,Y) is the cocycle category as defined in [Lowl5, Definition 3.1]. Then
[NSS14b, Theorem 3.95] proves that

NCocycle(X,BG) ~ NPring (X).

Since all presheaves of simplicial groups are locally fibrant, combining these gives the desired

result. O

Since all diffeological spaces are locally fibrant, if X is a diffeological space and G is a
diffeological group, to prove that NDiffPring(X) is weak equivalent to NPrinZy (X), it suffices
to show that NDiffPring(X) is weak homotopy equivalent to R(X,BG). Let us examine
R(X,BG) more deeply. In Section 1.5.2 we saw that this is equal to the simplicial set
sPre(Cart)(QX, BG). Now, if we consider the definition of QX given in Lemma 1.5.18, then
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by the same computation as (1.28), we have

sPre(Cart)(QX, BG) = Tot(BG(QX)). (1.52)

A k-simplex of Tot(BG(QX)) contains a huge amount of information, but in this case,
since BG is objectwise the nerve of a groupoid, most of this information will be redundant.
Let us describe what a vertex of this simplicial set is. It is a map of cosimplicial simplicial

sets A* — BG(QX). This means it is a commutative diagram of the form*:

A° Al A?

| | |

s —
HPIot(X) BG(UPO> HNl BG(Upl) — HN2 BG(UPQ)

~

Vv N N

—

Let us unravel what this means. Firstly, ¢° contributes no information, as BG(U,,)o =
C>®(Up,, %) = *. However, g' is the data of maps ¢*(fo) == gy, : Uy, — G for every map of
plots fo : Uy, — Up,. Now ¢? is the data of a map ¢*(f1, fo) = gp s, : Up, — G X G for every
pair of composable maps of plots U, iR Up, Jo, Upo- Let ¢*(f1, fo) = (h, k). The data of the

above cosimplicial map insists that
(d°g")(f1, fo) = 9" (fo) o fr = (9°d°) (f1, fo) = do(g*(f1, fo)) = do(h, k) = k

(d'g")(fr, fo) = 9" (fofr) = (Pd")(f1. fo) = du(g°(f1, fo)) = du(h, k) = khP
(9" (f1, fo) = 9" (1) = (&) (f1, fo) = da(g®(f1, fo)) = da(h, k) = h.

In other words

9porr = (9o 0 f1) - 9p1-

4“Where we exclude the codegeneracy maps from the notation for clarity.
5If this seems strange, see Example 1.5.13.
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This is precisely the diffeological G-cocycle condition (2.9). We can visualize this as a triangle:

°
V ijOh
g% (f1,f0)
° )

9fof1

which is filled in if the cocycle condition (2.9) holds. In other words, a map QX — BG is
precisely the same information as a G-cocycle g on X.
Now here’s an important point: ¢ will provide no further data. We will explain why

using the notion of coskeleton.

Definition 1.6.6. A simplicial set X is k-coskeletal if for every boundary 0A™ — X, there

exists a unique n-simplex A" — X making the following diagram commute:

for all n > k.

For any k, let sSet<j, denote the category of k-truncated simplicial sets, namely presheaves
on the full subcategory A<y of A whose objects are partial orders [n] for n < k. There is a
functor 7 : sSet — sSet<; just given by forgetting the higher simplices of the simplicial set.
This functor has a fully faithful left adjoint sk and a fully faithful right adjoint cosk,. A
simplicial set X is k-coskeletal if the unit of the adjunction X — coskg(X) is an isomorphism.
For more details see [GJ12, Section VIIL.1].

If X = N(C) is the nerve of a category C, then X is 2-coskeletal [GJ12, Lemma 1.3.5].
In our case BG(QX) is a cosimplicial simplicial set such that BG(QX,) is the nerve of
a groupoid and therefore 2-coskeletal for every n. Now as we've seen, the 3-simplex ¢° €
BG(QX3) is required to satisfy that 9g® = (d°¢t, d'g', d?g', d®g'). But that means we've just
specified a 3-boundary in a 2-coskeletal simplicial set. Thus there exists a unique filler ¢.

This of course continues, so that a vertex g € Tot(BG(QX))o determines and is completely
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determined by ¢! and g¢?.
Let us repeat the above analysis for a 1-simplex in Tot(BG(QX)). This is the data of a
commutative diagram:

AOx Al T T AL Al S A2 Al
o ) 2

[Ty, BG(U) 2 Ty, BG(Uy) — [, BG(W,)

Now unravelling this diagram, skipping some similar details, such a 1-simplex consists of the
following data. If g and ¢" are O-simplices in Tot(BG(QX)) consisting of collections of maps
{97} and {g}}, then a I-simplex is a collection of maps {h,, : U,, — G} indexed by plots

po : Up, = X such that if f, : U,, — U,, is a map of plots, then

g}o “hy, = (hpo o fo) “YGfo>

and this is precisely a morphism of diffeological G-cocycles (2.10). By the same reasoning
as before, the rest of the diagram provides no further conditions on this data, as the maps
AR x Al — BG(QX},) will consist of (k + 1)-simplices, and BG(QX}) is 2-coskeletal, so that
h depends only on h° and h'. Namely given h° and h', the h* for k > 1 are fully determined.

A 2-simplex in Tot(BG(QX)) will similarly be completely determined by its boundary.
Similar reasoning also proves that there are no additional conditions coming from higher
k-simplices of Tot(BG(QX)). In other words, Tot(BG(QX)) is 2-coskeletal. Further, since
sPre(Cart) is a simplicial model category and R(X,BG) = Tot(BG(QX)), this implies that
Tot(BG(QX)) is a Kan complex. This combined with the fact that it is 2-coskeletal implies
that for any basepoint g, m;(Tot(BG(QX)), g) =0 for k > 1.

Now that we have an explicit description of Tot(BG(QX)) it is clear that this is noth-
ing more than a diffeological version of the cocycle construction from classical differential
geometry. Let us formalize this now.

We want to construct a map ¢ : Tot(BG(QX)) — NCoc(X,G). Consider the left adjoint
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h : sSet — Cat to the nerve functor IV, that sends a simplicial set to its homotopy category
[Riel4, Example 1.5.5], namely if X is a simplicial set, then hX is the category whose
objects are the vertices of X, morphisms are freely generated by the 1-simplices of X and
then quotiented by the 2-simplices, in the sense that if ¢ is a 2-simplex in X with do7 =
x,diT = y,doT = 2z, then x 0 z = y in hX. Note that by unravelling the above definitions,
the composition of two morphisms A’ o h in hTot(BG(QX)) is given by multiplication A’ - h
as in Definition 2.2.6.

Let & : hTot(BG(QX)) — Coc(X,G) denote the functor that sends an object g =
(g% g',...) to the cocycle it defines {gy, }, and a morphism h = (h° h',...) to the morphism
of cocycles it defines {h,}. By the above discussion it is evident that this functor defines

(one half of) an isomorphism of categories. In summary we have proved the following.

Lemma 1.6.7. There is an isomorphism of simplicial sets

NCoc(X,G) = Tot(BG(QX)). (1.53)

We are now in a position to prove the main theorem of this paper.
Theorem 1.6.8. The nerve of the category of diffeological principal G-bundles on X and
the nerve of the category of G-principal co-bundles on X are weak homotopy equivalent

NPrin (X) ~ NDiffPring(X). (1.54)

Proof. Since the nerve functor sends equivalences of categories to homotopy equivalences of
simplicial sets, Theorem 1.3.15 implies that there is a homotopy equivalence of simplicial

sets NCoc(X, G) ~ NDiffPring(X). Combining this with Proposition 1.6.5 and Lemma 1.6.7

gives the result. O

Corollary 1.6.9. Given a diffeological space X and a diffeological group G, there is an
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isomorphism of pointed sets
H! (X,G) = mDiffPring(X), (1.55)

where mDiffPring(X) denotes the set of isomorphism classes of diffeological principal G-

bundles on X, pointed at the isomorphism class of trivial bundles.

We can still say more about the correspondence of Theorem 1.6.8. As in the paper
[INSS14b], it is useful to see how one can obtain an actual diffeological principal G-bundle
m: P — X from a G-cocycle QX — BG using simplicial presheaves. It is basically a
reformulation of Theorem 1.3.15.

Given a diffeological group G, consider the diffeological groupoid

pry

GxG=d

where the source map is the first projection and the target map is the map m(g, h) = hg®.

We can visualize morphisms in this groupoid by

(g:h) (hg.k) (g:kh)

hg khg = g — khg.
This defines a presheaf of groupoids on Cart by

U — (C®(U,G x Q) = C=(U,G))].

Applying the nerve functor objectwise gives a simplicial presheaf which we denote by EG.

There is a canonical map of simplicial presheaves EG — BG induced by the corresponding

6Tf this seems strange, see Example 1.5.13
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map of diffeological groupoids/presheaves of groupoids:

pry

GxG G

This functor can be visualized as

Furthermore this map is an objectwise Kan fibration, and therefore a projective fibration of

simplicial presheaves.

Remark 1.6.10. The simplicial presheaf EG and the map EG — BG described above are
well known in the literature in the form WG — WG, which can be defined when G is any
presheaf of simplicial groups, see [Stel2] or [NSS14b]. In this case we are using the same
convention as [GJ12] where WG = Dec®W G and the map WG — W@ is given degreewise

by dOWG C GXREL 5 gxk,

Now with such a map g : QX — BG, we can consider the following pullback in the

category of simplicial presheaves.

P —— EG

|- | (1.56)

QX —— BG

Remark 1.6.11. In the situation above, Pisa G-principal co-bundle, and the construction

of taking this pullback is precisely the map Rec described in [NSS14b, Definition 3.93].
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Thus P is a simplicial presheaf, or equivalently a simplicial diffeological space such that

P = H Uy, ¢ (G x G), Py = H Uy, x G.

fo po€Plot(X)
Up, ——>Up0

In other words, ﬁo is precisely the diffeological space P from Section 1.3, and the coequalizer
of the face maps ﬁl = ﬁo, which is precisely the presheaf obtained by taking Woﬁ, is precisely
the diffeological space P = Cons(g) constructed in Section 1.3.

Now let us show that the canonical map ¢ : P — Pis an objectwise weak equivalence.
First we notice that QX , BG, and EG are nerves of presheaves of categories. Since the nerve

functor is a right adjoint, we have that

P = N[QX; = B xyig—n NG x G = G 2 N([QX; = B] x(g=y [G x G = G)).

Thus P as a simplicial presheaf is the nerve of a diffeological category/presheaf of categories,

a morphism of which we can visualize in the same way as in Section 1.3
Jo
(:EPN kl) — (xpoa ko),

where fo(z,,) =z, and ko = g5, (z,,) - k1.
Now think of P as a presheaf of discrete categories with objects equivalence classes

(%, ko]. The map ¢ : P — P can be seen as the nerve of the functor

(xm? kl) L (xpoa ]{30)
l l
[mpv kl] E— [xpov k’o]

Now consider the map f : P — P defined as follows. If [, ko] is an object in P, then let

x = po(zp,). Then consider the pair (x,,eq), where x : * — X is the plot sending * to the
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point x € X. There is a unique morphism
(*Ia gf_‘ol (mpo) ) kO) — (ajpov kO)a

given by the map of plots

So set f[xp,, ko] = (*2, 97, (€po) - ko). Then

P(f[xpn kl]v (xpov kO)) = P((*Iv 9;01 (xpo) ’ ko)v (xpm ko))

= P[0, 67 0m) - Kol s i),

(1.57)

where the second isomorphism holds because the map (*, g;ol (o) - ko) Zeo, (@p,, ko) is the
unique map between the source and target, and the existence of such a map means that

[*:1:7 g;Ol ($p0) : kO] = [xpm kO] ThUS

P((2: 95, (po) * ko), (g ko)) = P[0, g7, () - Kol [0, kol)

2

X,

Therefore f is an objectwise left adjoint to ¢. Since the nerve functor takes adjoint functors

to homotopy equivalences of simplicial sets, we have proven the following.

Lemma 1.6.12. The map ¢ : P — P of simplicial presheaves is an objectwise homotopy

equivalence and therefore a Cech weak equivalence.

Now notice that EG is objectwise contractible, indeed, for every U the groupoid [G(U) x
G(U) = G(U)] has an initial object given by the constant map at the identity element eg.
Thus EG — x is an objectwise weak equivalence. The map BG — DiffPring is also an

objectwise weak equivalence, see Example 1.5.13 and Proposition 1.3.5. Thus there is a map
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of diagrams, where each component is an objectwise weak equivalence of simplicial presheaves

EG

I

P BG *
I >
QX P DiffPring

1

Thus we have proven the following result.

Corollary 1.6.13. Given a diffeological space X, diffeological group G, and diffeological

principal G-bundle 7 : P — X, the commutative diagram of oco-stacks

P———

ﬂl l (1.58)

X —2 5 DiffPring

where g : X — DiffPring sends a plot py : U,, — X to the diffeological principal G-bundle

po P, is a homotopy pullback square in the Cech model structure on sPre(Cart).

Proof. Since f is an objectwise weak equivalence of simplicial presheaves, and since P is the
actual pullback of a projective fibration, it is a homotopy pullback in the projective model
structure on simplicial presheaves on Cart. By Proposition [Rez10, Proposition 11.2], it is

also a homotopy pullback in the Cech model structure. O

1.7 Comparison of Site Structures

Here we will prove that the definition of diffeological spaces as given in Definition 2.2.2 is
equivalent to that usually presented in the literature, such as [Igl13, Article 1.5], in the

sense that their categories are equivalent. Further we will show other possible alternative
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definitions that have not appeared in the literature have equivalent categories as well. An
example of this is [WW14, Lemma 2.9]. The results of this section include this result.

Everything in this section is well-known and similar statements can be found in [SS10,
Section 6.2], [Sch13] and [FSS+12, Appendix]|, but we felt that having the details of these
results spelled out would be helpful to those less familiar with topos theory.

We will prove these results by exploiting Theorem 1.4.16, and studying concrete sheaves
over the smooth sites. Now coverages are those collections of families with the least amount
of structure with which we can define sheaves on €. There could be many different coverages
which give rise to equivalent categories of sheaves. It can therefore be difficult to see directly
when coverages give rise to the same sheaves. We will define a more restricted kind of
coverage, known as a Grothendieck coverage or Grothendieck topology, which will make such

comparison easier.

Definition 1.7.1. A sieve R is a family of morphisms that is closed under precomposition,

namely if V2 U; is amap in €, and U; = X € R, then V 2% X € R.

Given a category € and an object U € C, there is a bijection between sieves on X
and subfunctors R < yU, where yU = (V + C(V,U)) denotes the Yoneda embedding on U.
Indeed, given a sieve R, we can define a subfunctor R < yU by setting E(V) ={f:V->U":
f € R} and noting that being a sieve implies that R is functorial under precomposition, and
conversely if R < yU is a subfunctor, then we can define a sieve R by setting R = Uvee R(V).
Thus for the rest of this section a sieve will mean both a kind of family of morphisms and a
subfunctor of the Yoneda embedding. If U € C is an object, then we call yU the maximal
sieve. This is equivalently the family of all morphisms with codomain U.

For any family of morphisms r = {r; : U; — U} over U, we can construct the smallest
sieve R = T containing it as follows. Let R be the set of morphisms f : V' — U such that f

factors as:

1% ! y U

N

Ui
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where r; : U; — U € r, and ¢ is a morphism in €. In this case we say that r generates the

sieve R.

Lemma 1.7.2 ([Joh02, C2.1 Lemma 2.1.3]). Suppose that j is a coverage on a category C.
Then a presheaf F' is a sheaf on a family of morphisms r = {U; — U} if and only if it is a

sheaf on the sieve R =7 it generates.

Definition 1.7.3. We say that a collection of families j is sifted if every r € j(U) is a sieve.
If j is further a coverage, we call it a sifted coverage. We call covering families of sifted

coverages covering sieves.

Lemma 1.7.4. Let R be a sieve over an object U in a category € and F' a presheaf on C. A
collection {sf € F(V)}ser of sections for every f:V — U in R is a matching family if and

only if F'(g)(sf) = sy, for every morphism g : W — V in C.

Proof. (=) Suppose {ss} is a matching family, then consider the commutative diagram:

W—W
Hl gf
V—>f U

this implies that F'(g)(sf) = s¢q.

(<) Suppose we have a commutative diagram:

Ay

L b

V—>f U

where f, f' € R. Then F(g)(sy) = spg = spn = F(h)(sy), thus {s;} is a matching family. [

If j is a coverage, then let j denote the collection of families where R € j(U) if R =T for

some 1 € j(U). We call j the sifted closure of j.

Lemma 1.7.5. The collection of families j is a sifted coverage of €.
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Proof. Clearly 7 is sifted. We wish to show it is a coverage. Suppose we have a covering family
R € j(U),and amap g: V — U. We wish to show that there is a covering family R’ € j(V)
such that for every map k € R, gk factors through some [ € R. Since R = 7, we know
that since j is a coverage, there exists some covering family ¢ € j(V') with the corresponding

property. In other words, for every map k& € R’ there is a commutative diagram:

Vi—77—>U

but then | = r;s;k; is a morphism in R = 7. Thus gk factors through [ as it is equal to it. [J

Corollary 1.7.6. Given a coverage j on a category C, a presheaf F' is a sheaf on (C,j) if

and only if it is a sheaf on (€, ). In other words Sh(C, j) = Sh(C, j).
Proof. This follows from Lemma 1.7.2 and Lemma 1.7.5. O]

Now if R < yU is a sieve, and f : V — U is a morphism in C, then let f*R denote the set
of morphisms g : W — V such that fg € R. This is equivalently the subfunctor f*R — yV

given by the pullback in Pre(C)
f*R —— R
yV —5 yU

Definition 1.7.7. A Grothendieck coverage is a sifted collection of families J on a cate-

gory C satisfying the following conditions:
(C) J is a coverage,
(M) for any object U € €, the maximal sieve yU € J(U), and

(L) if R € J(U) and S is another sieve on U such that for each f : V — U € R, the sieve
1*(S) belongs to J(V).
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If (€, J) is a Grothendieck coverage, then we call its sieves R € J(U) covering sieves.

Remark 1.7.8. Grothendieck coverages are usually referred to as Grothendieck topologies
in the literature, but are typically presented with the following condition (C’): If R € J(U)
and f :V — U any morphism in C, then f*R € J(V), instead of the condition (C'). It is not

hard to show that these are equivalent definitions, see [Joh02, C2.1 Page 541].

Lemma 1.7.9. Let € be a category and R < yU a sieve. If g: V — U is a map in R, then
g R=1yV.

Proof. If Ris asieveon U, then ¢*R={f:W — V : gf € R}. But R is a sieve and g € R,

so every map f : W — V has this property, since R is closed under precomposition. O

Lemma 1.7.10. Let (C, J) be a site with a Grothendieck coverage. Then if R, R" are sieves

on U, R C R and R is a covering sieve, then R’ is a covering sieve.

Proof. Let g : V — U € R C R/, then by Lemma 1.7.9, we know that ¢*R = ¢*R' = yV/,
which is a covering sieve of V' by (M). Since this is true for all ¢ € R, R’ is a covering sieve

by (L). 0

Given a set {J, : a € A} of Grothendieck coverages, it is not hard to check that

the collection of families J = () o4 Jo defined by J(U) = (,c4 Jo(U) is a Grothendieck

acA
coverage. Thus if j is a coverage on C, we can consider j, its sifted closure. By Lemma 1.7.2,
we can then take the intersection of the set of Grothendieck coverages that contain all of

the covering sieves of j, which we denote by 7(j). This will be the smallest Grothendieck

coverage containing j and we will call it the Grothendieck coverage generated by j.

Lemma 1.7.11 ([Joh02, C2.1 Proposition 2.1.9]). Given a site (€, j), a presheaf F' will be a

sheaf on (C, 7) if and only if it is a sheaf on (C, 7(j)).

Now we are in a position to compare different coverages on the same category. Suppose

that j, j' are coverages on a category € such that if r' is a covering family in j/(U), then



CHAPTER 1. DIFFEOLOGICAL AND INFINITY BUNDLES 75

there exists a covering family » € j(U) and a refinement f : r — 7. We will say that j is

subordinate to j and write ;' < j.

Proposition 1.7.12. Suppose that j, j’ are coverages on a category € such that j < j’ and
j' < j, then Sh(€, j) = Sh(€, 7).

Proof. Suppose that j* < j. Then every covering family ' € j/(U) can be refined by a
covering family r € j(U). Therefore 7 C 1/, since sieves are closed under precomposition.
Now note that 7 € 7(j)(U), and thus by Lemma 1.7.10, 7’ € 7(;j)(U). Thus if 7’ is a covering
family of j/, then 7’ is a covering sieve of 7(j). Thus if F' is a sheaf on j, then by Lemma
1.7.11, it will be a sheaf on 7(3), so it will then be a sheaf on 7/, and thus by Lemma 1.7.2
it will be a sheaf on r’. Since r’ was arbitrary, F' is therefore a sheaf on all of j'. Thus
if F'is a sheaf on (C,j), then it will be a sheaf on (C,j’). Conversely j < j' proves that
Sh(C, j) = Sh(C, j"). O

Proposition 1.7.13. Let jso0q denote the good cover coverage on Man defined in Example
1.4.5, and jopen denote the open cover coverage on Man defined in Example 1.4.4. Then

Sh(Man, jgooa) = Sh(Man, jopen). This similarly holds for Cart and Open.

Proof. By [BT+82, Corollary 5.2], we have that jopen < Jeood- NOW Jgood < Jopen, SiCe every

good open cover is in particular an open cover. O

Corollary 1.7.14. The categories of concrete sheaves on Man with the open and good open

coverages agree:

ConSh(Man, jgooa) = ConSh(Man, jopen ).
This result remains true if we replace Man with Open or Cart.

Now we wish to compare sites whose underlying categories differ. Let C be a category
and € — € a full subcategory. Then a sieve R — yU on C is said to be a €'-sieve if it is

generated by a family of morphisms all of whose domains are objects in €.
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Definition 1.7.15. Let (C,J) be a category with a Grothendieck coverage, and €’ — € a
full subcategory. We say that €’ is J-dense in € if every object U € € has a covering sieve

R € J(U) that is a €'-sieve.

If (@, 7) is a site where j is not necessarily a Grothendieck coverage, then we say that a
full subcategory €' < € is j-dense if it is 7(j)-dense in (€, 7(7)).

By [BT+82, Theorem 5.1], every finite dimensional smooth manifold has a good open
cover. Thus if U = {U; C M} denotes a good open cover of M, then U is a covering sieve of
(Man, 7(jopen)) and it is a Cart-sieve. Since this is true for any manifold M, it follows that
Cart is jopen-dense in (Man, jopen). By the same argument Cart is also dense in (Man, jgood)-
This also implies that Open is dense in (Man, j) for j € {Jjopen; Jgood }-

Now suppose (€, J) is a site with a Grothendieck coverage. If ¢’ < C is a full subcategory,
define a collection of families J’ on € by defining J'(U) to be the collection of those covering
sieves R € J(U) that are also C'-sieves. It is not hard to show that this is also a Grothendieck
coverage, called the induced coverage on €', and denoted J|er.

The following result is well-known in the literature as the Comparison Lemma.

Theorem 1.7.16 ([Joh02, Theorem 2.2.3]). Let (C, J) be a site with a Grothendieck coverage
and ¢ — € a J-dense full subcategory. Then the restriction functor res : Pre(C) — Pre(C’)
itself restricts to a functor res : Sh(C, J) — Sh(€', J|e), and this functor is an equivalence of

categories.

Note that 7(j$3%) = 7(joran)|care- This can be seen by simply noting that every sieve in

4Man . . . .
T (Jopen)|cart 18 generated by a open cover by cartesian spaces, and contains every such sieve.

-Cart

.. :Open  -Open
A similar argument proves the same for j;57 and

jgood 7j0pen .
Corollary 1.7.17. All categories of the form ConSh(C,j) for € € {Cart,Open,Man} and

J € {Jopen, Jgood } are equivalent.

Proof. Theorem 1.7.16 implies that the categories Sh(C, j) for € € {Cart, Open, Man} and j €

{Jopens Jeood } are all equivalent. Further, using the same argument as in the proof of [WW14,
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Lemma 2.9], the above equivalences restrict to equivalences of all the full subcategories

ConSh(€, j) of concrete sheaves. ]

Thus by Theorem 1.4.15, we have that Diff’ ~ ConSh(Open, jopen), and by Corollary
1.7.17, we have that ConSh(Open, jopen) = ConSh(Cart, jgooa) =~ Diff. Thus we have proved

the main proposition of this section.

Proposition 1.7.18. The category of classical diffeological spaces Diff’ is equivalent to the

category of diffeological spaces Diff introduced in Definition 2.2.2.



Chapter 2

The Diffeological Cech-de Rham

Obstruction

2.1 Introduction

Classical differential geometry involves the study of finite dimensional smooth manifolds.
As a theory, it has many achievements. One of its most celebrated is the Cech-de Rham
Theorem, more commonly known as the de Rham Theorem!. The Cech-de Rham Theorem,
proven in 1931 by de Rham [deR31], states that if M is a finite dimensional smooth manifold,
then there is an isomorphism

HY (M) = HY(M,R°), (2.1)

where H¥, (M) denotes the de Rham cohomology of M, and H*(M,R?®) denotes the Cech
cohomology of M with values in R?, the constant sheaf on the discrete group of real numbers.
There are many good textbook accounts of the Cech-de Rham Theorem, such as [BT+82,
Chapter II] and [GQ22, Chapter 9]. The de Rham cohomology of a finite dimensional smooth
manifold M is constructed using its smooth structure, but the Cech-de Rham Theorem shows

that the de Rham cohomology of M is independent of this smooth structure and depends

1We call it the Cech-de Rham Theorem because some authors use “the de Rham Theorem” to refer to
the isomorphism between de Rham cohomology and singular cohomology.

78
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only on the topology of M.

Diffeology is a modern framework for differential geometry whose main objects of study
are diffeological spaces, encompassing smooth manifolds, orbifolds, and mapping spaces.
The category of diffeological spaces is better behaved than the category of finite dimensional
smooth manifolds, indeed the category of diffeological spaces is complete, cocomplete and
cartesian closed [Igl13]. This makes diffeological spaces attractive to geometers who study
spaces that are not finite dimensional smooth manifolds. However, this generalization comes
at the cost of losing many of the theorems and constructions of classical differential geom-
etry?. Much contemporary work has gone into extending these constructions and theorems
to diffeological spaces. The textbook [Igl13] by Iglesias-Zemmour has in particular pushed
the theory quite far, defining differential forms, de Rham cohomology, singular cohomol-
ogy, fiber bundles, and smooth homotopy groups of diffeological spaces amongst many other
contributions.

In [Igl88], Patrick Iglesias-Zemmour proved that the Cech-de Rham Theorem does not
hold in general for diffeological spaces. Interestingly, this result was written as a preprint in
French in the late 80s and was only recently published in English as [Igl23]. Furthermore

Iglesias-Zemmour obtained an exact sequence

0 = Hip(X) = Hpr(X,R) = "By (X) = Hip(X) = Hpp7(X,R’)

which is a receptacle for the obstruction to the Cech-de Rham Theorem. The group “E4°(X)
is the subgroup of the group of isomorphism classes of diffeological principal R-bundles that
admit a connection. If this group is trivial, as it is for all finite dimensional smooth manifolds,
then Hl;(X) = Hp,,(X). However, the situation for higher degrees is not addressed in
[Ig]23]. Iglesias-Zemmour writes “We must acknowledge that the geometrical natures of the

higher obstructions of the De Rham theorem still remain uninterpreted. It would be certainly

2Many of these theorems are lost because not all diffeological spaces have partitions of unity, a crucial
ingredient to many theorems in differential geometry.
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interesting to pursue this matter further” [Igl23, Page 2|. In this paper, we obtain such an
interpretation of the higher obstructions.

In Section 1.5.3, we introduced a generalization of Cech cohomology for diffeological spaces
that we call co-stack cohomology. If X is a diffeological space and A is a diffeological
abelian group, then H” (X, A) denotes the kth co-stack cohomology of X with values in A.

Currently, there are four definitions of Cech cohomology for diffeological spaces in the liter-
ature. They are Iglesias-Zemmour’s cohomology from [Igl23], which we call PIZ cohomology,
there is oco-stack cohomology (Section 1.5.3), there is Krepski-Watts-Wolbert cohomology
[KWW21] and there is Ahmadi’s cohomology [Ahm23]. In Section 1.5.3, the first three Cech
cohomologies were compared, and some relationships deduced, but it is currently unknown
if any of the above cohomology theories agree in general.

This paper is a sequel to Section 1.6, where we explored the connection between diffeo-
logical spaces and higher topos theory to study diffeological principal G-bundles. When G is
a diffeological group, not necessarily abelian, it is still possible to define co-stack cohomology
in degree 1, H. (X,G). We proved that degree 1 oco-stack cohomology is in bijection with
isomorphism classes of diffeological principal G-bundles over X. In fact, we obtained a much
stronger result (Theorem 1.6.8), by showing that the nerve of the groupoid of diffeological
principal G-bundles is weak equivalent to the nerve of the category of G-principal co-bundles
on X.

In this paper, we study two cases where the tools of higher topos theory help us better
understand diffeological spaces. The first case is studying the oo-stack cohomology of the
irrational torus. The irrational torus was the first example of a nontrivial diffeological space
with trivial underlying topology, see [Igl20b]. In [Igl23], Iglesias-Zemmour proved that if
K C R is a diffeologically discrete subgroup, then the PIZ cohomology of the irrational torus
Tx = R/K is isomorphic to the group cohomology of K with values in R. However, his proof

of this, [Igl23, Section II], is computational. In Section 2.4, we prove
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Theorem 2.4.4. There is an isomorphism

H(Tx,R°) = HZ (K,R°)
of abelian groups, for every n > 0, where R® denotes the discrete group of real numbers, and

where Hy, (K, R?) denotes the group cohomology of K with coefficients in R°.

Theorem 2.4.4 supports the conjecture that PIZ cohomology and oo-stack cohomology
agree. The proof of Theorem 2.4.4 is short and conceptual. It uses the shape functor [,
much beloved by higher differential geometers [BBP22], [Bun22b], [Sch13], [Clo23], [Carl5],
in a crucial way, reducing the co-stack cohomology of Tk to the singular cohomology of the
classifying space BK. This demonstrates the advantage of using oo-stack cohomology to
study diffeological spaces.

The second case, which makes up the bulk of the paper, is to use co-stack cohomology,
and more generally the framework of higher topos theory, to study the diffeological Cech-de

Rham obstruction. First we obtain a homotopy pullback diagram of oco-stacks.

Theorem 2.7.1. For every k > 1, there exists a commutative diagram of oo-stacks of the

following form
x* —— BFR? > *

J/ v ~ ~

* —— ByR —— Q) ———— QFF

v
*

1

(2.2)

~ v ~

B'R —— B"Q)}, —— Qlsesht

~ ~

* Bk+1R6 B’%JFIR

furthermore every commutative square in this diagram is a homotopy pullback square in the

Cech model structure on simplicial presheaves over Cart.

Such diagrams are often used in higher category-theoretic treatments of differential coho-

mology, see [Sch13], [ADH21], [Jaz21]. One can think of an co-stack as a classifying object
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for a mathematical structure, such as diffeological principal G-bundles. Thus the above di-
agrams can be thought of as tight relationships between the corresponding mathematical
structures.

Of particular interest is the oco-stack BER. This is the oo-stack which classifies dif-
feological R-bundle (k — 1)-gerbes with connection. Cohomology with values in this
oo-stack is called the kth pure differential cohomology in [Jaz21]. From Theorem 2.7.1 we

are immediately able to obtain the following result.

Corollary 2.7.2. For every diffeological space X, there is an exact sequence of vector spaces
0= HE(X,R’) = HY o(X,R) — QT (X) — HEM(X,R?). (2.3)

Near the completion of this paper, we learned that an analogous exact sequence was
also obtained in [Jaz21, Page 27] using completely different methods in the framework of
homotopy type theory. The above exact sequence allows us to compute the pure differential

cohomology of the irrational torus.

Theorem 2.7.3. Let T, denote the irrational torus, then

R2, k=1,
AL G(To, R) = (R, k=2, (2.4)
0, k>2

While Corollary 2.7.2 is useful for computations with the irrational torus, it is desirable
to have an exact sequence including de Rham cohomology rather than closed forms. This is

obtained in the following result.

Theorem 2.7.5. Given a diffeological space X and k > 1, the sequence of vector spaces

H (X R?) = Hegny (X, R) = HiH(X) = HIP(X,R)

conn
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is exact.
When k£ = 1, we obtain an additional piece to this exact sequence.

Theorem 2.7.7. Given a diffeological space X, the sequence of vector spaces

conn

0— HY(X) = HL(X,RY) = HL (X,R) = H%(X) = H>(X,R?) (2.5)

18 exact.

The above exact sequence is exactly analogous to the exact sequence obtained by Iglesias-
Zemmour in [Igl23].

In Section 2.8 we turn to the study of connections for diffeological principal bundles. This
theory is still in its infancy, and there are a few references that give varying definitions of
diffeological connections [Igl13, Section 8.32], [Wall2, Section 3], [MW17, Section 4]. The
theory of co-stacks provides another definition. Let G be a Lie group, and U a cartesian space.
Then let 2(U, g)//G denote the groupoid whose objects are differential 1-forms w € QY(U, g),
where g denotes the Lie algebra of G, and where there is a morphism ¢ : w — ' if there

exists a smooth map ¢g : U — G such that
w' = Ad, ' (w) 4+ ¢g*me(G)

where mc(G) denotes the Maurer-Cartan form of G. Taking the nerve of this groupoid, and
letting U vary defines an oco-stack Q'(—,g)//G, which amongst others has been studied in
[FSS+12], [FH13]. We connect this notion of connection to that given in [Wall2, Definition

3.2.1] in the following result.

Theorem 2.8.3. Given a diffeological space X and a Lie group G, the functor

Consy : Cocy (X, G) — Walg(X), (2.6)
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is an equivalence of groupoids, where Cocy (X, G) is the groupoid whose objects are maps
QX — Q' (—,g)//G, where QX is a cofibrant replacement of X in the projective model
structure on simplicial presheaves, and Walg(X) is the groupoid of diffeological principal

G-bundles with connection as defined in [Wall2, Definition 3.2.1].

To compute oco-stack cohomology, one needs a workable model of the derived mapping
space RHom(X, A), when X is a diffeological space and A is a presheaf of chain complexes.
In Section 2.9, we obtain such a model, which reduces many computations with oo-stacks to
manipulations with double complexes. As a corollary, we obtain a simple and direct proof of

the following well known folklore result.

Proposition 2.9.4. Let C' be a cosimplicial chain complex, then

holim,coC™ ~ tot C, (2.7)

where we are computing the homotopy limit in the category of chain complexes equipped

with the projective model structure, and tot C' denotes the total complex of C'.

The paper is organized as follows. In Section 2.2, we introduce diffeological spaces and
place them in the context of sheaf theory. In Section 2.3, we introduce simplicial presheaves,
show how diffeological spaces embed into simplicial presheaves, and introduce the shape
functor. In Section 2.4, we prove that the oco-stack cohomology of the irrational torus T} is
isomorphic to the group cohomology of K with values in R. In Section 2.5, we introduce the
Dold-Kan correspondence, which is a core tool we use for the rest of the paper. In Section 2.6,
we introduce the main oo-stacks that will be used in the paper, and compute various examples
of oo-stack cohomology. In Section 2.7, we prove the main results of this paper, Theorem
2.7.5 and Theorem 2.7.7. In Section 2.8, we prove that our notion of diffeological principal
G-bundles with connection using oco-stacks agrees with Waldorf’s [Wall2]. In Section 2.9,
we prove a technical result allowing us to easily compute oo-stack cohomology when the

coefficient oco-stack comes from a presheaf of chain complexes. In Section 2.10 we prove
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Theorem 2.7.1.

2.2 Smooth Sheaves and Diffeological Spaces

In this section we briefly describe diffeological spaces and their connection to sheaves on Cart.

Definition 2.2.1. Let M be a finite dimensional smooth manifold®>. We say a collection
of subsets U = {U; € M},e; is an open cover if each U; is an open subset of M, and
Uie; Ui = M. If U is a finite dimensional smooth manifold diffeomorphic to R™ for some
n € N, we call U a cartesian space. We call U = {U; C M} a cartesian open cover
of a manifold M if it is an open cover of M and every U; is a cartesian space. We say that
U is a good open cover if it is a cartesian open cover, and further every finite non-empty
intersection U;, ;, = U;, N---NU;, is a cartesian space.

Let Man denote the category whose objects are finite dimensional smooth manifolds and
whose morphisms are smooth maps. Let Cart denote the full subcategory whose objects are
cartesian spaces. Given a set X, let Param(X) denote the set of parametrizations of X,

namely the collection of set functions p : U — X, where U € Cart.

Definition 2.2.2. A diffeology on a set X, consists of a collection D of parametrizations

p: U — X satisfying the following three axioms:
1. D contains all points R — X,

2. If p: U — X belongs to D, and f : V — U is a smooth map, then pf : V— X belongs
to D, and

3. If {U; C U}er is a good open cover of a cartesian space U, and p : U — X is a

parametrization such that p|y, : U; — X belongs to D for every i € I, then p € D.

A set X equipped with a diffeology D is called a diffeological space. Parametrizations that

belong to a diffeology are called plots. We say a set function f : X — Y between diffeological

3We will assume throughout this paper that manifolds are Hausdorff and paracompact.
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spaces is smooth if for every plot p : U — X in Dy, the composition pf : U — Y belongs
to Dy. We often denote the set of smooth maps from X to Y by C*(X,Y). Let Diff denote

the category of diffeological spaces.

Every manifold M is canonically a diffeological space by considering the set of parametriza-
tions p : U — M that are smooth in the classical sense. This gives a diffeology on M, called
the manifold diffeology. One can show [Igl13, Chapter 4] that the manifold diffeology
defines a fully faithful functor Man < Diff.

Diffeology extends many constructions and concepts from classical differential geometry

to diffeological spaces, such as the theory of bundles.

Definition 2.2.3. We say that a map 7 : X — Y of diffeological spaces is a subduction if
it is surjective, and for every plot p : U — Y, there exists a good open cover {U; C U}, and

plots p; : U; — X making the following diagram commute

(2.8)

T+—
“<<T><

]

Definition 2.2.4. A diffeological group is a group G equipped with a diffeology such that
the multiplication map m : G x G — G, and inverse map 7 : G — G are smooth. A right
diffeological group action of a diffeological group G on a diffeological space X is a smooth
map p: X X G — X such that p(z,eq) = =, and p(p(z,9),h) = p(x, gh), where ec denotes

the identity element of G.

Definition 2.2.5. Let G be a diffeological group, and P be a diffeological right G-space. A

map 7 : P — X of diffeological spaces is a diffeological principal G-bundle if:
1. the map 7w : P — X is a subduction, and

2. the map act : P x G — P x x P defined by (p, g) — (p,p- g), which we call the action

map is a diffeomorphism.
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A map of diffeological principal G-bundles P — P’ over X is a diagram

P ! y P
X

where f is a G-equivariant smooth map. A diffeological principal G-bundle P is said to
be trivial if there exists an isomorphism ¢ : X x G — P, called a trivialization, where
pry : X x G — X is the product bundle. Let DiffPring(X) denote the category of diffeological
principal G-bundles over a diffeological space X.

In Section 1.3, we proved that diffeological principal bundles can be classified using co-
cycles in a way reminiscent of classical differential geometry. However, rather than using
cocycles defined over an open cover, we use cocycles defined on plots. Let Plot(X) denote
the category whose objects are plots p : U — X of X and whose morphisms f : p — p’ are

smooth maps f : U — U’ such that p/f = p.

Definition 2.2.6. Given a diffeological space X and a diffeological group G, call a collection
g = {gy,} of smooth maps gy, : U,, — G indexed by maps of plots fy : U,, — U, of X a

G-cocycle if for every pair of composable plot maps of X

f1 fo
Up, = Uy, — U,

it follows that

Jfofr = (gfo © fl) “gf- (29)

We call (2.9) the diffeological G-cocycle condition.
Given two G-cocycles, g, ¢', we say a collection h = {h,, } of smooth maps h,, : U,, = G

indexed by plots of X is a morphism of G-cocycles h : g — ¢ if for every map f : U,, —
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Up, of plots of X, it follows that

o Ty = (B © fo) - 956 (2.10)

Given a diffeological space X and a G-cocycle g on X, we can construct a diffeological

principal G-bundle 7 : P — X, by taking the quotient

P=| J[ UnxG]|/~ (2.11)

po€Plot(X)
where ~ is the smallest equivalence relation such that (x,,, k1) ~ (zp,, ko) if there exists
a map fy : Uy, — U, of plots such that fo(z,,) = z,, and kg = gy, (zp,) - k1. We let
7w = Cons(g), short for construction. In fact, this construction defines a functor from the
category Coc(X,G) of G-cocycles on X to the category of diffeological principal G-bundles.

We proved the following result as Theorem 1.3.15.

Theorem 2.2.7. Given a diffeological space X and a diffeological group G, the functor
Cons : Coc(X, G) — DiffPring(X) (2.12)

is an equivalence of groupoids.

While extending the classical theory, there are constructions one can do with diffeological

spaces that are not available to smooth manifolds:

1. Given a diffeological space X, and a subset A <y X a subset. Then consider the set of
parametrizations p : U — A such that ip : U — X is a plot of X. This collection is a

diffeology, called the subspace diffeology on A,

2. Given a diffeological space X and an equivalence relation ~ on X, let 7 : X — X/~

denote the resulting quotient function on sets. Consider the set of parametrizations
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p: U — X/~ such that there exists a good open cover {U; C U} and plots p; : U; — X

making the following diagram commute

j x
UT>X/~

<

This forms a diffeology on X/~ called the quotient diffeology,

3. Given a pair X and Y of diffeological spaces, the set of parametrizations p : U — X XY
such that the composites m; o p and w5 o p are plots of X and Y respectively, forms a

diffeology, called the product diffeology,

4. Given diffeological spaces X and Y, the set of parametrizations p : U — C>®(X,Y)
such that the transposed function p# : U x X — Y is a smooth map is a diffeology,

called the functional diffeology.

These constructions make the category of diffeological spaces considerably better than
the category of finite dimensional smooth manifolds, as shown in Corollary 2.2.10.

Diffeological spaces inherit this nice structure from the category of smooth sheaves.
Definition 2.2.8. We briefly recall the relevant definitions for sheaf theory.

e A collection of families j on a category € consists of a set j(U) for each U € C,
whose elements {r; : U; — U} € j(U) are families of morphisms over U. We call a
collection of families j on € a coverage if it satisfies the following property: for every
{r; : Uy = U} € j(U), and every map g : V — U in C, then there exists a family
{t; : V; = V} € j(V) such that gt; factors through some r;. Namely for every ¢; there

exists some ¢ and some map s; : V; — U; making the following diagram commute:

N

S+—— &

(2.13)

< <.

|
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The families {r; : U; = U} € j(U) are called covering families over U. If a map
r; : Uy — U belongs to a covering family r € j(U), then we say that r; is a covering

map. If € is a category, and j is a coverage on C, then we call the pair (C, j) a site.

e A presheaf on a category C is a functor F': C%” — Set. A morphism of presheaves is a
natural transformation. An element x € F(U) for an object U € € is called a section
over U. If f: U — Visamap in C, and z € F(V), then we sometimes denote F(f)(x)

by z|y. Let Pre(C) denote the category of presheaves on C.

o If {r; : Uy — U},cs is a covering family, then a matching family is a collection {x; }ies,

x; € F(U;), such that given a diagram in € of the form

<
=

J

~
~
<_
3

&
<

then F(f)(x;) = F(g)(z;) for all 4,5 € I. An amalgamation x for a matching family

{z;} is a section x € F(U) such that z;|y = x for all 4.

e Given a family of morphisms r = {r; : U; — U} in a category C, we say that a presheaf
F : C? — Set is a sheaf on r if every matching family {s;} of F' over r has a unique
amalgamation. If j is a coverage on a category C, we call F' a sheaf on (C,j) if it is
a sheaf on every covering family of j. Let Sh(€) denote the full subcategory of Pre(C)

whose objects are sheaves on (C, 7).

One can put a site structure on Cart using the coverage of good open covers. We call
sheaves on Cart smooth sheaves. There are many interesting examples of smooth sheaves.
Every cartesian space defines a representable sheaf yU. Every manifold M defines a sheaf
by U +— C>(U,M). There are also Q2" and Q) for every n > 0, the sheaves of differential
n-forms and closed differential n-forms respectively. The category Sh(Cart) of smooth sheaves

is “extremely nice”, being a Grothendieck topos [MM12].
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A sheaf X on Cart is concrete if X (U) is a subset of the set functions U — X (%) where
% is the terminal object in Cart. The representable sheaves yU and the sheaves induced by
manifolds M are concrete, but Q" and €27} are not.

The full subcategory ConSh(C) < Sh(C) of concrete sheaves on a concrete site forms a
quasitopos, which while not being a Grothendieck topos, is still a very “nice” category [BH11,

Theorem 52].

Theorem 2.2.9 ([BH11, Prop 24]). Let Cart denote the site of cartesian spaces with the

coverage of good open covers. Then there is an equivalence of categories

Diff ~ ConSh(Cart), (2.14)

where ConSh(Cart) denotes the category of concrete sheaves on Cart.

Corollary 2.2.10. The category Diff is a quasitopos. This implies that it is a complete,

cocomplete and cartesian closed category.

We refer to Theorem 2.2.9 as the Baez-Hoffnung Theorem®. It is the starting point
of the interaction of sheaf theory and diffeology. Many aspects of the study of diffeological
spaces can be restated using sheaf theory, for example a differential n-form w on a diffeological
space X as defined in [Igl13, Article 6.28] is equivalently a morphism X — Q™" of sheaves.

In Section 1.5 we took advantage of the Baez-Hoffnung Theorem to embed the category
of diffeological spaces into the category of simplicial presheaves on Cart. We will delve into
this idea in the next section. Once inside the category of simplicial presheaves, we can then
take advantage of many homotopical tools. This in effect provides a way of obtaining a very
powerful and expressive homotopy theory for diffeological spaces that subsumes the usual

homotopy theory for diffeological spaces as considered in [Igl13, Chapter 5.

4Strictly speaking, the Baez-Hoffnung theorem gives an equivalence between the category of what we call
classical diffeological spaces and the category of concrete sheaves on the site of open subsets of cartesian
spaces with open covers, see Section 1.7
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2.3 Simplicial Presheaves

In this section we detail the model categorical notions we will need for the remainder of the
paper. We assume the reader is comfortable with model categories and simplicial homotopy

theory, and recommend the following standard sources [Hir09], [Hov07], [GJ12], [GS06] for

good references on the topics.

Definition 2.3.1. Let sPre(Cart) denote the category whose objects are functors Cart” —
sSet, which we call simplicial presheaves, and whose morphisms are natural transforma-

tions.

Note that sPre(Cart) is complete and cocomplete, with limits and colimits computed

objectwise. There are two pairs of adjoint triples that give structure to sPre(Cart).

COlimCartop )

RN LN
sPre(Cart) <— (- sSet sPre(Cart) «— () — Pre(Cart) (2.15)
~__ 7 ~_
limcgyrop (=)o

where (—). is the functor induced by restricting along the unique functor Cart — % and ¢(—)
is the functor that sends a presheaf to the corresponding simplicial presheaf where all the
simplicial face and degeneracy maps are the identity. We often don’t use the notation ¢(—)
explicitly, especially for representable presheaves, as it should be clear from context. The
functors my and (—)g are defined objectwise. For every U € Cart, and simplicial presheaf X on
Cart, mo X (U) = mo(X (U)), the set of connected components of X (U), and (X )o(U) = X (U)o,

the set of vertices of X (U).

Remark 2.3.2. The above adjoint triples exist for any essentially small category C in place

of Cart.

The category sPre(Cart) is tensored, cotensored and enriched over sSet. Indeed, if K is a

simplicial set and X is a simplicial presheaf, then
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e X ® K is the simplicial presheaf defined objectwise by

(X © K)(U) = (X x K.)(U) = X(U) x K.

e XX is the simplicial presheaf defined objectwise by
(X*)(U) =X (U)",

where for simplicial sets K and L, K* denotes the simplicial function complex.

e for any two simplicial presheaves X and Y, let sPre(Cart)(X,Y’) denote the simplicial

set defined levelwise by

sPre(Cart)(X,Y"),, = sPre(Cart)(X @ A™)Y).

This structure is compatible in the sense of the following natural isomorphisms of simplicial

sets

sPre(Cart)(X ® K,Y) = sPre(Cart) (X, Y). (2.16)

The category sPre(Cart) inherits several model structures from sSet. We say a map
f X — Y is a projective weak equivalence if it is an objectwise weak equivalence
of simplicial sets, a projective fibration if it is an objectwise fibration, and a projective
cofibration if it left lifts against all maps that are both projective weak equivalences and

projective fibrations.

Theorem 2.3.3 ([BK72, Page 314], [Lur09, Section A.2.6]). The projective weak equiva-
lences, fibrations and cofibrations define a proper, combinatorial, simplicial model category

structure on sPre(Cart), called the projective model structure on simplicial presheaves.

Let H denote the category of simplicial presheaves equipped with the projective model

structure. Note that [Dug01, Corollary 9.4] describes a sufficient condition on simplicial
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presheaves to be projective cofibrant, and it implies that all representable presheaves, denoted
yU for a cartesian space U, are projective cofibrant.
Given a cartesian space U and a good cover U = {U; C U} of U, we can form the

simplicial presheaf C(U) defined levelwise by

CU, =[] v, NV,
i0--in
We call C(U) the Cech nerve of U. There is a canonical map 7 : C(U) — yU. Let C
denote the class of morphisms 7 : C' (U) — yU where U ranges over the cartesian spaces and

U ranges over the good open covers for U.

Theorem 2.3.4 ([DHI04, Theorem A.6]). The left Bousfield localization of H at C' exists.
We call the resulting model structure the Cech model structure on sPre(Cart), and denote

it by H. It is similarly a proper, combinatorial and simplicial model category.’

The fibrant objects in H are called co-stacks. They are those projective fibrant simplicial

presheaves X such that the canonical map
sPre(Cart)(yU, X) — sPre(Cart)(C(U), X), (2.17)

is a weak equivalence of simplicial sets, for every cartesian space U and good cover U of U.
Every sheaf and classical stack of groupoids on Cart, thought of as simplicial presheaves on
Cart, is an oo-stack.

The identity functors define a Quillen adjunction between the projective and Cech model

structure on simplicial presheaves.

1sPre(Car‘c)

H et H (2.18)

1sPre(Cart)

5Tt is important to note that the projective/objectwise weak equivalences between simplicial presheaves
are still weak equivalences in the Cech model structure. Furthermore, all Cech weak equivalences between
oo-stacks are objectwise weak equivalences.
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Crucially, the (easy to compute) finite homotopy limits in H are preserved as homotopy limits

in H, thanks to the following result.

Proposition 2.3.5 ([Rez10, Proposition 11.2]). The left Quillen functor lspre(cary) : H — H

preserves finite homotopy limits.

Given simplicial presheaves X and Y on Cart, let () and R denote cofibrant and fibrant

replacement functors for H respectively, then let

RE(X,Y) = sPre(Cart)(QX, RY). (2.19)

We call RH(X ,Y') the derived mapping space of X and Y. If X is already cofibrant, then
we can take () = lspre(cary) and if Y is already fibrant, we can take R = lspre(cart)-

If X and A are simplicial presheaves, then let
H° (X, A) = mRH(X, A).

We call this the 0th oo-stack cohomology of X with values in A.

If A is a simplicial presheaf that is objectwise a simplicial group, then we let
H! (X, A) = mRH(X, W A),

where W is the delooping functor.
If A is a simplicial presheaf such that WkA, which we call its k-fold delooping, exists for

k > 1, then we say that A is k-deloopable, and we let
HE (X, A) = mRE(X, " A).

We call this the kth co-stack cohomology of X with coefficients in A. If the k-fold delooping

of a simplicial presheaf A exists and is an oo-stack, then we denote it by B*A = W"A. The
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following result is well known.

Lemma 2.3.6. If A is a presheaf of simplicial abelian groups, then A is k-deloopable for all

k> 1.

There is a convenient cofibrant replacement functor for H, given (in the notation of
[Riel4, Section 4.2]) for a simplicial presheaf X by the bar construction B(X, Cart,y), where
y denotes the Yoneda embedding y : Cart — sPre(Cart).

If X is a diffeological space, then by the Baez-Hoffnung Theorem (Theorem 2.2.9), we
can consider it as a sheaf on Cart. Then X is a simplicial presheaf®. If we apply Q to °X

then this formula reduces to the simplicial presheaf given levelwise by

QX, = 1T yU,, @ A" (2.20)
(fr=1--rfo)EN(Plot(X))n

Using the above cofibrant replacement functor for a diffeological space X, if A is a co-stack
that is also objectwise a simplicial abelian group, then we can obtain an explicit description
of its kth oo-stack cohomology with values in A, given by the kth cohomology of the cochain
complex obtained by taking the dual Dold-Kan correspondence functor applied to the cosim-

plicial abelian group

A(QXy) — L A(QXy) =% A(QXo) L (2.21)

Example 2.3.7. Let G be a diffeological group, and consider the (strict) functor BG :

Cart”” — Gpd that sends a cartesian space U to the groupoid
C=(U,G) = 4] (2.22)

Postcomposing with the nerve functor gives us a simplicial presheaf NBG, which we will

6We will often not use the notation ¢X for diffeological spaces in what follows, as it should be apparent
from context what category we are considering X in.
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often just denote by BG. By Theorem 1.5.17, (referencing [SS21, Lemma 3.3.29] and [Pav22a,
Proposition 4.13]), BG is an oo-stack.
This oco-stack takes a central role in the theory of diffeological principal G-bundles. For

every cartesian space U, there is a canonical map of groupoids

BG(U) — DiffPring(U), (2.23)

that sends the point to the trivial diffeological principal G-bundle, and sends a map to G
to the corresponding automorphism of the trivial bundle. This map is an equivalence of
groupoids.

Furthermore, if X is a diffeological space and QX is its cofibrant replacement, then G-
cocycles on X are equivalent to maps of co-stacks QX — BG. In other words, for every

diffeological space X, there is a weak equivalence

RH(X, BG) ~ NDiffPring(X). (2.24)

Thus we say that BG classifies diffeological principal G-bundles. This implies that

H! (X,G) = mDiffPring(X), (2.25)

where mDiffPring(X) denotes the set of isomorphism classes of diffeological principal G-

bundles on X.

Let us now examine the left hand side of (2.15). If K is a simplicial set, then K, is
the constant simplicial presheaf on K, namely K.(U) = K for all U € Cart. The functors
making up (2.15) are important enough to warrant renaming. Notice that since R® = x is

the terminal object in Cart, it is the initial object in Cart®; thus limyecanor X (U) = X ().
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For K € sSet and X € sPre(Cart), we set

Disc(K) = K., I'X) = UelgarrltopX(U) = X (%), o (X) = Uceoclgtr%pX(U). (2.26)
It turns out that I" has a further right adjoint, CoDisc : sSet — sPre(Cart) defined objectwise
by
CoDisc(K)(U) = K'Y,

We say that Disc(K) is the discrete simplicial presheaf on K, I'(X) is the global sections
of X, I (X) is the fundamental co-groupoid or shape of X, and that CoDisc(K) is the
codiscrete simplicial presheaf on K. In fact, all of these adjunctions are simplicially
enriched adjunctions.

Thus we obtain the following triple of simplicially enriched adjunctions

I
m
isc — -
sPre(Cart) L sSet 2.27
P -
€L
CoDisc

Proposition 2.3.8 ([Sch13, Prop 4.1.30 and 4.1.32]). Each adjunction in (2.27) is a simplicial
Quillen adjunction, where sPre(Cart) is given the Cech model structure H, and sSet is given

the Kan-Quillen model structure.

In [Sch13], Schreiber defines the three following endofunctors on the category of simplicial

presheaves on Cart:

f = Disc o Il
b = DiscoI (2.28)
f = CoDisco I’

called shape, flat and sharp respectively.

Remark 2.3.9. Using the name shape functor for both IT, and [ is justified by remembering
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that Disc : sSet — H is fully faithful.

They give another pair of simplicial Quillen adjunctions
H—)— H (2.29)

Let us focus further on the shape functor Il,. Let A* denote the cartesian space defined

by
k
A’;:{(xg,...,ark)E]RHl : Zl)ﬁizl}- (2.30)
i=0

We call these affine simplices.

Let Sing, : sPre(Cart) — sSet be the functor defined objectwise by

Sing...(X) = hocoliman ( X(A9) T X(A)) £= x(a2) g ) @8

where if we wish to be concrete, we can use the model of the homotopy colimit given by taking
the diagonal of the above bisimplicial set. We call this the smooth singular complex

functor.

Lemma 2.3.10. The functor Sing__ sends objectwise weak equivalences of simplicial presheaves

to weak equivalences.

Proof. This follows from [GJ12, Proposition 1.9] and taking the diagonal to model the ho-

motopy colimit. O]

Proposition 2.3.11. There are natural weak equivalences between the functors
Sing., ~ Sing_ 0 Q ~ 1,0 Q (2.32)

where @ denotes a cofibrant replacement functor for H.
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Proof. We mirror the proof given in [Bun22b, Remark 4.12], and since the left hand weak
equivalence is shown there, we only prove the middle weak equivalence. If we restrict the
smooth singular complex functor along the Yoneda embedding Cart < sPre(Cart), then we
obtain a functor Sing. : Cart — sSet, and there is a natural weak equivalence of functors
Sing_ — x, where * : Cart — sSet is the constant functor on a point * = A, this follows
from [Bun22b, Proposition 3.11]. Since all simplicial sets are cofibrant in the Quillen model

structure on sSet, [Riel4, Corollary 5.2.5] implies that this induces a natural weak equivalence

B(X, Cart, Sing.) — B(X, Cart, ) (2.33)

of simplicial presheaves for every X € sPre(Cart). But B(X, Cart, ) = colimcaer B(X, Cart, y)
colimeaer QX = I1oQX. This follows from the fact that B(X, Cart,y) = QX, which is just

repackaging the definition of QX. Since Sing_ is a left adjoint, we have

B(X, Cart, Sing, ) = Sing. B(X, Cart, y) = Sing_ QX.

This gives the second natural weak equivalence above. O

By Proposition 2.3.11, we will often refer to Sing. (X) as the shape of X as well. The
shape functor has many wonderful properties. While we will not need all of the following
results on the shape functor for this paper, we provide a concise listing of them here as such

results are scattered throughout the literature.

Remark 2.3.12. Since [ is just applying the shape functor and then treating the resulting
simplicial set as a constant simplicial presheaf, along with the fact that [ ~ Disc o Sing,,
we will blur the distinction between I, Sing., and [. We will use [ when we wish to be

ambiguous about which particular model of the shape functor we wish to use.

Theorem 2.3.13 ([Bun21b, Theorem 4.15]). Let M be a finite dimensional smooth manifold,

12
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thought of as a simplicial presheaf on Cart, then
/M ~ Sing(M*P) (2.34)
where M®P is the underlying topological space of M and Sing : Top — sSet is the classical

singular complex. In other words, the shape of M is its underlying homotopy type.

Remark 2.3.14. It should be noted that Theorem 2.3.13 is really a consequence of a classical

result known as the nerve theorem [Bor48§].

Proposition 2.3.15 ([Pav22b, Example 14.1]). Let Q7 denote the sheaf on Cart of closed

differential n-forms. Its shape is

cl —

/ Q" ~ B"R°. (2.35)

Lemma 2.3.16. Let K be a simplicial set, then the counit
ek @ (Il o Disc)(K) — K. (2.36)

is an isomorphism. In other words, for discrete simplicial presheaves K., we have

[r=x

Proof. This follows from the fact that Disc is fully faithful, and the unit of an adjunction

where the right adjoint is fully faithful is an isomorphism. ]

Proposition 2.3.17 ([Carl5, Theorem 3.4]). Let M denote a simplicial manifold. Let M

denote the simplicial presheaf on Cart defined degreewise by

M(U), = C%(U, My).
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Then the shape of M is
[ar=1p (237)

where ||M]| denotes the homotopy type of the “fat” geometric realization of M, see [Carlh,

Section 3.2].

Remark 2.3.18. The above result is especially interesting when M is the nerve of a Lie
groupoid, as this says that the shape of a Lie groupoid (thought of as a simplicial presheaf)
is weak equivalent to the homotopy type of the Lie groupoid’s classifying space [Carlh,

Section 2.2].

Remark 2.3.19. We should also mention that the shape functor has been used to great
effect in what is now called the Smooth Oka Principle. See the following references [BBP22],
[SS21], [Clo23], [Pav22a, Section 10].

Let Singp, : Diff — sSet be the functor defined levelwise by
Sing (X)), = Diff(A”, X). (2.38)

We call this the diffeological singular complex. Note that by using the diagonal as a
model for the homotopy colimit, for a diffeological space X (actually any sheaf of sets on
Cart), we have

Singp,(X) 2 Sing_(X). (2.39)

Proposition 2.3.20. Let X be a diffeological space, then
I (QX) ~ Sing,(X) ~ NPlot(X) (2.40)

where NPlot(X) is the nerve of the category of plots of X.

Proof. We will only prove the second weak equivalence, as the first holds by the previous

discussion. It is shown in [Bun22b, Proposition 3.6] that Sing. has a left and right adjoint
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(though only the right adjoint forms a Quillen adjunction), therefore we have

I (QX / H yUpn®A”

NPlot(X

/ " ]_[ I, (yU,,) x (Il o Disc)(A")

NPlot(X (2.41)
/ H x x A"
NPlot(X
= NPlot(X).
where the weak equivalence is given by Theorem 2.3.13 and Lemma 2.3.16. O

2.4 The Irrational Torus

In this section, we will show that if K C R is a diffeologically discrete subgroup of the
real numbers, then the infinity stack cohomology of the irrational torus Tx = R"/K (for any
n > 1) with values in R is isomorphic to the group cohomology of K with values in R?. This
was first proved by Iglesias-Zemmour [Igl23, Page 15] with his own version of diffeological
Cech cohomology, which we will refer to as PIZ cohomology. In Section 1.5.3 we found maps
between oo-stack cohomology and PIZ cohomology, and showed that one of these maps is a
retract, but it is still an open question as to whether these two cohomologies are isomorphic.

The motivation for this section is two-fold. One is to support the conjecture that oco-stack
cohomology is isomorphic to PIZ cohomology. We do this by showing that they agree on one
of the most important class of examples of diffeological spaces, the irrational tori. The second
motivation is to show the power of co-topos theory and in particular oo-stack cohomology
through the use of the shape operation. The proof of Theorem 2.4.4 is completely different

than that in [Igl23], and it is conceptually more straightforward.

Definition 2.4.1. Suppose that K C R" is a subgroup, and furthermore, when K is given

the subset diffeology of R, it coincides with the discrete diffeology, so that every plot is
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constant. We call its quotient T = R"/K the n-dimensional K-irrational torus’.

We define the quotient map 7 : R™ — T} of diffeological spaces. This map is a diffeological
principal K-bundle [Igl13, Article 8.15], where K is given the discrete diffeology. By the
discussion in Example 2.3.7, the bundle 7 is classified by a map of co-stacks gx : Tx —
NDiffPring. Furthermore, by Corollary 1.6.13, we obtain the following cube, where the front
face and back face are homotopy pullback squares and the maps going from the back face to

the front face are all objectwise weak equivalences

I

™

NN

TK > NleFPran

R"

2
=

(2.42)

QTk

9K

Now if we apply the shape functor to this cube, the back face remains a homotopy pullback

by the following result.

Proposition 2.4.2 ([SS21, Proposition 3.3.8]). Let K be a simplicial set, and let f: X —
Disc(K) and ¢g : Y — Disc(K) be maps of simplicial presheaves on Cart. Then there is a

Cech weak equivalence

(f X) X%iSC(K) (.[ Y) = f (X ><}ISisc(K) Y) (243)

between the homotopy pullbacks of the maps [ f and [ ¢ and the shape of the homotopy

pullback of the maps f and g.

Remark 2.4.3. For a model-category theoretic proof of Proposition 2.4.2; use the argument

"The word irrational comes from the example where n = 1, and K = Z+ oZ with « an irrational number.
This is the most studied example of an irrational torus in diffeology. Interestingly, Z 4+ oZ C R with the
subset topology is dense in R, hence not discrete, however the subset diffeology is discrete.
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of [Sch13, Theorem 4.1.34], and mirror the argument of [Sch13, Proposition 4.1.35] model

categorically.

Therefore the front face must also be a homotopy pullback square. Now by Lemma 2.3.10,

Lemma 2.3.16, and Theorem 2.3.13 it follows that

[Rr~ [RP~%,  [QTx~ [Ty, [EK~/[+~%  BK<=[BK ~ [DiffPring.

(2.44)
From this we obtain the main result of this section.
Theorem 2.4.4. There is an isomorphism
H(Tk,R°) = HL. (K,R°) (2.45)

of abelian groups, for every n > 0, where R® denotes the discrete group of real numbers, and

where Hg, (K, R?) denotes the group cohomology of K with coefficients in R°.

Proof. First we note that since R° is discrete, R’ = bR?. Similarly, B"R® = bB"R® for all
n > 0. Thus

RH(Tx, B"R’) = RH(Tk, bB"R’) = RH([ Tk, B"R?). (2.46)

Now from Proposition 2.3.11, there is a weak equivalence Sing,(Tx) — [ Tk of simplicial
sets, and by [CW14, Proposition 4.30], Sing,,(Tk) is a Kan complex. Now [ NDiffPring is
a Kan complex since it is a simplicial abelian group. Furthermore since Tk is diffeologically
connected [Igl23, Section 11|, Sing,(Tk) is connected. Thus the composite map Sing,(Tx) —
| NDiffPring is a map of connected Kan complexes whose homotopy fiber is contractible.
Therefore by the long exact sequence of homotopy groups [Cisl9, Theorem 3.8.12], it is a

weak equivalence, which implies that [ gk is a weak equivalence. Therefore we have

RH([ Tk, B"R®) ~ RH(/ NDiffPring, B"R°) ~ RH(BK, B"R°). (2.47)
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Which implies that
H" Tk, R%) = mRH([ Tk, B"R°) = mRH(BK, B"R’) = H" (BK,R?). (2.48)

However since BK and B"R? are discrete, Disc is fully faithful and B"R? is a Kan complex,
we have

RH(BK, B"R?) ~ sSet(BK, B"R?),

where sSet(BK, B"R?) is the usual simplicial set function complex. It is then well known

(see [Wei95, Example 8.2.3] for instance) that

mosSet(BK, B"R°) = H" (K, R?). (2.49)

grp

This proves the theorem. O

2.5 The Dold-Kan Correspondence

In this section, we discuss the Dold-Kan correspondence, which is central to Section 2.7.

Remark 2.5.1. For the remainder of this paper, by a vector space, we mean a real vector
space, not necessarily of finite dimension. By a chain complex we mean a non-negatively

graded chain complex of vector spaces. Let Ch denote the category of chain complexes.

Definition 2.5.2. Let Vect denote the category whose objects are vector spaces and whose
morphisms are linear maps. Let sVect := Vect®” denote the category of simplicial vector

spaces.

Proposition 2.5.3 ([GS06, Proposition 4.2 and Theorem 4.13|, [Jar03, Section 1]). The
category sVect admits a proper, combinatorial, simplicial model category structure where a

morphism f: X - Y isa

1. weak equivalence if it is a weak homotopy equivalence of the underlying simplicial sets,
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2. fibration if it is a Kan fibration of the underlying simplicial sets,
3. cofibration if it is degreewise a monomorphsim.
We call this the Kan-Quillen model structure® on sVect.

Proposition 2.5.4 ([GS06, Theorem 1.5], [Jar03, Section 1]). The category Ch admits a
proper, combinatorial, simplicial model category structure where a morphism f : C' — D is

a
1. weak equivalence if it is a quasi-isomorphism of chain complexes, and
2. fibration if f; : Cy — Dy, is surjective in degrees k > 1.

3. cofibration if it is degreewise a monomorphism?.

0

We call this the projective model structure'® on chain complexes.

There is an adjoint pair of functors,

DK

Ch C sVect (2.50)
N

which by the Dold-Kan correspondence [GS06, Theorem 4.1] form an adjoint equivalence®!.

Lemma 2.5.5 ([SS03, Section 4.1]). The adjunction N 4 DK is a Quillen adjunction ([Hir09,
Definition 8.5.2]) between the model category structures on Ch and sVect. Furthermore, the
functors form a Quillen equivalence ([Hir09, Definition 8.5.20]). In fact, since N and DK form
an adjoint equivalence, it follows that DK 4 N is also an adjoint equivalence. Furthermore

N and DK are both left and right Quillen functors.

8Note that every object in sVect is fibrant and cofibrant.

9For the projective model structure on chain complexes of R-modules for a general commutative ring
R, we require these to be degreewise monomorphisms with projective cokernel. Since all vector spaces are
projective as R-modules, this condition is always satisfied.

ONote that every object in Ch is fibrant and cofibrant.

' This result actually holds for chain complexes and simplicial objects taking values in any idempotent
complete, additive category, see [Lurl7, Theorem 1.2.3.7].
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If we consider the category of simplicial sets sSet with its usual Kan-Quillen model struc-

ture [GS06, Theorem 1.22], there is a simplicial Quillen adjunction

sSet 1 sVect (2.51)
&_/

where U denotes the forgetful functor, and R[—] denotes the functor that sends a simplicial
set X to the free simplicial vector space RX, defined degreewise by RX,, = R(X,,), where

R(X,) is the free vector space on the set X,,. Thus we obtain a Quillen adjunction

NR[-]

sSet _ . Ch (2.52)
‘/\_/

UDK
which is furthermore a simplicial Quillen adjunction!?.

Note that the Dold-Kan correspondence also provides a simplicial enrichment of Ch.
Indeed, suppose C' and D are chain complexes, then let Ch(C, D) denote the simplicial vector

space defined degreewise by
Ch(C, D), = Ch(NRA* ® C, D). (2.53)

This makes the Dold-Kan correspondence an enriched adjoint equivalence. This is also the
simplicial enrichment mentioned in Proposition 2.5.4.

This also supplies Ch with tensoring and cotensoring over sSet. Namely if K is a simplicial
set and C is a chain complex then C' ® K is the chain complex C ® NRK, and CF =
NRCh(NRK, C).

Now the category of chain complexes Ch is also enriched over itself. Indeed, if C' and

D are chain complexes, then let Mapc,(C, D) denote the chain complex defined as follows.

12We will often omit the functor U in our notation.
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First let us define the unbounded chain complex Mapc,” (C, D) defined in degree k € Z by

Mape,”(C, D)y, = HVeCt(Ci, Diyr), (2.54)

i>0

with d : Map¢,”(C, D), — Mapc,”(C, D);_1 defined for a map f by
df =dpf — (=1 fde.

We call an element of degree k in Mapc,Z(C, D) a degree k map from C' to D.

Definition 2.5.6. If C' is an unbounded (Z-graded) chain complex, then let 75(,C' denote
the chain complex defined degreewise by (75¢C), = Cy for k > 0, and (150C)g = ZoC, the
set of O-cycles of C', i.e. those x € C such that dz = 0, the differential on 75¢C' is induced

by the differential on C'. We call 75(,C' the smart truncation of C.

Now given chain complexes C' and D, let
1\/[apCh (Ca D) = TZOMapChZ<C> D)a (255)

denote the smart truncation applied to MapChZ(C’, D). This means that Mapc,(C, D), =
Mapc,Z(C, D) for k > 0, and Mapc,(C, D)y = Ch(C, D). We refer to Mapc, (C, D) as the

mapping chain complex between C' and D.

Lemma 2.5.7 ([Opa2l, Example 4.3.2]). Let C' and D be chain complexes, then we have an

isomorphism of simplicial vector spaces
DK Map,(C, D) = Ch(C, D). (2.56)
Further, this provides an isomorphism
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An explicit description for the path space of a chain complex C, equivalently the coten-

soring CA s given in Section 2.10.

Definition 2.5.8. Let C be a small category. Then let ChPre(C) denote the category whose
objects are functors C? — Ch, and whose morphisms are natural transformations. We call

such functors presheaves of chain complexes.

Proposition 2.5.9 ([Hir09, Section 11.6]). The category ChPre(C) admits a proper, combi-

natorial, simplicial model category structure where a morphism f: C — D is a

1. weak equivalence if it objectwise a weak equivalence in the projective model structure

on chain complexes, and

2. fibration if it is objectwise a fibration in the projective model structure on chain com-

plexes.

We refer to this as the (global) projective model structure on presheaves of chain com-

plexes.

Thus we obtain a similar simplicial Quillen pair
NR[-]
/—ﬂ
sPre(C) L ChPre(C) (2.58)
-

UDK

where sPre(C) is equipped with the projective model structure. In Section 2.10, we will use

(2.58), along with Proposition 2.3.5, to compute homotopy pullbacks in H.

2.6 Examples of oo-stacks

In this section we detail the oo-stacks involved in this paper, and examine the oo-stack

cohomology of a diffeological space with coefficients in some of these example oco-stacks.
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Example 2.6.1. Given a finite dimensional smooth manifold M, the functor U — C*°(U, M)
defines a sheaf on Cart, and therefore an oo-stack. The same goes for diffeological spaces.
Given a diffeological space X, let X? denote the diffeological space with the same underlying

set, but equipped with the discrete diffeology. As sheaves we have X° = Disc(X (x)) = b.X.

Example 2.6.2. The presheaf of differential k-forms QF and the presheaf of closed differential
k-forms QF are sheaves of vector spaces on Cart for every k > 0. Thus they are oo-stacks.
The de Rham differential defines a map of oo-stacks d : QF — QF! for all k& > 0.

There is a canonical map

mc(R) : R — Q! (2.59)

of oco-stacks, defined by the Yoneda Lemma as follows. Notice that R € Cart, so by the
Yoneda lemma, a map w : yR — Q! is equivalent to an element w € Q'(R). There is a
canonical element of the set of 1-forms on R, called the Maurer-Cartan form of R. For a
general Lie group G, we let mc(G) denote its Maurer-Cartan form. If we label the coordinate
of R by t, then the Maurer-Cartan form is simply given by mc(R) = dt. Thus for a cartesian
space U, the function mc(R)(U) : R(U) — Q*(U) acts by taking a smooth map f : U — R
and pulling back the Maurer-Cartan form f*mc(R) € Q'(U). Note that this is the same

thing as df. In other words as maps of oo-stacks, we have mc(R) = d.

Example 2.6.3. Let G be a diffeological group. As discussed in Example 2.3.7 the presheaf
of groupoids BG given by
U [C™(U,G) =

is a stack, and is objectwise weak equivalent to the stack of diffeological principal G-bundles.
We abuse notation and also let BG denote the corresponding simplicial presheaf, which is an
oo-stack. Given a diffeological space X, a G-cocycle on X as in Definition 2.2.6 is precisely a
map QX — BG of simplicial presheaves. Theorem 1.3.15 shows that the resulting groupoid
of G-cocycles on X is equivalent to the groupoid of diffeological principal G-bundles on X.
Thus H' (X,G) = H (X,BG) is the set of isomorphism classes of G-cocycles, which is
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isomorphic to the set of isomorphism classes of diffeological principal G-bundles.

Example 2.6.4. If G is a Lie group with Lie algebra g, then let Q'(—,g)//G denote the
presheaf of groupoids

U (01U, g) x C2(U,G) = Q' (U, g)]

where t(w, g) = w and s(w, g) = Ad;l(w) + ¢g*mc(G). The nerve of this presheaf of groupoids
is an oco-stack [FSS+12, Proposition 3.2.5]'3. This is the oo-stack that classifies principal G-
bundles with connection. We will often abuse notation and write Q'(—, g)//G to refer to the
presheaf of groupoids and the simplicial presheaf obtained by taking the nerve construction.
Note that a map QX — Q'(—,g)//G is equivalent to the data of a G-cocycle gy, : U,y — G
and a collection {A,,}poepior(x) Of 1-forms A, € QY(U,,,g) such that for every map f :

U,, — Uy, of plots we have
Ay, = Ad;fi (ngpo) + g;OmC(G). (2.60)

Let us call this collection of data (g,A4) = ({95}, {4, }) a G-cocycle with connection.
We show that this definition of connection is equivalent to the one given in [Wall2, Definition

3.2.1] in Section 2.8.

Remark 2.6.5. The following examples of simplicial presheaves can be checked to be oo-
stacks by using [Pav22a, Corollary 6.2]. One simply needs to notice that the examples that
follow are presheaves of bounded chain complexes, and can thus be thought of equivalently
as presheaves of cochain complexes, and that the homotopy descent condition for presheaves
of cochain complexes is equivalent to the condition of Dold-Kan applied to the presheaves of

chain complexes to be oco-stacks.

Example 2.6.6. Given a sheaf A of abelian groups on Cart, with & > 1, the simplicial

presheaf B*A is obtained by taking Dold-Kan of the presheaf of chain complexes [A—=0—

3Notice that the definition above is precisely the opposite of the corresponding oco-stack considered in
[FSS+12, Section 3]. This is because of the convention we use in 2.3.7. However this makes no difference on
the theory as we show in Section 2.8.
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-+ — 0]. When A is an abelian diffeological group, then BA is the oco-stack that classifies
diffeological principal A-bundles.

In this paper we will consider the example BFR. Given a diffeological space X, a map
QX — BFR consists of a ¢ € R(QX}) such that dg = 0, see Section 2.9. We call these
R-bundle (k — 1)-gerbes. Thus a diffeological principal R-bundle is precisely a R-bundle
0-gerbe.

There is a vast literature on bundle gerbes in differential geometry such as [Mur96],
[Bun21a], [Ste04]. Typically bundle gerbes are defined as geometric objects, and then shown
to define cohomology classes through cocycles such as above. However, giving descriptions
of bundle k-gerbes as geometric objects becomes difficult and tedious as k grows. Their
description as cocycles is much more economical, and is all we need for this paper. There
should be no difficulty in translating between the geometric description of diffeological bundle
1-gerbes, such as in [Wall2] and the cocycle description we give here, but we leave this to

future work.

Example 2.6.7. For k > 1, let BER' denote the simplicial presheaf obtained by applying

Dold-Kan to the following presheaf of chain complexes®®

— = QN (2.61)

This complex is often referred to as the Deligne complex when R is replaced with U(1)
and d : R — Q! is replaced with dlog : U(1) — Q'. For k > 2, BER classifies R-bundle
(k — 1)-gerbes with connection, and oco-stack cohomology with values in BkV]R is called pure
differential cohomology'® in [Jaz21, Definition 3.2.10]. Thus we call BER the pure k-
Deligne complex.

Given a diffeological space X, we will denote co-stack cohomology with values in the pure

4Note that the B¥ in B]%IR{ is just notation, it is not actually the delooping of anything.

5Note that the way this chain complex is written, Q¥ is in degree 0.

16We also recommend [Jaz21, Section 3.2] for a discussion of how pure differential cohomology fits into the
hexagon diagram of differential cohomology.
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k-Deligne complex by
HY o(X,R) = H) (X,BgR).

Let us also note that when £ = 1, we have an objectwise weak equivalence of oco-stacks
ByR = (2'(=)//R)".

To see this, note that both of the simplicial presheaves are identical in simplicial degrees 0 and
1. This is because R is abelian, so t(w,g) = Ad, ' (w) + g*mc(R) = w + dg in (Q'(—)//R)*,
which is precisely the face map dy : ByR; — ByRy. Since (2'(—)//R)% is the nerve of a
presheaf of groupoids, it is 2-coskeletal, and therefore its k-homotopy groups are trivial for
k > 2. The objectwise homotopy groups of ByR are given by the objectwise homology of
the chain complex by the Dold-Kan correspondence, and thus are also trivial for £ > 2, thus
they are objectwise weak equivalent. The distinction between Q!'(—)//R and (Q'(—)//R)°P
is because of Example 2.3.7, so technically ByR classifies diffeological principal R°’-bundles
with opposite connection, but this distinction is immaterial to the theory and we sweep it
under the rug, and we say that the above classifies diffeological principal R-bundles with
connection.

If X is a diffeological space, then as we will see in Example 2.6.13, a R-bundle (k—1)-gerbe

with connection on X is given by the data
(W wh ) € QF(QX0) @ QN RXY) & 6 QY QX)) B R(QXR),  (2.62)

such D(w*, ..., g) = 0 in the double complex Q' (QX;), see Section 2.9. We will let [w*, ... , g]

denote the isomorphism class it represents in H, 5 (X R).

Example 2.6.8. For k > 1, consider the co-stack B*R?. This co-stack classifies diffeological
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principal R?-bundles. However, note that there is a map of presheaves of chain complexes

R 50— >0 =[RS L ... 508 (2.63)
given by the inclusion R’ < R. Furthermore, this map is an objectwise quasi-isomorphism,
by the Poincare lemma. Thus we will take the right hand side of (2.63) to be the model of
B*R® we will use for the rest of this paper. From this presentation, it is easy to see that B*R?
is equivalently the oo-stack that classifies diffeological principal R-bundle (k — 1)-gerbes with

flat connection.

Example 2.6.9. For k£ > 1, consider the oo-stack Binl. There is a map of presheaves of
chain complexes

QL =0 =0 =[50S4k (2.64)

and this map is an objectwise quasi-isomorphism again by the Poincare lemma. We take the

right hand side to be the model we will use for Binl for the rest of the paper.

Example 2.6.10. For k£ > 1, let Q'=*<F denote the simplicial presheaf obtained by applying

Dold-Kan to the following presheaf of chain complexes
Q502 5. 5 0R). (2.65)

If X is a diffeological space and A is a k-deloopable oco-stack, recall that its oo-stack
cohomology is given by

HE (X, A) = RH(X,B*A).

Let us compute an example of co-stack cohomology for a diffeological space X with values
in the oco-stack BO!, as it will be emblematic of how we compute oo-stack cohomology for
all of the relevant examples presented in this section. In Section 2.9 we go into detail on how

to compute such examples.
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Example 2.6.11. Let A’ = BQ! = [Q' — 0] and A = DK A’. Let us compute H°(X, A) for

a diffeological space X using Proposition 2.9.3. Consider the double complex A'(QX),

OHQXy) — QHQX,) — QYQX,) — ...

l l l (2.66)

0 > 0 > 0

so that tot A'(QX) is the chain complex
tot A'(QX) = [2(QXo) 2 ker(=5 : Q1(QX:) = QY(QX>))] (2.67)

Thus a 0-cycle in tot A’(QX) consists of a collection {wy, € QY (Up,)} o0, 50, Of 1-forms for

every map of plots of X such that —dw = 0, which is equivalent to the condition that for

every pair of composable plot maps U, LN U, Jo, U,, we have

(0W)(fr.f0) = Jiwsy — Wrop +wp, = 0.

Two such 0-cocycles are cohomologous w ~ w’ if there exists a collection {\,, € Q' (Upy) }poepiot(x)

of 1-forms for every plot of X such that

(DN gy = (0N o = &y — wio
for every map fy : U, — U, of plots of X. Thus H (X, BQ") = HL (X,Q") is precisely
analogous to the term Hj"' in [Igl23, Section 4.4].

Example 2.6.12. Let us compute ﬁéoy(X, R) := HY (X, ByR) for a diffeological space X.

Consider the double complex

R(QXo) —— R(QX1) — R(QXy) — ...

dl dl dl (2.68)

OHQXy) —25 QHQX,) — QY QX,) — ...
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where R(QX;) = C*(QX;,R). A 0-cocycle is the data of a map ¢ : QX; — R and a 1-form
A € Q' QX)) such that —dg = 0 and —J A = dg. The condition —dg = dg = 0 is equivalent to
the condition gs 5, = f{ gy, + g5 for every pair of composable plot maps U, TN Up, Jo, Uy
which is precisely the condition for g to be a cocycle defining a diffeological principal R-
bundle on X. The condition A = dg is equivalent to the condition that for every map
of plots fo : U,, = Up, we have A, — f;A,, = dgys,, which is precisely the equation for a
connection on a diffeological principal R-bundle, see Section 2.8. Given two 0-cocycles (A, g)
and (A’,¢'), a 1-coboundary consists of an element h € R(QXy) such that 6h = ¢’ — g and
dh = A’ — A. This is precisely the definition of a morphism of G-cocycles with connection,

see Definition 2.8.1. Thus an element of A 20.v(X,R) is an isomorphism class of a diffeological

principal R-bundle on X with connection.

Example 2.6.13. Let us compute }Vlgqv(X ,R) for a diffeological space X. Consider the

double complex

R(QX) — R(QX)) —— R(QX,) — ...

| | |

OHQXy) — QHQX,) — QYQX,) — ... (2.69)
! | |
O2(QXo) —2 D(QX,)) —— Q2(QX,) — ...
Then a O-cycle in tot BER(QX) is an element (w, A, g) € Q*(QX,) © Q1(QX,1) & R(QX>)
such that D(w, A,g) = 0. This is equivalent to the equations —éw = dA, —dA = dg and

—0g = 0. The equation —dg = dg = 0 is equivalent to the condition that for every triple of

composable maps of plots (fs, f1, fo) of X, we have

(09) (fortrnfo) = J39(s1.00) = 91 fanto) T Gforfo ) — 9(farf) = O (2.70)

This is the diffeological analogue of the cocycle data of a R-bundle gerbe on X. The other

two equations —dw = dA and —JdA = dg are the diffeological analogue of the cocycle data of
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a connection on a R-bundle gerbe. Thus HZ ¢(X,R) = HJ (X, BYR) can be taken as the
definition of the abelian group of isomorphism classes of diffeological R-bundle 1-gerbes with
connection on X. The story for £ > 2 is exactly analogous, and thus we take our definition

of the abelian group of isomorphism classes of diffeological R-bundle (k — 1)-gerbes with
connection to be HY o(X,R) = H (X, BYLR).

2.7 The Cech de Rham Obstruction

In this section, we obtain a diffeological Cech-de Rham obstruction exact sequence in every
degree from a homotopy pullback diagram of co-stacks. In degree 1, our exact sequence is
analogous to [Igl23].

Let X be a diffeological space. In [Igl23], Iglesias-Zemmour constructs the following exact

sequence of vector spaces
0— HéR(X) - Hzlﬂfz(X7 Ré) — dEzl’O(X> = HC%R(X) - HJQDIZ(Xa Ré) (2.71)

using the five term exact sequence coming from a diffeological version of the Cech-de Rham
bicomplex spectral sequence. The vector space dEzl’O(X ) is the subspace of isomorphism
classes of diffeological principal R-bundles on X that admit a connection, and the vector
spaces ﬁl’ilz(X ,R%) are Iglesias-Zemmour’s version of diffeological Cech cohomology, which
we refer to as PIZ cohomology. The relationship between PIZ cohomology and oo-stack
cohomology is only partially understood.

The exact sequence (2.71) demonstrates the obstruction to the Cech-de Rham Theo-
rem holding for diffeological spaces. For finite dimensional smooth manifolds, all principal
R-bundles are trivial, as they have contractible fiber, and thus the obstruction vanishes.
However, there are diffeological spaces (the irrational torus for example) that have nontrivial
principal R-bundles that admit connections [Igl13, Article 8.39].

We construct and geometrically interpret the obstruction to the Cech-de Rham isomor-
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phism in each degree k > 1 via oo-stacks.

Theorem 2.7.1. For every k > 1, there exists a commutative diagram of oo-stacks of the

following form
x* —— BFR? > *

J/ v ~ ~

* — BYR —— Q! ——— QFF

v
*

1

(2.72)

~ ~ N3

Bk‘R Bk’gzil Ql§0§k+1

~

* Bk+1R§ B’%JrlR

furthermore every commutative square in this diagram is a homotopy pullback square in H.

We prove Theorem 2.7.1 in Section 2.10.

Corollary 2.7.2. For every diffeological space X, there is an exact sequence of vector spaces!”

0— H" (X,R%) — F[fo,v(x, R) — QF™(X) — HEFH(X,RY). (2.73)

Proof. This follows from Theorem 2.7.1 and Lemma 2.10.6. O

Let us explore the consequences of Corollary 2.7.2 in the case where X is the irrational
torus. Let K = Z + aZ be the subgroup of R consisting of those x € R of the form n + am
where n, m are integers and « is an irrational number. Let T,, = R/Z + aZ. We can fully
compute the de Rham and oco-stack cohomology of T,,. Every differential form on T, is closed
[Igl13, Exercise 119] so Q*(T,) = QF(T,) = H};(T.), and furthermore Q% (T,) = A*R by

[Igl13, Exercise 105]. Therefore we have

O (T — HE (T R, £=0,1
a(Ta) = Hig(Ta)

1%

(2.74)
0, k>1.

1"Near the completion of this paper, we learned that an analogous exact sequence was also obtained in
[Jaz21, Page 27] using completely different methods in the framework of homotopy type theory.
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Now by Theorem 2.4.4, we have

Y (T,,R) = H) (B(Z + oZ), B'R’) = H (BZ?, B*R’) =~ HY (T*,R°) 2 S R?, =1

0, k>2,
(2.75)
where 72 denotes the usual 2-dimensional torus.
From Corollary 2.7.2, setting k£ = 1, we obtain the exact sequence
0— HY (T, R?) = HY o(To,R) = Q4(T,) — H2(T,,R). (2.76)
Since Q2(T,,) = 0, this implies that I:I;QV(TOC,R) ~ [ (T,,R?) = R2.
From Corollary 2.7.2, setting k = 2, we obtain the exact sequence
0= HZ(T,,R°) = HZ o(T.,R) — Q}(T.) — HE (T, R?), (2.77)

but QF(T,) = Hip(T,) = 0= H2 (T,,R%), thus H2 ¢(T,,R) = R. Similar reasoning proves

that H&}V(Ta, R) 2 0 for k£ > 2. Thus we have proven the following.

Theorem 2.7.3. Let T, denote the irrational torus, then

4
R2, k=1,
HY (T, R) = (R, k=2, (2.78)
0, k>2
\

The reader should note that the above computations only work because the irrational
torus has the property that its deRham cohomology is equal to its closed forms. This is not
the case for general diffeological spaces, and therefore Corollary 2.7.2 is not generally helpful

for computations. Therefore we desire an exact sequence which uses the deRham cohomology
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of a diffeological space rather than its closed forms.

Definition 2.7.4. Given a diffeological space X and k > 1, let HE (X, R) denote the
subspace of H¥,(X) @ HE (X,R) generated by the subset of pairs ([F],[g]) where F is
the curvature form F = dw* of a diffeological R-bundle (k — 1)-gerbe with connection

(w y W, 7w17g)'

The vector space HE (X, R) sits in an exact sequence

0— H”

00,triv

(X,R°) = HY o(X,R) = HE L (X,R) — 0, (2.79)

conn

where H*

00,triv

(X,R%) c H: (X,R°) is the subspace of isomorphism classes of trivial R-bundle
(k — 1)-gerbes with flat connection.
Let us now define a new sequence of vector spaces
HE(X.R) % B, (X.R) 5 HEHX) 5 HY (R,
The map a takes an isomorphism class of an R-bundle k-gerbe with flat connection [w¥, ..., w!, g]
and gives (0, [g]). The map [ sends ([F], [g]) — [F]. Finally, v sends [w] to the isomorphism

class of the R-bundle k-gerbe with connection (w,0,...,0). This map is well defined, because
if W' — w = dr for some 7 € Q*(X), then (v’ — w,0,...,0) = D(7,0,...,0).

Theorem 2.7.5. Given a diffeological space X and k& > 1, the sequence of vector spaces

HE (X, RS S HE (X, R) & HEL(X) L HEY(X,RY) (2.80)

conn

1s exact.

Proof. Note that Ba = 0. Suppose ([F],[g]) € H"

conn

(X,R) and consider v4([F],[g]) =
[F,0,...,0]. Since ([F],[g]) € H"

conn

(X, R), there exists a R-bundle (k — 1)-gerbe with con-
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nection (w*,...,w" g) such that

Therefore [F,0,...,0] = 0. In fact, v8([F], [¢9]) = 0 if and only if there exists an R-bundle
(k — 1)-gerbe with connection such that the above equation holds. This implies that kery =
im .

Now suppose that S([F],[g]) = [F] = 0. Then there exists a global k-form 7 such that
dr = F. Since ([F],[g]) € H*

conn

(X,R), there exists an R-bundle (k — 1)-gerbe (W*,...,g)
such that dw* = F. Then w* —7 € QF(QXy), d(w* —7) = 0 and §(wk — 7) = dw* — 07 = dw*.
Therefore (w* — 7,w* 1, ... W% g) defines an R-bundle k-gerbe with flat connection. Thus

([F], [9]) = (0,[g]) € ima. O

We will refer to the exact sequence (2.80) as the degree k PIZ exact sequence. When

k =1, there is an interesting additional phenomenon.

Lemma 2.7.6. Let (A, g) and (A, g) be R-bundle 0-gerbes/diffeological principal R-bundles
with connection on a diffeological space X with the same underlying R-cocycle g, then dA and

dA’ are global closed 2-forms on X and their de Rham cohomology classes agree [dA] = [dA'].

Proof. Since (A, g) and (A, g) are both R-bundle 0-gerbes with connection on X, this implies

that for every map of plots fy, we have

_(5A)f0 = dgfo = _(5A/)f0'

Now consider the form A" — A € Q' (QXy), defined plotwise by (A’ — A),, = A7 — A,,. This

is a global 1-form, because for every plot map f, we have

(5(14/ - A))fo = <5A/>f0 - (5A>f0 =0.

Thus A’ — A € Q'(X). Similarly dA" and dA are also global 2-forms on X. Now d(A' — A) €
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0?(X) is an exact form, and dA’ — dA = d(A’ — A). Thus dA’ and dA represent the same de

Rham cohomology class. O]

Lemma 2.7.6 implies that H_ (X, R) is isomorphic to the subspace of H! (X,R) gen-

conn

erated by the subset of those diffeological principal R-bundles that admit a connection, as

every connection produces a unique cohomology class. Thus we see that Hgonn(X ,R) is
exactly analogous to the term “E,”(X) in (2.71).
Now the degree k PIZ exact sequence (2.80) seems to be missing two terms compared to

(2.71). These two terms reappear when k = 1, as we shall now prove.
Theorem 2.7.7. Given a diffeological space X, there exists a map 0 : H}x(X) — H (X, R?)
such that the sequence of vector spaces

0— HL(X) S HL(X,RY S AL (X, R) S H2,(X) L H2(X,R%) (2.81)

conn

1s exact.

Proof. The sequence is exact everywhere except for Hl(X) and H! (X,R?) by Theorem
2.7.5. Now recall the isomorphism ¢ : H (X, [R® — 0]) — H(X,[R — QL]) induced
by the map of presheaves of chain complexes described in Example 2.6.8 for £ = 1. The
map ¢ takes an isomorphism class of a diffeological principal R%-bundle cocycle [g] and gives
the isomorphism class of the R-bundle 0-gerbe with connection [0, g]. Let 6 : Hiz(X) —
HY (X, [R? — 0]) denote the map defined as follows. Let [A] € H};(X) denote a cohomology
class, and suppose that A is a global closed 1-form representing this class. Since it is closed,
there exists an a € R(QX,) such that da = A. Then da defines an R cocycle, as déa = 6A =
0. Let 6([A]) = [da]. This map is well defined, as suppose that a,a’ € R(QXy) such that
da = da’ = A. Then a — ' is a R’-coboundary between da and da’ as d(a —a') = A— A =0

and da — éa’ = 0(a — a'), so [da] = [dd'].
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We have a commutative diagram

Hi (X)) —— HO (X, [R® = 0]) —*— H (X,R)

conn

> lw (2.82)
HY, (X, [R — Q4))

where o takes a R°-cocycle and considers it as a R-cocycle, and ¢'([4]) = [-A,0]. Now
©h = 0 because pd([A]) = [0,dal, 0'([4]) = [-A,0], and (—A,0) — (0,a) = (—A,—da) =
(—da,—da) = D(—a).

Clearly af = 0. Let us show that im# = kera. Suppose that [g] is the isomorphism
class of a diffeological principal R%-bundle such that it is trivial as a diffeological principal
R-bundle. Then there exists a A € R(QXy) such that g = dA. Then 0([d)\]) = [g]. Now let
us show that 6 is injective. It is enough to show that 6’ is injective, as ¢ is an isomorphism.
Suppose that [A] and [B] are cohomology classes such that ¢'([4]) = [-A,0] = [-B,0] =
0'([B]). Then there exists a 7 € R(QX) such that (—A—(—B),0) = (B—A,0) = D, which
implies that 07 = 0, so that 7 is a global O-form and dr = B — A. Thus [A] = [B]. Thus we
have proven that 6 is injective. Now abuse notation and let H! (X, R?) = H2 (X, [R? — 0]).

This proves that the above sequence is exact everywhere. O

Considering again the case where X = T, is the irrational torus, from (2.74), (2.75) and
(2.81), we obtain that

H! (T, R)=R, (2.83)

conn

which agrees with [Igl23]. From (2.79) and Theorem 2.7.3 we then obtain an isomorphism

ag!
H oo,triv

(T.,R%) = R. (2.84)
Similarly, from (2.80) we obtain an exact sequence

R — H?

conn

(T,,R) — 0
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so that H2 (T, R) is either 0 or R.

conn

2.8 Diffeological Principal Bundles with Connection

In this section we show that the notion of diffeological principal G-bundle with connection

introduced in Example 2.6.4 is equivalent to Waldorf’s, given in [Wall2, Definition 3.2.1].
Given a diffeological space X, and a Lie group G, recall the definition of the oo-stack

Q' (—,9)//G from Example 2.6.4. The data of a map QX — Q'(—,g)//G is equivalent to a

G-cocycle g and a collection A = {A,,} of 1-forms A,, € Q'(U,,, g) satisfying
A, = Ad;fi (foApy) + g5, me(G).

for every plot pg : Uy, — X. We refer to such a map QX — Q'(—,g)//G as a G-cocycle

with connection.

Definition 2.8.1. Let Cocy (X, G) denote the category whose objects are G-cocycles with
connection on X, and whose morphisms h : (A,g) — (A4’,¢') are collections h = {h,,} of
maps hy, : U,, — G such that h is a morphism of G-cocycles in the sense of Definition 2.2.6
and A, = Ad;pl0 (A7,) + i mc(G) for every plot py of X. It is easy to see that this category

is a groupoid.

Definition 2.8.2. Let 7 : P — X be a diffeological principal GG-bundle where G is a Lie

group. A Waldorf connection on P is a 1-form w € Q'(P, g) such that
prw = Adg_l(pr*w) + g"mc(G) (2.85)

where p : P x G — P is the action map, and g : P x G — G and pr : P x G — P are the
corresponding projection maps.
A morphism f : (w, P) — (', P’) of diffeological principal G-bundles on X with Waldorf

connections is a morphism of diffeological principal G-bundles f : P — P’ such that f*w’ = w.
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Such morphisms are isomorphisms. Given a diffeological space X, let Walg(X) denote the

groupoid of diffeological principal G-bundles on X equipped with a Waldorf connection.

In Section 1.3, we showed there is a functor Cons : Coc(X, G) — DiffPring(X) that takes
a G-cocycle g and constructs a diffeological principal G-bundle Cons(g) = 7 : P — X on
X. Furthermore, by Theorem 1.3.15, this functor is an equivalence. Thus we need only
understand how to construct a Waldorf connection from the collection A = {A,,} of 1-forms
and vice versa.

So let ¢ = {g4,} be a fixed G-cocycle representing a diffeological principal G-bundle
Cons(g) = @ : P — X. We wish to construct a 1-form w on P from a G-cocycle with
connection A on X. The diffeological principal G-bundle Cons(g) has a canonical plotwise
trivialization ¢, : Up, x G — psP such that if f, : U,, — U,, is a map of plots, then the
induced map f : Uy, x G — U,, x G is given by ﬁj(q:pl, h) = (fo(xp,), 95, (xp,) - h), where
9f, : Up, = G is the component of the G-cocycle on fj.

Now let gy : Uy, — P be a plot. We obtain a commutative diagram

(2.86)

P
po X
where py = mqy and kg, : Uy, = Uy, X G is the unique map given by the universal property

of the pullback U,, x G = p§P. Since this map is over Uy, we have ky,(2q,) = (Z40, 9g0 (Tg0))

for a unique map g,, : U, = G.
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Now if fy : Uy, — U, is a map of plots, we obtain a commutative diagram

Uql fO ’ qu
kgll B k‘qol
Uy, x G f » Uy X G (2.87)
P

which implies that if z,, € U,,, then

ﬁ)km(qu) = ﬁ)(xqmgth (2g)) = (fo(Tg1)s 950 (Tqr ) 9an (Tq1)) = (fo(g1), Gao (fo(T41)) = Ko fo(Tg,)-

From this we obtain the equation

9fo * 9ar = (9ao © Jo)- (2.88)

Now suppose that A = {4,,} is a G-cocycle with connection for the fixed cocycle g. We wish
to obtain a 1-form on P. Since P is a diffeological space, we can define it plotwise. Given a
plot gy : Uy, — P, we obtain a plot py : Uy, — X of the base X by setting py = mqgo. Thus
there is a 1-form A,, € Q'(U,,, g) from the G-cocycle with connection. Now let

By, = Ad, ! (Ay,) + g5 me(G). (2.89)

9qq

Thus B,, € Q'(U,,,8). We wish to show that this defines a 1-form on P, namely we need to

check that if fo : Uy, — Uy, is a map of plots of P, then

ngqo = Bq1' (290)
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So let fy : Uy, — Uy, be such a map of plots. Then we have

fi B = fi (Adg) (Ap) + gjyme(@))
= AdG) ) (i Aw) + (g © fo)me(G)

= Ad,  Ady " (f5Ap) + (9 - 9ar)"me(G)

= Ad,! Ady ! (f5Ap) + Ad,) (g7, me(G)) + g5, me(G) (2.91)

= Ady! (Adg) (5 Apa) + g5,me(G)) + g, me(G)

= AdyL(Ay) + g me(G)

= Blh'

We have used the product rule for the Maurer-Cartan form
(g-h)'mc(G) = Ad;, ' (¢*mc(G)) + h*mc(G), (2.92)

on the fourth line above, which can easily be verified using the description of mc(G) as g~'dg.
Thus the collection {B,,} defines a 1-form w € Q' (P, g) with w,, = B,. We must still
show that w is a Waldorf connection.
We will check the equation (2.85) plotwise on P x G. A plot of P x G is a pair of plots
qo : Uyy = P and hy : Uy, — G, which we shall pair to form the plot (qo, ho) : U,y — P x G.
Let us examine (p*w)(go,n0)- This is the 1-form w,g ne), Where p : P x G — P is the action
map. We can thus write p(qo, ho) = qo - ho, where - is the action of G on P. Thus we wish to

compute wy,.p,. Looking plotwise, it is easy to see that

9q0-ho = Yqo - hO' (293)
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Thus we have

Wao-ho = Bago-ho

= A, (A) + g1y mel(G)

= Ad; ) Ady ! (Ay) + (gg, - ho) me(@) (2.94)

= Ad,:olAd;zt (Apy) + Ady, i me(G) + himc(G)

= Ad,,(By,) + hiyme(G).
Pulling back to P x G gives precisely the equation (2.85). So given a G-cocycle with connec-
tion (A, g), let Consy (A4, g) = (w, P) denote the diffeological principal G-bundle P = Cons(g)
equipped with Waldorf connection w.

Now suppose that h : (A4,g9) — (A’,¢’) is a morphism of G-cocycles with connection on
X. We wish to obtain a morphism of diffeological principal G-bundles that preserve the
Waldorf connection. By Section 1.3 we know that Cons(h) : Cons(g) — Cons(g¢’) is a map of
the respective diffeological principal G-bundles. We need only show that Cons(h) preserves
the Waldorf connection. Let (w,P) = Consy(A,g) and (', P') = Consy(4’,¢’), and let
h o= Cons(h) denote the corresponding morphism given by the morphism h of G-cocycles.

For every plot gy : Uy, — P we obtain the following commutative diagram

Uq
Uy x G hao y Uy X G (2.95)
lqol ll%qo
P = > P’
h

where ifz;](azqo, 9) = (Tgos hyo(T4,) - g) for hy, : U,y — G the component of the morphism A of

cocycles. The above diagram also implies that

]{,‘tho(.’l?qo) = (xqovg%qo (xqo» = (xqm hpo(xqo) ’ g%(xqo)) = hQOkQO(xq0)7 (2'96>
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and thus we have

Fao = Pao " Yao- (2.97)

We wish to show that h*w’ = w. It is therefore equivalent to show that

(h*w')g = w}bqo = B}qu = By, = Wgy- (2.98)

Now we have

Biqo =Ad' (A))+ 9'5q,m¢(G)

h hag
= Ad,! Ad,! (A7) + (hy, - g4,) me(G)
= Ad, Ad;, ! (A],) + Ady! (hy,me(G)) + g;,me(G) (2.99)
_ Ad;q(l) (Adgplo(A;O) + hy me(G)) + g me(G)
= Ad, ! (4y,) + ggyme(G)
= B,,.

Thus h : P — P’ preserves the Waldorf connections. In summary, we have constructed
a functor Consy : Coc(X,G) — Walg(X). Now we wish to show that this functor is an
equivalence of groupoids.

Now let us show that if we have a Waldorf connection w on P, we can obtain an G-cocycle
with connection. Suppose that 7 : P — X is a diffeological principal G-bundle, and choose a
fixed plotwise trivialization . From this we obtain a G-cocycle g. Suppose that w € Q'(P, g)

is a Waldorf connection, and let py : U,, — X be a plot. We obtain the commutative diagram
¥$po * g
Up, x G —— piP —— P

PR

—
where ¢, is the fixed trivialization, which is a G-equivariant diffeomorphism over U, and

Opy : Upy = Uy, x G is the canonical section o, (z,,) = (2p,, €c). Let qo : U,y — P be given
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by qo = VpoPp,0py- Suppose that fo : Uy, — U, is a map of plots of X. Then we obtain a

diagram
J
Un, : > Upo
a,,ll l%
fo
Up, x G » Upy X G
Soml l‘ﬂpo
* fAO N *
piP > pol
¢p1 wpo
P

Notice that the middle square and the bottom triangle commute, but the top square does

not commute, as foapl (p,) = (fo(zpy), g5, (xp,)) while o, (fo(xp,)) = (fo(zp,), ec). Thus we
have

01 (Tpy) = (Vp10pi0p,) (Tpy)
= ¢p0¢p0%0pl<xpl)
= UpoPpo (fo(xm)r 9o (xp1 ))

= (Upo o) [(fo(2p1), €6) - g5 (1]

(2.100)

= (wpogppoapofo)(xpl) *Gfo ($p1)
= (QO © fO)(mpl) ) gf0<xp1)'
where on the fourth line we used the fact that ¢,, and v, are G-equivariant.

Thus we have obtained the equation

¢1 = (g0 0 fo) - 9so- (2.101)

Now let A, = w,,. Note that fjA,, # A,, since fy is not a map of plots from ¢; and g,

ie. (goo fo) # q. Consider the equation (2.85) at the plot ((go o fo),95,) : Uy — P x G.
Note that

(p*w)((tIoofo),gf()) = Wol(qoofo).gsy) — W(aoofo)gry — Yo = Amv (2'102)



CHAPTER 2. THE DIFFEOLOGICAL CECH-DE RHAM OBSTRUCTION 132

and

Ady ! ((PTw)(agofo)gn,)) + 95me(G) = Ady - (Wiggosn) + g7, mc(G). (2.103)

Now fiAp, = fiwg = Wgos,) because fy is a plot map from gy to (go o fo) trivially, and
w is a 1-form on P. Thus we obtain equation (2.60), so the collection A = {A,,} defines a
G-cocycle with connection on X.

Now if h : (w, P) — («, P') is a map of diffeological principal G-bundles with Waldorf
connection, we want to show that it induces a map of G-cocycle with connection. We know
that £ induces a map h of the G-cocycles g and ¢ representing P and P’ respectively, and
we wish to show that A, = Ad,:plo(Ago) + hy me(G) for every plot pg : Uy, — X. We know
that h*w' = w, which is equivalent to asking that B%qo = B,,. Soif py is a plot of X, then

we obtain a plot qo : U,, — P in the same way as above. We obtain

Apy = Adgqo (qu - gZOmC(G))
= Ady,, (B/quo — gaomc(G))

= Ad [Adgﬁq0 (A;O) + g—;;‘bqomc(G) — gamc(G))]

a9

= Ady, Ad Ad;, (A],) + Ad

(2.104)
Ad;qi (h%,me(G))

Yag
+ Ady, (g95,mc(G)) — Ady, (g5, mc(G))

= Ady, (A,,) + by me(G),

where we have basically done the computation of (2.99) in reverse. Thus h is a morphism of

G-cocycles with connection.

Theorem 2.8.3. Given a diffeological space X and a Lie group G, the functor
Consy : Cocy (X, G) — Walg(X), (2.105)

is an equivalence of groupoids.

Proof. This follows from combining Theorem 1.3.15 with the above constructions. [
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Remark 2.8.4. It should be said that when G = R or G = S*, one can check that a Waldorf
connection reduces to a connection 1-form in the sense of [Igl23, Section 5.3], thus we have an
equivalence between all three definitions of diffeological principal G-bundle with connection

in these cases.

Remark 2.8.5. There is nothing stopping one from extending the above definition to the
case when G is a diffeological group. In this case then g should be the internal tangent space
[CW15] to the diffeological group G at the identity. Nothing in this Section depended on G
being a Lie group, so the whole previous discussion extends to this case. It is an interesting
question to see how far one can go with this analogy. For instance, does this extended
definition agree with that given in [Igl13, Article 8.32]7 We leave this question for future

work.

2.9 Totalization

Given a presheaf of chain complexes A and a diffeological space X, we wish to compute the

oo-stack cohomology of X with values in A. This is defined as the abelian group

H (X, A) = mRH(X, A). (2.106)

We will use the Dold-Kan correspondence to get an amenable model for the homotopy
type of RH(X, A).

Let C be a cosimplicial chain complex, whose cosimplicial degree is denoted by the chain
complex CP. The qth degree of the chain complex C? is denoted CP4, with differential
d : CP9 — CP%! From a cosimplicial chain complex we can obtain a (mixed) double
complex by applying the dual of the Dold-Kan correspondence to C* to obtain a Zsy X Zx¢-
graded vector space with two operators d : CP? — CP4~! given by the differential of each C?
and  : CP9 — CPT14 defined as the alternating sum Y 7 (—1)‘d" of the coface maps of C,

with the property that dd = dd. From this we can obtain an unbounded (Z-graded) chain
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complex K = totZC, with

(tot”C), = [ ¢ (2.107)

q—p=k
and differential D = (d — (=1)77§). In order to obtain a non-negatively graded chain

complex, we apply smart truncation to obtain tot C' = 7>tot “C'.

Proposition 2.9.1. Given a cosimplicial chain complex C, we have the following isomor-

phism of chain complexes,
/ Mape,(NRIA], C™) 2 tot C, (2.108)
neA T

where Map¢,(NR[A™], C™) is the mapping chain complex defined by (2.55).

Proof. For the rest of this proof only, let A = NRA™. The chain complex E := fn cA Mapc, Z(A™, C™)

is isomorphic to the equalizer

eq | J] Mape,®(A",C™) =[] Mape,(A™,C™) | - (2.109)
[n]eA fi[ml—[n]
It is equipped with the usual differential of mapping chain complexes, namely dg : Ey, — Ej_1

is the map

dg(p) = dee 0 p — (=1)Fp o de. (2.110)

Thus for k € Z, an element ¢ € E} consists of a family of degree k maps ¢, : A" — C",

such that for every map f : [m| — [n] the following diagram commutes

Am E om
| e (2.111)

and this makes sense, as pre or post-composing a degree k map of chain complexes with a

chain map is a degree k map. This is equivalent to having a commutative diagram of the
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form
0 — Al 1 A2
Al _ﬁ :Al — (2112)

CO—>Cl—>CQ_>...

where we have hidden the codegeneracy maps for clarity. For each n > 0, a degree k map
Yn » A" — C" is equivalently the data of an element z,, in degree k+n in C™, corresponding
to the top non-degenerate n-simplex ¢, € (A™),, along with an element z,,0 f in degree k+m
for every map f : [m] — [n]. However, the diagram commuting implies that z, o f = C/z,,.
In other words, the data of the {z,},>0 completely determine the whole diagram. Thus for

k € Z, there is a bijection Ej = (tot”C) L =211 CP4. Furthermore their differentials

q—p=k
agree, thus defining an isomorphism E = tot“C. Since fneA Mapc, (NR[A™],C™) = 750F

and tot C' = 7>¢tot ZC, they are isomorphic. O

Remark 2.9.2. Let dyp and d, denote the differentials [, _, CP7 — [] CP1 de-

q—p=Fk—1

fined componentwise by
dytap = (d — (—=1)77P9), d, = (d+ (—1)49).

The differential d, is more commonly seen for total complexes in the literature. There is
an isomorphism (tot C,dyap) = (tot C,d,) given as follows. We wish to find isomorphisms

Yy @ (tot C), — (tot C'), making the following diagrams commute for all £ > 0

¥
qup:k cra 7k qup:k e

i Jo

p.q - P,q
Hq—p:k—l C YE_1 Hq—p:k—l C

namely we want an isomorphism of chain complexes. Let us define maps o,, : C?? — CP4



CHAPTER 2. THE DIFFEOLOGICAL CECH-DE RHAM OBSTRUCTION 136

by
id ifp=0,3 (mod 4)
P
—id if p=1,2 (mod 4).

Then set ¢y, = [],_,_4 0pq- This gives the desired isomorphism'®.

Let us now examine how Proposition 2.9.1 helps us compute oo-stack cohomology for
diffeological spaces. Suppose that A’ is a presheaf of chain complexes such that A = DK A’
is an oo-stack, and X is a diffeological space. Then the Oth oco-stack cohomology of X with

values in A is given by moH(X, A). Let us compute H(X, A).

H(X, A) = sPre(Cart)(QX, DK A')

= sPre(Cart) / H yU,, x A" DK A’

(fn 1yeees fO)
o~ H sSet(A", sPre(Cart)(yU,,, DK A"))
n(fnfl ~~~~~ fU)
= H sSet(A", [DK A'|(U,,))
™ (Ffr—1yf0) (2.113)
/ Ch(NRA™, A'(U,,))
(fn=1,---J0)
o~ [] DKMapg,(NRA™ A'(T,,))
" (fa—1,--f0)
= DK/MapCh(NRA I 4w
n fn 1, -'~7f0

=~ DK tot A'(QX),

where the last isomorphism follows from Proposition 2.9.1, and the third to last isomorphism

follows from Lemma 2.5.7. Thus we have proven the following.

Proposition 2.9.3. Given a presheaf of chain complexes A’ such that A = DKA’ is an

oo-stack, and X a diffeological space, the Oth co-stack cohomology of X with values in A is

18We obtained the maps o, , by carefully following the procedure outlined in [Ric].
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given by
119.(X, A) = Hftot A(QX)).

Propositon 2.9.3 allows us to get a component level description of co-stack cohomology
of diffeological spaces with values in the co-stacks of interest, see Section 2.6. Let us now use

Proposition 2.9.1 to prove the following well-known folklore result.

Proposition 2.9.4. Let C' be a cosimplicial chain complex, then
holim,caoC™ ~ tot C, (2.114)

where we are computing the homotopy limit in the category of chain complexes equipped

with the projective model structure.

Proof. First let us show that every cosimplicial chain complex C' is Reedy fibrant. For more
information about Reedy categories, see [Riel4, Section 14]. We wish to show that the
matching map C" — M"C is a projective fibration. To do so, it will be sufficient to show
that if A is a cosimplicial vector space, then the canonical map s : A" — M™A, defined by
the same limit above, is surjective. This is sufficient because limits of chain complexes are
computed degreewise, and a map is a projective fibration if and only if it is surjective in
all positive degrees. We follow the proof'® given in [Jar, Lemma 21.1]. Let D,, denote the
category whose objects are surjective maps [n] = [k] where k = n — 1 or k = n — 2, and

whose morphisms are either identities or coface maps s’ : [n — 1] — [n — 2]

[n]

/ s7st

[n —1] s! » [n — 2]

9Note that the proof given in that note has several typographical errors, which is why we chose to reproduce
a full proof here.
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Then by [Hir09, Proposition 15.2.6],

M"A = [li]m[k] Ak (2.115)

Now let us label every object of D,, by either s° : [n] — [n—1] or ¢ : [n] — [n — 2], and every
non-identity morphism by a pair (s’,s/). Since s/s' = s's/*! for every i < j, the objects
s'st i [n] = [n — 2] and s's’™! : [n] — [n — 2] are the same, but the morphisms (s, s’) and
(s7*1, %) are not. We can write the above limit as the equalizer (where we are not denoting

the identity maps)

M A= eq | JJA < [[4> = [T 472, (2.116)
st o A ( )

st 81

where « is defined in component (s, s’) by a(a,a’) = s’a;, and 3 is defined in component

(s',s7) by B(a,d’) = d; . Since B in component (s’, s’) and in component (s, s*) are equal
/

i = @ g1 for i < j, this equalizer will be isomorphic to the subspace of (A"1)" of those

tuples a = (ag, . ..,a,—1) where s’a; = s'a;j; for i > j. The matching map s : A" — M"A is
then given by s(ag, - .., a,-1) = (s%ag,...,s" ta,_1).
Now let us prove by induction that s is surjective. In the base case, note that (0,...,0) =

s(0,...,0). Now suppose that every element b € M"A of the form b = (b, ...,b;_1,0,...,0)is
in the image of s. We wish to show that every element of the form a = (ay, . ..,a;-1,a;,0,...,0)
is in the image of s.

First note that for ¢ < j, we have s'a; = s'a;;1 = s'0 = 0. Thus s/d'a; = d's’'a; = 0 for

i <jand $’d’a; = a;. Thus

a—s(da;) = (ag — s"daj,...,a;1 — s 'da;,0,...,0).

By the induction hypothesis, there exists a ¢ € A" such that s(¢) = a — s(d’a;). Therefore

a=s(c+ day).
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So we have shown that s : A — M™A is surjective. This implies that s : C" — M"C'is a
projective fibration for all cosimplicial chain complexes C'. This implies that all cosimplicial
chain complexes are Reedy fibrant.

Since C' is Reedy fibrant, [Hir09, Theorem 19.8.7] implies that the totalization of C'
computes the homotopy limit, i.e. holimaC' ~ fneA Mapc, (NVR[A™], C™). Thus Proposition

2.9.1 proves that holimaC' >~ tot C'. O

Remark 2.9.5. During the writing of this paper, the preprint [Ara23] came out, which also
proves Proposition 2.9.4 in greater generality. However since the scope of our argument is

much smaller, we believe our proof of Proposition 2.9.4 is simpler and more direct.

2.10 Proof of Theorem 2.7.1

In this section we prove Theorem 2.7.1. We will need several technical preliminary results.
Given a chain complex C, consider the chain complex CA' 2 Mapc,(NRA! C). This is

the chain complex with CnAl =C, e C,®C,yq for n > 0, and with differential
dn : Cn S Cn S Cn-l—l — Cn—l D Cn—l D Cn

given by dn($7yv Z) = (d$, dyv dz — (_1)11[_:[. + y])

This means that for k£ = 0, we have
C(]Al = ker <Co@00@01 &0@0@00)

where do(z,y,2) = (0,0,dz + = — y). There is an isomorphism C’OAl > (Cy @ ¢4 given by the
maps

o:C8 = Com o(z,y,2) = (z,2)

7:Co®dCy — C&, T(z,2) = (x,z + dz, 2).
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Thus the differential d : ClAl — C'OA1 is isomorphic to the map a = o o dy,

a: C1eCeCy — CydCh, alz,y, z) = ody(x,y, z) = o(dz, dy, dz—x+y) = (dz, dz—x+y).

The map 7 : CA — C @ C is given in degree k > 0 by

Tk - Ck D Ck D Ck-+1 — Ck D Ck, Wk(x,y, Z) = (a:,y) (2117)

It is given in degree k = 0 by

T - CO @D Cl — CO D Co, 7T0(.I', Z) = (l',l' + dZ) (2118)

Let us now state a few model categorical results that we will need for the proof of Theorem

2.7.1.

Lemma 2.10.1 ([Hir09, Corollary 13.3.8]). Let C be a right proper model category and let

A—— B
[ b

be a pullback square in C such that at least one of maps f or g is a fibration. Then the above

square is a homotopy pullback square.

Lemma 2.10.2 ([Hir09, Proposition 13.3.15]). Let C be a right proper model category, and

suppose we have a commutative diagram of the form

g

A B C
l l l (2.119)
D E F

g

and suppose that the right hand square is a homotopy pullback square. Then the left hand

square is a homotopy pullback square if and only if the outer rectangle is a homotopy pullback
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square.

Lemma 2.10.3 ([Sch13, Corollary 2.3.10]). Let C be a model category, and suppose X, Y, Z
are fibrant objects in Cand f: X — Z and g : Y — Z are maps between them. Then the

homotopy pullback of f and g is naturally weak equivalent to the actual pullback

Xxhy — 77

l . l (2.120)

X XY —7ZxZ7
fxg

where Z! — Z x Z is a path object for Z.

Lemma 2.10.4 ([Hir09, Proposition 3.3.16]). Suppose f : X — Y is a map of oco-stacks on

Cart that is an projective fibration. Then it is a fibration in the Cech model structure.

Definition 2.10.5. If XY, Z are oo-stacks on Cart, and the commutative diagram
X —Y
l ;

is a homotopy pullback square, where * := A° then we say that the sequence of maps
X—=Y—>Z

is a homotopy fiber sequence, and we call X the homotopy fiber of f at z, which we

sometimes denote by hofib(f).

Lemma 2.10.6. Let X — Y — Z be a homotopy fiber sequence of pointed oo-stacks on

Cart, and where the morphisms preserve the points. Then the resulting sequence

2O W, X) 5 7 (W, Y) & B (W, 2),
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is exact.?0

Proof. This follows from the fact that RH(—, —) preserves homotopy pullbacks in its second
factor, so a homotopy fiber sequence of oco-stacks produces a homotopy fiber sequence of

spaces

RH(W, X) — RH(W,Y) — RH(W, Z)
and the long exact sequence of homotopy groups gives exactness for . O

Proposition 2.10.7. Suppose that we have a commutative square

A-—1,B
gl l’“ (2.121)
C — D

of presheaves of chain complexes over Cart such that

DKA X/, DKB

DKgl lDKh (2.122)

is a commutative diagram of oco-stacks. If (2.121) is a homotopy pullback square in the

projective model structure on ChPre(Cart), then (2.122) is a homotopy pullback square in H.

Proof. 1f (2.121) is a homotopy pullback diagram, then A is weak equivalent to the actual
pullback C' x” B of Lemma 2.10.3. Since both of these presheaves of chain complexes are
projective fibrant, and DK is right Quillen, then DKA is weak equivalent to DK(C' x% B) =
DKC xp« ,DKB. Therefore DKA is a homotopy pullback of (2.122) in H. Then by Proposition

2.3.5, it is a homotopy pullback in H. ]

Now that we have all the technical tools we need, we restate Theorem 2.7.1 for the

convenience of the reader.

20Exact in the sense that each set HO (W, A) is pointed by the constant map * to the point of A, and the
image of f is equal to the set of € HO (W,Y) such that g(z) = *, which we call the kernel of g.
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Theorem 2.7.1. For every k > 1, there exists a commutative diagram of oo-stacks of the

following form

2\
*

x —— BFR? -

l 1 2 3

* — BYR —— Q! ———— QF#!

4 5 (2.123)

2 ~ ~

Bk’R ]31@(2;1:1 Ql§o§k+1

6 7

~ ~

N

g k+1mps kJ;l
* —— B""R —— By R
furthermore every commutative square in this diagram is a homotopy pullback square in H.

Lemma 2.10.8. The pasted square [4]5], given as follows

BYLR ——— QF+1

l l (2.124)

BfR s (l<e<k+1

is a homotopy pullback square in H.

Proof. Let us analyze this part of the diagram as presheaves of chain complexes.

R-Q -2 50— 050> =20 ——— 020—=0— - — Q]

| I l

R—=0—=0— =0 ——[Q =025 . 5 0] —— [ 5 02— ... = QF - QFH]
(2.125)

where the upper horizontal left hand map is 0 except in degree 0 where it applies the
differential d. The lower horizontal left hand map is d in degree k + 1 and 0 elsewhere. The
rest of the maps are either degreewise inclusions or identity maps.
Let us show that the outer rectangle is a homotopy pullback diagram. Note that neither
the bottom map nor the right hand map is objectwise surjective in positive degree, namely
they are not fibrations in ChPre(Cart). However we can use Lemma 2.10.3 to compute the

homotopy pullback of BFR — Q'=e<k+1 . OF+1 Namely it is given as the actual (objectwise)
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pullback of the diagram

(Q1§.§k+1)A1
l (2.126)

Bk]R D Qk+1 ; ngogk—i-l fa Ql§o§k+1

(QISOSk—H)Al

Now is given by the presheaf of chain complexes

e -0 ... 5 Qe - QMg O

which projects to QIS*<k+l @ Ql<*<k+1  From this we obtain the following diagram the

following diagram of presheaves of chain complexes

R-Q =02 . 50 — Qo0 -2 - .- = QFpQF @ Q1 —» QL g Ok

R—=0— =00 — > e 52002 — ... = Qe QF - QFFL @ QF L]
(2.127)

and this is an actual pullback square. To see this, note that pullbacks of chain complexes
are computed degreewise. For degrees £ > 0, it is clearly a pullback. In degree 0 we are

trying to show that QF is isomorphic to the pullback of

QkJrl P Qk
lﬁo (2.128)

0D Qk—i—l s Qk—H D Qk+1
001G k+1

but from (2.118), we know that my(z,2) = (z,z + dz). For every cartesian space U, the
pullback is the set of triples (w,z,2) € QML(U) @ QFL(U) @ QF(U) such that x = 0 and
w = dz. This set is of course in bijection with QF(U). Thus [4]5] is a homotopy pullback

square. ]
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Lemma 2.10.9. The square [5], given by

Qlccl—&-l 5 Qk+1

! l

k [ ) +

Proof. Consider the commutative diagram of presheaves of chain complexes

0—=0— - = Q) 500 — QM

| |

Q50255 O] —— [ L 02 QF 5 QY

145

(2.129)

(2.130)

Now the above diagram is an actual pullback, and the bottom map is objectwise a surjection

in positive degrees, thus it is a fibration of presheaves of chain complexes, and therefore by

Lemma 2.10.1 the diagram (2.130) is a homotopy pullback.

Corollary 2.10.10. The square [4] is a homotopy pullback square.

O

Proof. By Lemma 2.10.8, [4|5] is a homotopy pullback square. By Lemma 2.10.9, [5] is a

homotopy pullback square. Thus by Lemma 2.10.2, [4] is a homotopy pullback square. [

Lemma 2.10.11. The square [6]

B"R —— B*Q,

| |

%« — % Bk—i—lRé

is a homotopy pullback square.

(2.131)

Proof. This proof is very similar as the proof of Lemma 2.10.8. We take the actual pullback
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of the diagram
(Bk+1R6)A1
l (2.132)
09 B*Ql, —— (B"'R% @ B"'RY)

which by similar reasoning to the paragraph after (2.128) is precisely

di_2

Do aRDL02e0l 2 | B2 ob-lgok2 50k L RORS Q@A @R --- — Q8 @ QF1]

00— Q- = Ok yReR - Qe - - = QF e QF]
(2.133)

where d;(a,b) = (da,db — (—1)%a) for 1 <i < k — 2, and a(a,b) = db + a. Now there is an

obvious map
0oR—- =0 = [0oQaRD Q2e0l 2 22 gkl g k2 & k1) (2.134)

that is an isomorphism on cohomology. Indeed « is surjective, and the kernel of d; : Q' @
Q1 — Q@ QF is the set of pairs (a,b) where a = (—1)%db, and these are all in the image

of difl. ]

Lemma 2.10.12. The square [7]

kOl 1<e<k+1
B"Q, —— Q

l l (2.135)

k178 k+1
B""'R* —— BIM'R
is a homotopy pullback square.

Proof. As presheaves of chain complexes we have

0= =02 5. Q] 5 [0 Q= 02— QF - O]

l l (2.136)

R—- 02— 50 — 5 [R— Q' — Q2 — .. = QF - QF+
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which is an actual pullback, and the bottom horizontal map is a fibration, thus by Lemma

2.10.1, [7] is a homotopy pullback. ]

Lemma 2.10.13. The pasted square [%],

BRS — & «

l l (2.137)

B'R —— B*Q),
is a homotopy pullback square.

Proof. We use the same proof technique as in Lemma 2.10.8, namely we will compute the

actual pullback of the diagram

(B* )™
l (2.138)
B'Ro 0 —— BFQL @ B*Q),

The actual pullback we obtain is given by

R—-Q' =02 ... 50 — Qa0 - Paa 5. 5 Qa0 a 1 5000k

! I

R—0— =00 Qe - Pe0? - = Q5o ) — 0]

(2.139)

which is similar to the computation (2.127). Thus [%] is a homotopy pullback square. O]
Corollary 2.10.14. The square [2] is a homotopy pullback square.
Proof. By Corollary 2.10.10, Lemma 2.10.13 and Lemma 2.10.2. O]

Lemma 2.10.15. The square [3] is a homotopy pullback square.
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Proof. As a diagram of presheaves of chain complexes

D= = 5P —= [R—= Q! — ... — QF

| |

0—-0—:-+—=0 —>R—=>0—=---—0]

it is an actual pullback, and the right hand map is a fibration.
Lemma 2.10.16. The square [1] is a homotopy pullback square.

Proof. As a diagram of presheaves of chain complexes

00— =0 — [R— - — Ok

l !

00— =0 — [R— - — QF
it is an actual pullback, and the right hand map is a fibration.

Thus we have proven Theorem 2.7.1.

148

(2.140)

(2.141)
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